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Linear Interpolation and
Estimation using Interval
Analysis
S. M. Markov and E. D. Popova1

ABSTRACT
This chapter considers interpolation and curve �tting using generalized polynomialsunder bounded measurement uncertainties from the point of view of the solution set(not the parameter set). It characterizes and presents the bounding functions for thesolution set using interval arithmetic. Numerical algorithms with result veri�cationand corresponding programs for the computation of the bounding functions in givendomain are reported. Some examples are presented.

9.1 INTRODUCTION: Formulation of the Problem
We consider the problems of interpolation and curve �tting in the presence of un-known but bounded errors in the output measurements. Let �(�; �) : D ! R,D � Rk, be a model function depending on a real argument � 2 D, and on aparameter vector � 2 � � Rm. The following hypotheses are assumed [1, 2, 3, 4]:

1S. M. Markov and E. D. Popova, present address: Institute of Mathematics & Informatics,Bulgarian Academy of Sciences, Acad. G. Bonchev str., bl. 8, BG-1113 So�a, Bulgaria, e-mail:fsmarkov, epopovag@bio.bas.bg, fax: (+359 2) 9713649.Reprint from: Bounding Approaches to System Identi�cation, M. Milanese at al. Plenum Press,New York, Chap 9., 1996, pp. 139{157.
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Assumptions on the modeling function. The modeling function �(�; �)de�ned on some domain D � Rk is a generalized polynomial depending linearly onm parameters:
� (�; �) = mX

i=1 �i'i (�) = ' (�)> �; � 2 D; (1)
where '(�) = ('1(�); : : : ; 'm(�))> is a vector ofm continuous on D functions and � =(�1; : : : ; �m)> 2 Rm is a vector of m (unknown) parameters. For any (x01; : : : ; x0m),x0i 2 D, i = 1; : : : ;m, the vector '(�) generates a matrix de�ned by0B@ '1(x01) : : : 'm(x01)... . . . ...'1(x0m)) : : : 'm(x0m)

1CA : (2)
We shall assume that (2) is not singular whenever (x01; : : : ; x0m) is such that x0i 6= x0j ,i 6= j. A set ' of functions satisfying the above assumption will be further calleda (Chebyshev) system of basic functions. The class of all modeling functions of theform (1) where ' is a system of basic functions is denoted by Lm(D;') or L.Assumptions on the type of errors in the data. The input data areerror-free and the output data errors are unknown but bounded (UBB) [5], [6]. Thismeans that there are n distinct (input) data xj 2 D � Rk; j 2 J = f1; : : : ; ng, andthere are n (output) interval measurements Yj = [y�j ; y+j ]; j 2 J , which contain thecorrect values of the corresponding measured quantities.Denote the system of input data by x = (x1; x2; : : : ; xn)> 2 Rn�k and thesystem of output measurements by Y = (Y1; : : : ; Yn)> 2 IRn, where IRn is the setof all n-dimensional interval vectors [7], [8] (see also [9]). Geometrically, the pairs(xj ; Yj); j 2 J , can be considered as n vertical segments in the (k + 1)-dimensionalspace Ox1x2 : : : xky.Throughout the paper it is assumed that m � n. In section 2 we consider theproblem of �nding bounds for the set of modeling functions � 2 Lm(D) interpolatingthe vertical segments (xj ; Yj) ; j 2 J . More precisely, for a �xed � 2 D we lookfor the set of values at � of all modeling functions � interpolating the segments(xj ; Yj); j 2 J , that is in the set:

f�(�; �) j � is such that �(�;xj) 2 Yj ; j 2 Jg ; � 2 D: (3)
The requirement that the values of � at xj range in the corresponding intervals Yjleads to a system of inequalities for �

� (�;xj) = '(xj)>� 2 Yj ; j 2 J; (4)
which can be written in matrix form as
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�(x)� 2 Y; (5)
where �(x) is the following (n�m)-matrix of full rank �(x) = m:

�(x) =
0B@ '1(x1) : : : 'm(x1)... . . . ...'1(xn)) : : : 'm(xn)

1CA =
0B@ '(x1)>...'(xn)>

1CA :
In (4) the data x and Y are known, the parameter � is unknown. We thus haveto solve a system of n algebraic inclusions for the m-dimensional parameter �. Any� satisfying (4) is called a feasible parameter. Every feasible parameter � generatesa solution function �(�; �) 2 Lm(D). Denote by � the set of all feasible parameters,and by �(�; �) the set of values of all solution functions at � 2 D, respectively

� = f� 2 Rm j �(x)� 2 Y g ; (6)
� (�; �) = n'(�)>� j � 2 �o ; � 2 D: (7)

