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Linear Interpolation and
Estimation using Interval
Analysis

S. M. Markov and FE. D. Popova!

ABSTRACT

This chapter considers interpolation and curve fitting using generalized polynomials
under bounded measurement uncertainties from the point of view of the solution set
(not the parameter set). It characterizes and presents the bounding functions for the
solution set using interval arithmetic. Numerical algorithms with result verification
and corresponding programs for the computation of the bounding functions in given
domain are reported. Some examples are presented.

9.1 INTRODUCTION: Formulation of the Problem

We consider the problems of interpolation and curve fitting in the presence of un-
known but bounded errors in the output measurements. Let n(X;:) : D — R,
D C R* be a model function depending on a real argument ¢ € D, and on a
parameter vector A € A C R™. The following hypotheses are assumed [1, 2, 3, 4]:
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Assumptions on the modeling function. The modeling function n(\;-)
defined on some domain D C RF is a generalized polynomial depending linearly on
m parameters:

m
N8 = Xigi(©) =€)\ E€D, (1)
i=1
where o(-) = (©1(), ..., om(-)) " is a vector of m continuous on D functions and A =
(A, ...y, Am) € R™ is a vector of m (unknown) parameters. For any (z},...,z,),
zh € D,i=1,...,m, the vector ¢(-) generates a matrix defined by
er(rh) oo pm(a))
: - : (2)
er(zr)) - pm(Tn,)
We shall assume that (2) is not singular whenever (z7,...,zy,) is such that zj # 7,

1 # j. A set ¢ of functions satisfying the above assumption will be further called
a (Chebyshev) system of basic functions. The class of all modeling functions of the
form (1) where ¢ is a system of basic functions is denoted by L,,(D, ) or L.

Assumptions on the type of errors in the data. The input data are
error-free and the output data errors are unknown but bounded (UBB) [5], [6]. This
means that there are n distinct (input) data z; € D C Rk jeJ={1,...,n}, and
there are n (output) interval measurements Y; = [y;, y}"], j € J, which contain the
correct values of the corresponding measured quantities.

Denote the system of input data by x = (21,22,...,2,) € R™¥ and the
system of output measurements by Y = (Y1,...,Y,)" € IR", where IR" is the set
of all n-dimensional interval vectors [7], [8] (see also [9]). Geometrically, the pairs
(z,Y}), j € J, can be considered as n vertical segments in the (k + 1)-dimensional
space Oz1z3 ... TLY.

Throughout the paper it is assumed that m < n. In section 2 we consider the
problem of finding bounds for the set of modeling functions n € L, (D) interpolating
the vertical segments (z;,Y;), j € J. More precisely, for a fixed £ € D we look
for the set of values at ¢ of all modeling functions 7 interpolating the segments
(z,Y}), j € J, that is in the set:

{n(X;€) | n is such that n(X;z;) €Y, j€ J}, €€ D. (3)

The requirement that the values of  at z; range in the corresponding intervals Y;
leads to a system of inequalities for A

n(\zj) =@(z) N€Y;, jeJ, (4)

which can be written in matrix form as
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P(x)\ €Y, (5)

where ®(x) is the following (n x m)-matrix of full rank ®(x) = m:

o1(71) - pm(z1) o(z1) "

o= o |=|
o1(wn)) o Pm(Tn) ‘P(%z)T

In (4) the data x and Y are known, the parameter A is unknown. We thus have
to solve a system of n algebraic inclusions for the m-dimensional parameter \. Any
A satisfying (4) is called a feasible parameter. Every feasible parameter A generates
a solution function n(A;-) € L, (D). Denote by A the set of all feasible parameters,
and by n(A; &) the set of values of all solution functions at £ € D, respectively

A={NeR™"|d(x)\ €Y}, (6)

n(A;6) = {p(©TA|xeA}, ceD. (7)

The set n(A; &) defined by (7) is an interval for any fixed £ € D. Thus (7) defines
an interval-valued function (briefly, interval function) on D, which will be further

denoted by 7(x,Y;-). Note the difference between 7 (A;-) = {Lp(-)T)\ | A € A} and

n(x,Y;-): the former is a set of solution functions defined on D (sometimes called
feasible solution set), whereas the latter is an interval function defined on D. Of
course for a fixed £ € D we have n(A; &) = n(x,Y; ). We shall be particularly con-
cerned with characterizing and computing the bounding lower and upper functions
n~(x,Y;"), nT(x,Y;) of the interval function 7(x, Y’; ), which are called enveloping
functions for the feasible solution set n(A;-) [10].

We can compute n(x,Y;&) for £ € D by solving two constrained linear opti-
mization problems [4], [6]

(8)

AEA AEA

1, 36) = |min{o 72}, max{p © )]

Another approach is to enclose A by an interval vector (box) A’ [3], and then
find an enclosure for 1 (x,Y;€) by 7(x,Y;€) C (&) TAL.

The problem of finding /enclosing the interval function n(x, Y'; -) is quite different
from the problem of finding/enclosing the parameter set A defined by (6) (see
[2, 3, 5, 6, 11]). The set A is an m-dimensional polytope, whereas n(x,Y;¢) is
a closed one-dimensional interval for a fixed £. The presentation or computation
of n(x,Y;¢) in a given domain for £ can be of practical importance. In the case
of one-dimensional argument £ we characterize the interval function n(x,Y’;-) and
propose methods for its presentation and computation. A computer program writ-
ten in PASCAL-SC [12] is reported, which efficiently computes the interval function
n(x,Y;¢) in a given interval.
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If the interpolation problem has no solution, then we often want to solve it by
choosing another family of modeling functions (e. g. by changing either the number
of parameters or the system of basic functions). We may choose to reformulate the
interpolation problem as a curve fitting (estimation) problem [5], [6]. We assume
that the inclusions (4) can be violated, which practically means that the errors in
the measurements are assumed to be of a stochastic nature.

In Section 3 we consider the problem of finding the set of parameters A, re-
spectively the set of modeling functions 7(A;-), such that

n(Azj) =Y, j€J, 9)

in matrix form ®(x)\ ~ Y, where the symbol ~ means that the values n(X\;z;) =
Lp(:vj)TA are “close” to the measurement intervals Y;. For the numerical (single-
valued) case Y = y € R" the curve fitting problem (9) is mathematically formulated
by choosing an operator (called estimator) ¢(y) producing from a data set (x,y)
a solution function 7(\y;-) from L£,,(X). The operator ¢ is chosen in accordance
with the hypothesis on the statistical nature of the errors in the measurements (for
instance, least-square estimator is chosen if the errors in y are assumed to have
normal distribution). Let us restrict ourselves to so-called projection estimators
([1],[5]) of the form ¢(y) = n(Ay;+), with Ay, minimizing some functional of the form

— = j — C R™
|y —®(x)Ny | Algfglly d(x)\|, KCR™, (10)

where || - || is a norm in R". Assume as before that the measurement interval Y
contains the true values of the measured quantities. As proposed in [1, 5, 6] we
consider the set of solution functions corresponding to the data (x,Y"), defined by

{nOy;) [y €Y ={p() Ay |y €Y}, (11)

where ), is given in (10).
Let Ay be the set of all Ay, produced by the estimator ¢(y), whenever the
numerical vector y ranges in the interval measurement vector Y = (Y1,...,Y,),

Ay ={Ny € K C R™, )\, satisfies (10) | y€Y}. (12)

The set Ay is called the estimate uncertainty set [5], [6]. The set A, generates a
corresponding (estimate) solution set

n(hgi) = {e()TAI A€ A} (13)
For a fixed £ € D we have
n(hgi€) = {@©TA| A€ Ny}, €eD. (14)
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Equality (14) defines an interval-valued function; section 3 is devoted to its
presentation and computation.

This chapter considers the interval-valued functions generated by the solution
sets both for the interpolation and for the curve fitting problems. In some special
cases we find subregions of D where the interval solution functions have simple
presentation and can be easily computed. Next subsection gives a brief introduction
to the necessary concepts of interval arithmetic.