The set �(�; �) de�ned by (7) is an interval for any �xed � 2 D. Thus (7) de�nesan interval-valued function (brie
y, interval function) on D, which will be furtherdenoted by �(x; Y ; �). Note the di�erence between � (�; �) = n'(�)>� j � 2 �o and�(x; Y ; �): the former is a set of solution functions de�ned on D (sometimes called
feasible solution set), whereas the latter is an interval function de�ned on D. Ofcourse for a �xed � 2 D we have �(�; �) = �(x; Y ; �). We shall be particularly con-cerned with characterizing and computing the bounding lower and upper functions��(x; Y ; �), �+(x; Y ; �) of the interval function �(x; Y ; �), which are called enveloping
functions for the feasible solution set �(�; �) [10].We can compute �(x; Y ; �) for � 2 D by solving two constrained linear opti-mization problems [4], [6]

� (x; Y ; �) = �min�2� n' (�)> �o ; max�2� n' (�)> �o
� : (8)

Another approach is to enclose � by an interval vector (box) �I [3], and then�nd an enclosure for � (x; Y ; �) by � (x; Y ; �) � '(�)>�I .The problem of �nding/enclosing the interval function �(x; Y ; �) is quite di�erentfrom the problem of �nding/enclosing the parameter set � de�ned by (6) (see[2, 3, 5, 6, 11]). The set � is an m-dimensional polytope, whereas �(x; Y ; �) isa closed one-dimensional interval for a �xed �. The presentation or computationof �(x; Y ; �) in a given domain for � can be of practical importance. In the caseof one-dimensional argument � we characterize the interval function �(x; Y ; �) andpropose methods for its presentation and computation. A computer program writ-ten in PASCAL-SC [12] is reported, which e�ciently computes the interval function�(x; Y ; �) in a given interval.
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If the interpolation problem has no solution, then we often want to solve it bychoosing another family of modeling functions (e. g. by changing either the numberof parameters or the system of basic functions). We may choose to reformulate theinterpolation problem as a curve �tting (estimation) problem [5], [6]. We assumethat the inclusions (4) can be violated, which practically means that the errors inthe measurements are assumed to be of a stochastic nature.In Section 3 we consider the problem of �nding the set of parameters �, re-spectively the set of modeling functions �(�; �), such that
�(�;xj) � Yj ; j 2 J; (9)

in matrix form �(x)� � Y , where the symbol � means that the values �(�;xi) ='(xj)>� are \close" to the measurement intervals Yj . For the numerical (single-valued) case Y = y 2 Rn the curve �tting problem (9) is mathematically formulatedby choosing an operator (called estimator) �(y) producing from a data set (x; y)a solution function �(�y; �) from Lm(X). The operator � is chosen in accordancewith the hypothesis on the statistical nature of the errors in the measurements (forinstance, least-square estimator is chosen if the errors in y are assumed to havenormal distribution). Let us restrict ourselves to so-called projection estimators([1],[5]) of the form �(y) = �(�y; �), with �y minimizing some functional of the form
k y � �(x)�y k= inf�2K k y � �(x)� k; K � Rm; (10)

where k � k is a norm in Rn. Assume as before that the measurement interval Ycontains the true values of the measured quantities. As proposed in [1, 5, 6] weconsider the set of solution functions corresponding to the data (x; Y ), de�ned by
f�(�y; �) j y 2 Y g = f'(�)>�y j y 2 Y g; (11)

where �y is given in (10).Let �� be the set of all �y, produced by the estimator �(y), whenever thenumerical vector y ranges in the interval measurement vector Y = (Y1; : : : ; Yn),
�� = f�y 2 K � Rm; �y satis�es (10) j y 2 Y g : (12)

The set �� is called the estimate uncertainty set [5], [6]. The set �� generates acorresponding (estimate) solution set

� (��; �) = n'(�)>� j � 2 ��o : (13)
For a �xed � 2 D we have

� (��; �) = n'(�)>� j � 2 ��o ; � 2 D: (14)

142



Equality (14) de�nes an interval-valued function; section 3 is devoted to itspresentation and computation.This chapter considers the interval-valued functions generated by the solutionsets both for the interpolation and for the curve �tting problems. In some specialcases we �nd subregions of D where the interval solution functions have simplepresentation and can be easily computed. Next subsection gives a brief introductionto the necessary concepts of interval arithmetic.
9.2 Interval Arithmetic: Basic Concepts
By IR we denote the set of all intervals Y of the form Y = [y�; y+] = fy j y� �y � y+g, y�; y+ 2 R. Throughout the paper we shall use two simple intervalarithmetic operations [7], [8]: one for addition of two intervals X;Y 2 IR and onefor multiplication by a real number � 2 R de�ned as follows:

X + Y = [x� + y�; x+ + y+];
�X = [�x��(�); �x�(�)] = ( [�x�; �x+]; � �0;[�x+; �x�]; � <0:

wherein �(�) = f�; � < 0 ; +; � � 0g, x�� = x+, x�+ = x�.We shall make use of the following simple application of interval arithmetic.Given a real valued vector � = (�1; : : : ; �n) and an interval valued vector Y =(Y1; : : : ; Yn)> we can write
f�y j y 2 Y g= f�1y1 + �2y2 + : : :+ �nyn j y1 2 Y1; : : : ; yn 2 Yng= �1Y1 + �2Y2 + : : :+ �nYn = �Y : (15)

A standard way to present the set f�y j y 2 Y g via the end-points of Y is
f�y j y 2 Y g = " nX

i=1 �iy��(�i)i ; nX
i=1 �iy�(�i)i

# : (16)
The interval expression (15) is much shorter than expression (16), which does notmake use of interval arithmetic.Remark. A similar expression to (16) can be obtained by using a presentationof the intervals via centers and radii (see e. g. [6], Proposition 1). Denoting thecenter of the interval Yi by yci and its radius by yri we obtain the expression

f�y j y 2 Y g = " nX
i=1 �i(yci � �(�i)yri ); nX

i=1 �i(yci + �(�i)yri )
# ;

which is also clumsy, whereas the interval expression �Y is very brief and o�ersmany convenience, as we shall further see.
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More generally, if A is a real valued (k � n)-matrix
A =

0B@ a11; a12; : : : ; a1n: : :ak1; ak2; : : : ; akn
1CA =

0B@ a1...ak
1CA

then using (15) we obtain for the k-dimensional set fAy j y 2 Y g the followinginclusion
fAy j y 2 Y g = f(a1y; a2y; : : : ; aky) j y 2 Y g� (a1Y; : : : ; akY ) = AY (17)

The inclusion (17) is often known as \wrapping e�ect" [8]. The set AY is thesmallest k-dimensional box (orthotope, interval vector) enclosing the set fAy j y 2Y g.
9.3 LINEAR INTERPOLATION UNDER INTERVAL MEASUREMENTS

9.3.1 The Multidimensional Case
First consider the general situation k � 1, D � Rk and the problem of �nding theinterpolation interval function (8).

De�nition 9.1 For a �xed class L = Lm(D;') of modeling functions a system

of vertical segments (x; ~Y ), x = (x1; : : : ; xn)>, ~Y = � ~Y1; : : : ; ~Yn�>, is called L{
compatible (or just compatible), if for any i 2 J = f1; : : : ; ng and yi 2 ~Yi there is an
element � of L, with �(xi) = yi, such that �(�;xj) 2 ~Yj for j = 1; : : : ; n, j 6= i.

In the situation when the data matrix x is �xed (as is the case in this paper)we shall sometimes say \ ~Y is L-compatible", instead of \(x; ~Y ) is L-compatible".Denote ~Y = � ~Y1; ~Y2; : : : ; ~Yn�>, ~Yi = �(x; Y ;xi), i = 1; : : : ; n. Then ~Yi =�(x; ~Y ;xi) that is, the interval vectors ~Y and Y generate same feasible solutionsets. The compatible segments (xi; ~Yi); i 2 J , have the property of possessing no\excess points", that is such points, for which no individual solution function �passes through [13].Two systems (x; Y ), (x; ~Y ), generating same feasible solution sets are calledequivalent. The problem of �nding a solution set corresponding to the data (x; Y ),can be divided into two steps: 1) to �nd an L{compatible system (x; ~Y ) which isequivalent to (x; Y ), and 2) to �nd the solution set generated by (x; ~Y ).Every feasible parameter � 2 � generates a vector y� = (y1; : : : ; yn)> 2 Rn by
yj = �(�;xj); j 2 J; (18)

in matrix form y� = �(x)�. The set of all vectors y de�ned by (18) for some � 2 �will be denoted 144



Y 0 = ny� = (�(�;x1); : : : ; �(�;xn))> j � 2 �o= f�(x)� j � 2 �g : (19)
In other words Y 0 is the subset of all y, y 2 Y , for which the system y = �(x)� isconsistent. For a compatible set of data (x; Y ) the interval Yj is the projection ofthe set Y 0 de�ned by (19) on the j-th coordinate axis.Let us �rst consider the case n = m when the number of data equals thenumber of parameters. In this case Y 0 = Y (since y = �(x)� is consistent for ally 2 Y ) and we can express the solution set by means of the following proposition.