9.2 Interval Arithmetic: Basic Concepts

By IR we denote the set of all intervals Y of the form Y = [y~,yT] = {y | y~ <
y <y}, y,y" € R. Throughout the paper we shall use two simple interval
arithmetic operations [7], [8]: one for addition of two intervals X,Y € IR and one

for multiplication by a real number o € R defined as follows:

X+Y = [z 4y .27 +yT],
- ozt
aX = Jaz™7® qz7(@] = [oz™, 0z™], 20,
’ [azt,az”], «a<0.
wherein o(a) ={—, a<0; +, a >0}, z= =zt, =t =z
We shall make use of the following simple application of interval arithmetic.
Given a real valued vector &« = («1,...,a,) and an interval valued vector Y =
(Y1,...,Y,) T we can write
{ay |yeY}
{oaayr +aoya + .. Fanyn [ 11 €Y1, yn € Yy}
= oY1 twYo+...+a,Y, =aY . (15)

A standard way to present the set {ay | y € Y} via the end-points of Y is
n n
{ay lyeY} = lz aiy; " Zazyf(ai)] : (16)
i=1 i=1

The interval expression (15) is much shorter than expression (16), which does not
make use of interval arithmetic.

Remark. A similar expression to (16) can be obtained by using a presentation
of the intervals via centers and radii (see e. g. [6], Proposition 1). Denoting the
center of the interval Y; by yf and its radius by y! we obtain the expression

{ay |lyeY} = lzai(yf—a(ai)yf), Zai(yf+0(ai)y§)],
=1 1=1

which is also clumsy, whereas the interval expression aY is very brief and offers
many convenience, as we shall further see.
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More generally, if A is a real valued (k x n)-matrix

aiy, a2, ..., Qip ai

A1, G2, ..., GOp ag

then using (15) we obtain for the k-dimensional set {Ay | y € Y} the following
inclusion

{Ay | yGY} = {(alyaa2y""7aky) | er}
- (alY,...,akY) = AY (17)

The inclusion (17) is often known as “wrapping effect” [8]. The set AY is the
smallest k-dimensional box (orthotope, interval vector) enclosing the set {Ay | y €
Y}.

9.3 LINEAR INTERPOLATION UNDER INTERVAL MEASUREMENTS
9.3.1 The Multidimensional Case

First consider the general situation & > 1, D C R* and the problem of finding the
interpolation interval function (8).

Definition 9.1 For a fized class L = L, (D, p) of modeling functions a system
. - - T
of vertical segments (x,Y), x = (21,...,2,)", Y = (Yl,...,Yn) , s called L—

compatible (or just compatible), if for anyi € J={1,...,n} andy; € Y; there is an
element n of L, with n(z;) = y;, such that n(\;z;) €Y, for j=1,...,n, j #i.

In the situation when the data matrix x is fixed (as is the case in this paper)
we shall sometimes say “Y is L-compatible”, instead of “(x,Y’) is L-compatible”.

. - - NT - .
Denote Y = (Yl,YQ,...,Yn) , Y, = n(x,Y;25), i = 1,...,n. Then Y; =

n(x,?;xi) that is, the interval vectors Y and Y generate same feasible solution
sets. The compatible segments (z;, }7;), 1 € J, have the property of possessing no
“excess points”, that is such points, for which no individual solution function 7
passes through [13].

Two systems (x,Y), (x,Y), generating same feasible solution sets are called
equivalent. The problem of finding a solution set corresponding to the data (x,Y),
can be divided into two steps: 1) to find an £-compatible system (x,Y) which is
equivalent to (x,Y), and 2) to find the solution set generated by (x,Y).

Every feasible parameter A € A generates a vector ¥y = (y1,...,4n)' € R" by
in matrix form y) = ®(x)A. The set of all vectors y defined by (18) for some A € A

will be denoted
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Y= = 0w, onie)T | A e A}
= {P(x)A| A€ A}. (19)

In other words Y’ is the subset of all y, y € Y, for which the system y = ®(x)\ is
consistent. For a compatible set of data (x,Y’) the interval Y; is the projection of
the set Y’ defined by (19) on the j-th coordinate axis.

Let us first consider the case n = m when the number of data equals the
number of parameters. In this case Y/ =Y (since y = ®(x)\ is consistent for all
y € Y) and we can express the solution set by means of the following proposition.

Proposition 9.1 For m = n we have
n(x,Y:€) = (p(§) 7@ (x)) Y. (20)

Proof. A modeling function 7();-) = ¢(-) "X from L,,(X), which interpolates
a set of m data (x,Y), satisfies a system ®(x)\ € Y of m algebraic inclusions for
the m unknown parameters, or ®(x)\ =y, y € Y. For n = m we have Y/ = Y.
Since det ®(x) # 0, every y € Y generates a A = ® ' (x)y. For the set of values of
the modeling function interpolating (x,Y’) at a fixed £ € D we obtain respectively

1 Y56 = {e@ " [rent = {o©T (7 x)y) v eV}
{(e@"0 ')y lyev}
= (p(©)T27'(x)) V-

a

The interval function (20) will be further called simple interval interpolation
function (SI-function).

Remark. Proposition 1 shows that the SII-function can be computed for
every £ in interval arithmetic using the simple interval-arithmetic expression (20).
In (20) the vector (&) T®~1(x) is multiplied by the interval vector Y in the sense of
(15). Such an exact presentation can not be given for the parameter set A because
of the wrapping effect [8]. Indeed for the set A of feasible parameters we obtain

A={e )y lyeY'f={e7 )y lyeY|Calx)Y.

Using interval arithmetic we thus obtain the inclusion A C ®~1(x)Y = A, which
may be rough. This is due to the fact that A is a convex polytope, whereas Y, resp.
A, is a m-dimensional box (see [8]). The above consideration also demonstrate the
importance of the brackets in (20). A change of the place of the brackets leads to
an inclusion

(p(©Te ') Y o) (2 'm)Y).
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Indeed A C @ (x)Y = A implies

nxY;8) = {p@) A xe A} C{p@) A reA}
= T (27 (x)Y).

We now consider the case m < n. In this case Y/ C Y and the inclusion A C A/
due to

A={o7'xylyey'}c{oxylyev}col(x)y =A!

can be very rough. The following proposition gives a characterization of the solution
set 77(x,Y;-) (see Lemma 2 from [6]).

Proposition 9.2 There exists a subset QQ of the index set J = {1,...,n}
consisting of m elements (Q C J, card(Q) = m), such that for everyl € Q at least
one of the two equalities n~(x,Y;2;)) =Y, ", nT(x,Y;z) =Y," hold.

The proof of this Proposition is given in [6]. Proposition 2 shows that the
solution set reaches the end-points of at least m input intervals Y;, I € Q C J.

Let the index set () be a subset of the index set J with m elements: ) C J,
card (Q) = m. Assume that @ is ordered in increasing order and let ¢ (i) be the

T
i-th element of (). Denote by x% = (:vq(l), ey xq(m)) the matrix x reduced to the

T
index set (). Analogously Y? = (Yq(l), e ,Yq(m)) is the vector Y reduced to Q.

To find the set of functions from £,,(X) interpolating a reduced set of m data
(x?,Y?) we consider the corresponding system ®(x?)\ € Y9, which is a system
of m algebraic inclusions for m unknown parameters and applying (20), obtain

n(x?, Y9 8) = (p(©) T2 (x?)) YO,

Proposition 9.3 The value of n(x,Y;-) at a point £ is given by

n(xY;:6) = ] nx%Y%8 = () (p© 7' (x?)) ve. (21)
QCJ QCJ
The proof is obvious. Proposition 3 shows that the value of

n(x,Y;-) at & can be determined by an intersection of ( :1 ) SII-functions.