Proposition 9.1 For m = n we have

�(x; Y ; �) = �'(�)>��1(x)�Y: (20)
Proof. A modeling function �(�; �) = '(�)>� from Lm(X), which interpolatesa set of m data (x; Y ), satis�es a system �(x)� 2 Y of m algebraic inclusions forthe m unknown parameters, or �(x)� = y; y 2 Y . For n = m we have Y 0 = Y .Since det�(x) 6= 0, every y 2 Y generates a � = ��1(x)y. For the set of values ofthe modeling function interpolating (x; Y ) at a �xed � 2 D we obtain respectively

�(x; Y ; �) = n'(�)>� j � 2 �o = n'(�)> ���1(x)y� j y 2 Y o
= n�'(�)>��1(x)� y j y 2 Y o
= �'(�)>��1(x)�Y:

2The interval function (20) will be further called simple interval interpolation
function (SII-function).Remark. Proposition 1 shows that the SII-function can be computed forevery � in interval arithmetic using the simple interval-arithmetic expression (20).In (20) the vector '(�)>��1(x) is multiplied by the interval vector Y in the sense of(15). Such an exact presentation can not be given for the parameter set � becauseof the wrapping e�ect [8]. Indeed for the set � of feasible parameters we obtain

� = n��1(x)y j y 2 Y 0o = n��1(x)y j y 2 Y o � ��1(x)Y:
Using interval arithmetic we thus obtain the inclusion � � ��1(x)Y = �I , whichmay be rough. This is due to the fact that � is a convex polytope, whereas Y , resp.�I , is a m-dimensional box (see [8]). The above consideration also demonstrate theimportance of the brackets in (20). A change of the place of the brackets leads toan inclusion �'(�)>��1(x)�Y � '(�)> ���1(x)Y � :
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Indeed � � ��1(x)Y = � implies
�(x; Y ; �) = f'(�)>� j � 2 �g � f'(�)>� j � 2 �Ig= '(�)> ���1(x)Y � :

We now consider the casem < n. In this case Y 0 � Y and the inclusion � � �Idue to
� = n��1(x)y j y 2 Y 0o � n��1(x)y j y 2 Y o � ��1(x)Y = �I

can be very rough. The following proposition gives a characterization of the solutionset �(x; Y ; �) (see Lemma 2 from [6]).
Proposition 9.2 There exists a subset Q of the index set J = f1; : : : ; ng

consisting of m elements (Q � J , card(Q) = m), such that for every l 2 Q at least
one of the two equalities ��(x; Y ;xl) = Y �l ; �+(x; Y ;xl) = Y +l hold.

The proof of this Proposition is given in [6]. Proposition 2 shows that thesolution set reaches the end-points of at least m input intervals Yl, l 2 Q � J .Let the index set Q be a subset of the index set J with m elements: Q � J ,card (Q) = m. Assume that Q is ordered in increasing order and let q (i) be thei-th element of Q. Denote by xQ = �xq(1); : : : ; xq(m)�> the matrix x reduced to the
index set Q. Analogously Y Q = �Yq(1); : : : ; Yq(m)�> is the vector Y reduced to Q.To �nd the set of functions from Lm(X) interpolating a reduced set of m data(xQ; Y Q) we consider the corresponding system �(xQ)� 2 Y Q, which is a systemof m algebraic inclusions for m unknown parameters and applying (20), obtain�(xQ; Y Q; �) = �'(�)>��1(xQ)�Y Q.

Proposition 9.3 The value of �(x; Y ; �) at a point � is given by

�(x; Y ; �) = \
Q�J �(xQ; Y Q; �) = \

Q�J
�'(�)>��1(xQ)�Y Q: (21)

The proof is obvious. Proposition 3 shows that the value of�(x; Y ; �) at � can be determined by an intersection of � n
m

�
SII-functions.