The intervals Y; can be reduced to £-compatible intervals Yj using the following

Proposition 9.4 For the L-compatible intervals we have

17} =Y;N ﬂ n(a:Q,YQ;a:j).
QCT j¢Q
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We suggest the following methods for the computation of n(x,Y’;-) at a point
¢&eD:
A. Compute n(x,Y; ) at £ by means of Proposition 3, that is by intersecting the
values of all simple interval interpolating functions at £. The latter are computed by
means of Proposition 1. If at some point £ the interval values of two simple interval
interpolating functions are disjointed, their intersection is an empty set and the set
of solution functions is void.

B. For £ € D compute n(x, Y; £) by solving two constrained linear optimization
problems (8).

C. Compute first the £-compatible intervals Y; by means of Proposition 4.
Then compute 7(x,Y;-) = n(x,Y;-) at arbitrary ¢ by using method A or B for the
compatible intervals.

Below we look for effective methods for the presentation and computation of
7 in the one-dimensional case k = 1.

9.3.2 The One-Dimensional Case

In the remaining part of this section we shall assume k£ = 1, that is the input data
x is a vector of real components and will be denoted by =z = (z1,...,z,). We
shall assume that the components of z belong to an interval X = [z~ ,z"] and
that zog = 27 < 21 < 29 < ... < 2y, < 7 = z,,11. We shall use the letter k to
denote a fixed subinterval [z, zg+1] to be considered. The following theorem gives
an additional characterization of the boundary functions of the solution set.

We first give a definition which will be used in the proof of the next proposition.

Definition 9.2 (see [11], [14]) Forl < m al-face of A is a subset of A defined
by
yy <eE) A<yl jel

where m — | of the above linear independent inequalities transform into equalities.

Proposition 9.5 (see [15], [16], [17]) Let the set n(X;-) of all functions from
L (X) which interpolate (x,Y) be not empty and let the interval function n(x,Y;")
be the envelope of this set. Then in every (rk,zr+1), K =0,1,...,n, the upper and
lower boundary functions of n (x,Y;-) are functions from L,,(X) generated by some
parameters \; A: € A.

Proof. Proposition 9.5 states that for every subinterval [zg, z;11] there exist
two parameters A, )\,j € A C R™ generating the envelope in the whole subinterval,
that is

n (.’L‘, Y’ f) = 77(>‘1;7£) = @(g)—r)‘];a 5 € (xkamk+1) )
nt (2, Y;0) =n(\5E) =@ TN, €€ (@ mrpa)-
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Assuming the opposite, there exist a point & € (zy, x5y 1) and two parameters
A% € R, AN # A2, such that nt (2, Y &) = (&) A = ¢(€,) TA2. On the other
hand we have

0 (@, Y36) = maxp(&) ' (22)

Because the set of optimal points of the linear programming problem (22) is convex
all points of the segment [A\!, \?] are optimal. The set of all optimal points of (22)
is a [-face of A, where | > 1 and the vector p(&;) is perpendicular to this [-face
of A. The [-face is an intersection of (m —[) hyperplanes with linear independent
normal vectors al,...,a™ ' € {¢(&),j € J} (the linear independence follows from
the assumption that the modeling function is from £,, (X)). Thus the vector ¢(&;)
is a linear combination of a',...,a™ !, This is a contradiction to the assertion
that ¢ is a system of basic functions. For the lower function = the arguments are
analogous.

O

Proposition 9.5 shows, that under the given assumptions the upper and lower
boundary functions 7 (z,Y;€) for all £ € (xg,zry1) are themselves elements of
Ly (X), and, therefore, to find n(z,Y;&) for & € [z, x+1] we have to deter-
mine expressions for these two functions. Such expressions can be found ether in
terms of some subset (29, Y ?) of the given data or in terms of A depending on the
method used: intersection of STI-functions (method A) or constrained optimization
(method B).

In some cases it can be preferable to use method C which prescribes first the
computation of the compatible intervals. The next proposition shows that, if the set
of data (z,Y") is L-compatible, then 7 (z,Y’;¢) may be determined by an intersection
of a reduced number of simple interval interpolating functions.

Proposition 9.6 If the set of data (x,Y) is L-compatible, then for every k =
0,...,n the following formula holds

n(z,Y:8) = () n@® Y% for €€ [zg a1,
QeQ(k)

where Q(k) is the set of all subsets Q of J consisting of m elements (notationally,
Q C J, card(Q) =m), such that

kEk+1€e@Q, if 0<k<n,
,bne®, if k=0 ork=n.

If m = 2 the set Q(k), for every k, 0 < k < n, consist of one single pair, namely

Ak k+1}, if0<Ek<n,
Q(k)_{ {1,n}, ifk=0 or k=n.
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For the interval solution n()\;-) in this case (m = 2, compatible data) the
following simple formula holds in [z, z11]:

n(2,Y58) = na?®,ve®;e) = (p()To7! (x9M)) y o

A(Tg,Try1) (Zk,Trt1)

{ MYWFAA(%)@H, if 0<k<n,

Z1,&n)

p1(z)  pa(a')
p1(z")  a(z")

Clearly, finding the compatible intervals in the case m = 2 solves the prob-
lem of finding the STI-function, which is then obtained by connecting the upper,
resp., lower end-points of each two neighboring segments (z;,Y;), (241, Yi+1) via
generalized linear functions. Proposition 6 is proved (for the polynomial case) in
[16].

wherein A(z', z") =

Numerical algorithm (for £ = 1). Compute n(z,Y;-) at some point §&;
from the open interval (z;,ziy1), e.g. & = (zit1 + x;)/2, using method A or
B. Proposition 9.5 states that there are two unique generalized polynomials 7, =
n(A;;€), ni = n(Af;€) which are the boundary functions of 5(z,Y’;-) in the interval
[z, 7;11]. We can find expressions for the boundary functions n; ,n;" by any one of
the methods A or B. Using method A we obtain two m-dimensional subsets @;,
Q. of J and two m-dimensional sets of binary variables A~ = (ag(l), s a;(m)), AT
= (oz;'(l), ...,a;(m)), iy oz;'(i) € {+,—},i=1,...,n, such that for & € [z;, ;11]:

(]

N (@,Y38) = (p(&)Te7(x%)) (v@ )N,
(@ Yi8) = (p@)Te (x)) (YOH) %

(note that the pairs (Q; ,.A;), (Q;, A7) may not be unique, and any pair can be
used).

Alternatively, if method B is used then we can determine A;, )\;-" as defined by
Proposition 9.5.

According to Proposition 9.5 the expressions for the functions 7, nj can be
used for presentation or computation of n(z,Y;-) at any point in the subinterval

[xiaxi-l-l]'

9.3.3 The Polynomial Case

If the basic functions are of the form ¢; (z) = z'~!, 4 = 1,..,m, then (2) is

the Vandermond’s determinant: det ®(z') = [];-; (; — z;), which does not vanish.
L, (X) is the class of polynomial functions defined on X = R of (m — 1)-st degree
of the form 7m_1 (A €) = At &+ Aoé + oo+ AmE™ 1.
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In the case n = m formula (20) for the SII-function obtains the form

Mt (2,Y36) = 1@:0)T Y, Lo = [

k=1,.;m, ki *0 Tk

(see [18], [19]). This interval function has been studied (without using interval
arithmetic) in [20].
Formula (21) for n > m in the polynomial case reads [13]:

oot @36 = () 1(:%€) VO, Lo - [ e

QCJ k=1,...,m, k=i La(i) — La(k)

wherein Q = {q(k)}}" . .
The intervals Y; can be reduced to compatible intervals Y; by [13]

Vi=v;n ) l(mQ;mj)TYQ, jel.
QCJ, j¢Q

For m = 2 applying Proposition 6 we obtain for ¢ € [z, z11], 0 < k < n, the
following simple expression [13]

EoTht1 (—w .
m (:Ea Y’ é‘) — Lk~ Tk+1 Yk + Tht1— iUk Yk+1’ if 0<k< n,
fl Y+ mff_fgl Y. if k=0 or k=n,

where the data (z,Y’) are assumed compatible.
Next are two examples for polynomial functions. The computations are per-
formed by a program written in PASCAL-SC [12], based on the method A.
Example 1. Let the following set of data be given

.
L, 2, 4 6
(z,Y) = ({1,3], [1,2], [1.5,2.5], [2,3]> ’

and let the modeling functions be second order polynomials of the form
(A &) = A1+ Xl + )\352.