The intervals Yj can be reduced to L-compatible intervals ~Yj using the following
Proposition 9.4 For the L-compatible intervals we have

~Yj = Yj \ \
Q�J j =2Q �(xQ; Y Q;xj):
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We suggest the following methods for the computation of �(x; Y ; �) at a point� 2 D:A. Compute �(x; Y ; �) at � by means of Proposition 3, that is by intersecting thevalues of all simple interval interpolating functions at �. The latter are computed bymeans of Proposition 1. If at some point � the interval values of two simple intervalinterpolating functions are disjointed, their intersection is an empty set and the setof solution functions is void.B. For � 2 D compute �(x; Y ; �) by solving two constrained linear optimizationproblems (8).C. Compute �rst the L-compatible intervals ~Yi by means of Proposition 4.Then compute �(x; Y ; �) = �(x; ~Y ; �) at arbitrary � by using method A or B for thecompatible intervals.Below we look for e�ective methods for the presentation and computation of� in the one-dimensional case k = 1.
9.3.2 The One-Dimensional Case
In the remaining part of this section we shall assume k = 1, that is the input datax is a vector of real components and will be denoted by x = (x1; : : : ; xn). Weshall assume that the components of x belong to an interval X = [x�; x+] andthat x0 = x� � x1 < x2 < : : : < xn � x+ = xn+1. We shall use the letter k todenote a �xed subinterval [xk; xk+1] to be considered. The following theorem givesan additional characterization of the boundary functions of the solution set.We �rst give a de�nition which will be used in the proof of the next proposition.

De�nition 9.2 (see [11], [14]) For l � m a l-face of � is a subset of � de�ned
by y�j � '(�j)>� � y+j ; j 2 J;
where m� l of the above linear independent inequalities transform into equalities.

Proposition 9.5 (see [15], [16], [17]) Let the set �(�; �) of all functions fromLm(X) which interpolate (x; Y ) be not empty and let the interval function �(x; Y ; �)
be the envelope of this set. Then in every (xk; xk+1), k = 0; 1; : : : ; n, the upper and
lower boundary functions of � (x; Y ; �) are functions from Lm(X) generated by some
parameters ��k ; �+k 2 �.

Proof. Proposition 9.5 states that for every subinterval [xk; xk+1] there existtwo parameters ��k ; �+k 2 � � Rm generating the envelope in the whole subinterval,that is �� (x; Y ; �) = �(��k ; �) = '(�)>��k ; � 2 (xk; xk+1) ;�+ (x; Y ; �) = �(�+k ; �) = '(�)>�+k ; � 2 (xk; xk+1) :
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Assuming the opposite, there exist a point �s 2 (xk; xk+1) and two parameters�1; �2 2 Rm, �1 6= �2, such that �+(x; Y ; �s) = '(�s)>�1 = '(�s)>�2. On the otherhand we have �+(x; Y ; �s) = max�2� '(�s)>�: (22)
Because the set of optimal points of the linear programming problem (22) is convexall points of the segment [�1; �2] are optimal. The set of all optimal points of (22)is a l-face of �, where l � 1 and the vector '(�s) is perpendicular to this l-faceof �: The l-face is an intersection of (m� l) hyperplanes with linear independentnormal vectors a1; : : : ; am�l 2 f'(�j); j 2 Jg (the linear independence follows fromthe assumption that the modeling function is from Lm (X)). Thus the vector '(�s)is a linear combination of a1; : : : ; am�l. This is a contradiction to the assertionthat ' is a system of basic functions. For the lower function �� the arguments areanalogous.

2Proposition 9.5 shows, that under the given assumptions the upper and lowerboundary functions � (x; Y ; �) for all � 2 (xk; xk+1) are themselves elements ofLm (X), and, therefore, to �nd � (x; Y ; �) for � 2 [xk; xk+1] we have to deter-mine expressions for these two functions. Such expressions can be found ether interms of some subset (xQ; Y Q) of the given data or in terms of � depending on themethod used: intersection of SII-functions (method A) or constrained optimization(method B).In some cases it can be preferable to use method C which prescribes �rst thecomputation of the compatible intervals. The next proposition shows that, if the setof data (x; Y ) is L-compatible, then � (x; Y ; �) may be determined by an intersectionof a reduced number of simple interval interpolating functions.
Proposition 9.6 If the set of data (x; Y ) is L-compatible, then for every k =0; : : : ; n the following formula holds

� (x; Y ; �) = \
Q2Q(k) �(xQ; Y Q; �) for � 2 [xk; xk+1];

where Q(k) is the set of all subsets Q of J consisting of m elements (notationally,Q � J; card(Q) = m), such that

k; k + 1 2 Q; if 0 < k < n;1; n 2 Q; if k = 0 or k = n:
If m = 2 the set Q(k), for every k, 0 � k � n, consist of one single pair, namely

Q(k) = ( fk; k + 1g; if 0 < k < n;f1; ng; if k = 0 or k = n:
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For the interval solution �(�; �) in this case (m = 2, compatible data) thefollowing simple formula holds in [xk; xk+1]:
� (x; Y ; �) = �(xQ(k); Y Q(k); �) = �'(�)>��1(xQ(k))�Y Q(k)

=
8<:

�(�;xk+1)�(xk;xk+1)Yk + �(xk;�)�(xk;xk+1)Yk+1; if 0 < k < n;�(�;xn)�(x1;xn)Y1 + �(x1;�)�(x1;xn)Yn; if k = 0 or k = n;
wherein �(x0; x00) = ����� '1(x0) '2(x0)'1(x00) '2(x00)

����� :Clearly, �nding the compatible intervals in the case m = 2 solves the prob-lem of �nding the SII-function, which is then obtained by connecting the upper,resp., lower end-points of each two neighboring segments (xi; Yi); (xi+1; Yi+1) viageneralized linear functions. Proposition 6 is proved (for the polynomial case) in[16]. Numerical algorithm (for k = 1). Compute �(x; Y ; �) at some point �ifrom the open interval (xi; xi+1), e.g. �i = (xi+1 + xi)=2, using method A orB. Proposition 9.5 states that there are two unique generalized polynomials ��i =�(��i ; �), �+i = �(�+i ; �) which are the boundary functions of �(x; Y ; �) in the interval[xi; xi+1]. We can �nd expressions for the boundary functions ��i ; �+i by any one ofthe methods A or B. Using method A we obtain two m-dimensional subsets Q�i ,Q+i of J and two m-dimensional sets of binary variables A� = (��q(1); :::; ��q(m)), A+
= (�+q(1); :::; �+q(m)), ��q(i), �+q(i) 2 f+;�g, i = 1; :::; n, such that for � 2 [xi; xi+1]:

�� (x; Y ; �) = �'(�)>��1(xQ�i )� (Y Q�i )��q(i) ;
�+ (x; Y ; �) = �'(�)>��1(xQ+

i )� (Y Q+
i )�+q(i)

(note that the pairs (Q�i ;A�i ), (Q+i ;A+i ) may not be unique, and any pair can beused).Alternatively, if method B is used then we can determine ��i ; �+i as de�ned byProposition 9.5.According to Proposition 9.5 the expressions for the functions ��i , �+i can beused for presentation or computation of �(x; Y ; �) at any point in the subinterval[xi; xi+1].
9.3.3 The Polynomial Case
If the basic functions are of the form 'i (x) = xi�1; i = 1; :::;m, then (2) isthe Vandermond's determinant: det�(x0) = Qi>j (xi � xj), which does not vanish.Lm(X) is the class of polynomial functions de�ned on X = R of (m� 1)-st degreeof the form �m�1(�; �) = �1 + �2� + :::+ �m�m�1.
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In the case n = m formula (20) for the SII-function obtains the form
�m�1 (x; Y ; �) = l (x; �)> Y , li(x; �) = Y

k=1;:::;m; k 6=i
� � xkxi � xk ;

(see [18], [19]). This interval function has been studied (without using intervalarithmetic) in [20].Formula (21) for n > m in the polynomial case reads [13]:
�m�1 (x; Y ; �) = \

Q�J l
�xQ; ��> Y Q, li(xQ; �) = Y

k=1;:::;m; k 6=i
� � xq(k)xq(i) � xq(k) ;

wherein Q = fq(k)gmk=1.The intervals Yj can be reduced to compatible intervals ~Yj by [13]
~Yj = Yj \ \

Q�J; j =2Q l
�xQ;xj�> Y Q; j 2 J:

For m = 2 applying Proposition 6 we obtain for � 2 [xk; xk+1] ; 0 � k � n; thefollowing simple expression [13]
�1 (x; Y ; �) = ( ��xk+1xk�xk+1Yk + ��xkxk+1�xkYk+1; if 0 < k < n;��xnx1�xnY1 + ��x1xn�x1Yn; if k = 0 or k = n;

where the data (x; Y ) are assumed compatible.Next are two examples for polynomial functions. The computations are per-formed by a program written in PASCAL-SC [12], based on the method A.Example 1. Let the following set of data be given
(x; Y ) =  1; 2; 4; 6[1; 3]; [1; 2]; [1:5; 2:5]; [2; 3]

!> ;
and let the modeling functions be second order polynomials of the form

�2(�; �) = �1 + �2� + �3�2:
The graph of the interval function �2(x; Y ; �) is presented on Fig. 1. Forcomparison the simple interval polynomial �3(x; Y ; �) is also presented. In order torecognize both interval interpolating functions on Fig. 1 we should keep in mindthat �2 � �3.According to Proposition 3 the bounding functions of �2(x; Y ; �) pass throughat least three end-points of the interval segments, which fully determine them. Theprogram gives results for �2(x; Y ; �) presented in Table 1. We see that the computedcompatible intervals coincide with the input intervals, that is the input data arecompatible.
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Figure 1: Graphs of the interval polynomials related to Example 1.
Bounding Functions

Subinterval Lower Upper Compatible Intervals

[x�1; x1] Y �1 Y +
3 Y �4 Y +

2 Y �3 Y +
4 Y1 = [1; 3]

[x1; x2] Y �1 Y �2 Y +
4 Y +

2 Y �3 Y +
4 Y2 = [1; 2]

[x2; x3] Y �2 Y �3 Y +
4 Y +

2 Y +
3 Y �4 Y3 = [1:5; 2:5]

[x3; x4] Y +
2 Y �3 Y �4 Y �1 Y +

3 Y +
4 Y4 = [2; 3]

[x4; x1] Y �1 Y +
3 Y �4 Y +

2 Y �3 Y +
4

Table 1: Bounding functions & compatible intervals for the Problem of Example 1.
Remark. To demonstrate the advantages of our method of direct computationof the interval function �2(x; Y ; �) let us compute the solution set for this examplethrough the parameter set �. Assume that we have computed � exactly. We thenoptimally enclose � to obtain an interval vector �I . Then the best result for theupper function is �+2 (�I ; �) = 4:5 + 1:25� + 0:25�2;and for the lower function

��2 (�I ; �) = �0:1� 1:75� � 0:15�2:
The width of �2(�I ; �) at � = 6 is !(�2(�I ; 6)) = �+2 (�I ; 6)���2 (�I ; 6) = 37, whereasthe width of �2(�; 6) = �2(x; Y ; 6) as computed by our method is

�+2 (x; Y ; 6)� ��2 (x; Y ; 6) = 1:
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Figure 2: Graphs of the interval polynomials related to Example 2.
Example 2. For the same set of data and for the set of linear modelingfunctions �1(�; �) = �1 + �2� we obtain the results presented in Table 2.

Bounding FunctionsSubinterval Lower Upper Compatible Intervals
[x�1; x1] Y �1 Y +4 Y +2 Y �4 Y1 = [1; 2]
[x1; x2] Y �1 Y �4 Y +2 Y �4 Y2 = [1:2; 2]
[x2; x3] Y �1 Y �4 Y +2 Y +4 Y3 = [1:6; 2:5]
[x3; x4] Y �1 Y �4 Y +3 Y +4 Y4 = [2; 3]
[x4; x1] Y +2 Y �4 Y �1 Y +4

Table 2: Bounding functions & compatible intervals for the Problem of Example 2.
The interval function �1(x; Y ; �), comprising the set of linear modeling functionsis presented on Fig. 2. For comparison the function �2(x; Y ; �) is given (the latteralso appears in Fig. 1). To recognize both functions on Fig. 2 recall that �1 � �2.Example 3. We next consider an example using 6 knots

(x; Y ) =  0 1 2 3 4 5[1; 1:02] [0:99; 1:25] [1:04; 1:06] [1:07; 1:09] [1:16; 1:18] [1:23; 1:25]
!>

Fig. 3 presents the corresponding polynomials �5(x; Y ; �) and �4(x; Y ; �). Of
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Figure 3: Graphs of the interval polynomials related to Example 3.
course, we have �4 � �5.
9.4 LINEAR ESTIMATIONUNDER INTERVALMEASUREMENTS
In this section we shall assume that the parameter �y de�ned by (10) dependslinearly on y, i.e. �y = Hy, where H 2 Rm�n, and H = H(x) may depend on xbut not on y, then formula (12) can be written as

�� = f�y 2 K � Rm; �y = Hy j y 2 Y g= fHy j y 2 Y g � HY ; (23)
where by the last inclusion relation (17) has been used.Let us assume as before that L is a class of linear on � functions of the form�(�; �) = '(�)>� de�ned on D. For a �xed � 2 D the estimate solution set can bewritten in the form

�(��; �) = f�(�; �) j � 2 ��g= f'(�)>� ; � = Hy j y 2 Y g= f'(�)> (Hy) j y 2 Y g = f�'(�)>H� y j y 2 Y g
= ('(�)>H)Y = �(�)Y : (24)

Note that the interval{valued function (24) gives the exact bounds for the solutionset. We next consider a special case of least-square estimator illustrating the aboveapproach.Multiple linear regression. In the case of multiple linear regression, letus denote � = (1; �1; : : : ; �m�1) and assume 'i(�) = �i, i = 0; : : : ;m � 1, so that
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�(�; �) = '(�)>� = �0 + �1�1 + : : :+ �m�1�m�1 = ��. Denoting
X =

0B@ 1 x11 : : : x1m�1: : :1 xn1 : : : xnm�1
1CA ;

we obtain from (10) with an l2 norm the matrix H in the form H = (X>X)�1X>.Substituting in (23) and (24) we obtain
�� � HY = �(X>X)�1X>

�Y; (25)
�(��; �) = �(�)Y = (�H)Y = ��(X>X)�1X>

�Y; (26)
where �(�) = �(X>X)�1X> = (
1(�); : : : ; 
n(�)).In the case m = 2, the approximating function is linear of the form f(�; �) =�0 + �1�. For the components 
i(�) of the n{dimensional vector �(�) we obtain


i(�) = ��(X>X)�1X>
�i= (xi � x)(� � x)=Sxx + 1=n ; i = 1; : : : ; n ;

where x = Pni=1 xi=n, Sxx = Pni=1 x2i � nx = Pni=1(xi � x)2. The boundaryfunctions of the interval function L(�) = �(�)Y are lines in each interval with end{points two neighboring �i, i = 1; : : : ; n, where �i are de�ned by 
i(�i) = 0, that is(see also [21]):
�i = x+ Sxx= (n(x� xi)) :The polynomial and multinomial cases produce similar results under the cor-responding choice of the matrix X.Example 4. Consider the data

(x; Y ) =
0BBBBBBB@

0; [1; 1:02]1; [0:99; 1:01]2; [1:04; 1:06]3; [1:07; 1:09]4; [1:16; 1:18]5; [1:23; 1:25]

1CCCCCCCA :

For the given data, the set of interpolating polynomials of degree m � 1 = 2consists of only one single-valued interpolation polynomial. The latter serves alsofor an unique solution of the same problem with m � 1 = 3 and m � 1 = 4 (Fig.4). The solution set is empty for the same problem with m � 1 < 2. The envelopeof the set of least-square approximation polynomials of second degree for the giveninterval data is also presented on Figure 4.Example 5. For the set of data of Example 1 and for modeling functionswhich are second order polynomials the corresponding sets of solutions both for theinterpolation and the least-square approximation problems are presented on Fig. 5.
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Figure 4: Graphs of the interval polynomials related to Example 4.

Figure 5: Graphs of the interval polynomials related to Example 5.
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9.5 CONCLUSION
We studied both interpolation and curve �tting problems involving generalizedpolynomials and interval data. In certain special cases we obtain exact interval-arithmetic expressions for the envelopes of the sets of solution functions (see ex-pressions (20), (21), (24), (26)). In the one-dimensional case when the solutions arefunctions of one variable, we characterize the enveloping functions showing that theyare piece-wise generalized polynomials. These interval-arithmetic expressions can bee�ectively computed in a software environment which supports interval arithmeticlike recently developed SC-languages [12] (or computer algebra systems Maple and
Mathematica). Such an environment provides computer operations with directedroundings, so that the computed interval bounds are automatically rounded towardsoutside and contain with guarantee the true results. Thus, the computed boundscomprise all possible kinds of input and computational errors. This fact opens anew way to the practical implementation and interpretation of the computed resultsespecially with respect to the interpolation problem. For example, assume that weknow that the experimentally obtained measurement intervals Y contain with guar-antee the true values of the measured quantities and that �(x; Y ; �) is the intervalsolution function computed from these measurements under the assumption thatthe model function � belongs to L. Assume that an experiment provides us with a
new measurement (xN ; YN ) such that �(x; Y ;xN )\ YN = ;. The correct conclusionthen is that the class L of model functions is inadequate for the description of theexperimental data.Therefore our approach and programing tools can be used from experimentalscientists, for checking hypotheses with respect to the type of the modeling functions.New data can be easily checked whether they intersect the available interval solutionsets. If some of these intersections are empty then it follows that the type of themodeling functions is wrong. Then another type of modeling function (possiblyinvolving more parameters or other type of basic functions) should be taken inconsideration.In the above arguments it is assumed that Yi are measurement intervals, con-taining with guarantee the true values of the measured quantities. It seems thatexperimental scientists can provide such intervals in most situations. Moreover, theprovision of guaranteed bounds seems to be a substantial part of the experiment.At present experimental scientists often do not care about obtaining such bounds,which diminishes the value of the experiment. A possible explanation for such atti-tude is that still few mathematical tools and methods dealing with interval problemshave been developed. Measurement tools and instruments also sometimes fail to pro-vide the necessary guaranteed bounds for the data to be read o�. The guaranteednumerical \interval approaches" should be employed for guaranteed interval data,possibly obtained using high quality \interval measurement" tools.
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