The graph of the interval function n9(x,Y’;-) is presented on Fig. 1. For
comparison the simple interval polynomial n3(z,Y’;-) is also presented. In order to
recognize both interval interpolating functions on Fig. 1 we should keep in mind
that o C ns.

According to Proposition 3 the bounding functions of ns(z,Y’; ) pass through
at least three end-points of the interval segments, which fully determine them. The
program gives results for 7;(z,Y'; ) presented in Table 1. We see that the computed
compatible intervals coincide with the input intervals, that is the input data are
compatible.
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Figure 1: Graphs of the interval polynomials related to Example 1.

Bounding Functions

Subinterval Lower Upper Compatible Intervals
(2o, 1] YUYy Yy vi=[1,3]
[z1, 72] Y1_Y2_Y4+ Y;Y:),_Yf Y =11,2]
(T2, 73] Y, Yy Y, Yt Y.ty Vs = [1.5,2.5]
[£3, 4] YPYYo YIYsY Yy =1[2,3]
(24, o] YUYy VY v

Table 1: Bounding functions & compatible intervals for the Problem of Example 1.

Remark. To demonstrate the advantages of our method of direct computation
of the interval function 72(z,Y;-) let us compute the solution set for this example
through the parameter set A. Assume that we have computed A exactly. We then
optimally enclose A to obtain an interval vector A’. Then the best result for the

upper function is
ny (A5 €) = 4.5 + 1.25¢ + 0.25¢2,

and for the lower function
ny (AT;€) = —0.1 — 1.75¢ — 0.15¢2.

The width of 52 (Af; €) at € = 6 is w(na(AL;6)) = 1) (AL;6)—n, (AL;6) = 37, whereas
the width of 72(A;6) = n2(z,Y;6) as computed by our method is

5 (%,Y;6) —ny (2,Y56) = 1.
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Figure 2: Graphs of the interval polynomials related to Example 2.

Example 2. For the same set of data and for the set of linear modeling
functions 71 (A;€) = A1 + Xo& we obtain the results presented in Table 2.

Bounding Functions

Subinterval Lower Upper Compatible Intervals
[Z o0, z1] YY" Y,V Y1 =11,2]
(21, 22] Y, Y, Y'Y, Yz = [1.2,2]
(22, 23] Y Y, Y, y,t Ys = [1.6, 2.5]
(23, T4] Yy, Y3+Y21+ Yy =2,3]
(24, Toc] YQ+ Y, Y Y4+

Table 2: Bounding functions & compatible intervals for the Problem of Example 2.

The interval function 7, (z, Y; -), comprising the set of linear modeling functions
is presented on Fig. 2. For comparison the function 7;(z,Y;-) is given (the latter
also appears in Fig. 1). To recognize both functions on Fig. 2 recall that n; C 7.

Example 3. We next consider an example using 6 knots

(0.Y) - 0 1 2 3 4 5 !
©E) T 1,1.02] [0.99,1.25] [1.04,1.06] [1.07,1.09] [1.16,1.18] [1.23,1.25]

Fig. 3 presents the corresponding polynomials 75(z,Y;-) and ny(z,Y;). Of
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Figure 3: Graphs of the interval polynomials related to Example 3.

course, we have 74 C 75.

9.4 LINEAR ESTIMATION UNDER INTERVAL MEASUREMENTS

In this section we shall assume that the parameter A, defined by (10) depends
linearly on y, i.e. Ay = Hy, where H € R™*", and H = H(x) may depend on x
but not on y, then formula (12) can be written as

Ay = {NEKCR™ N =Hy|yeY}
= {Hy | yeY} C HY, (23)

where by the last inclusion relation (17) has been used.

Let us assume as before that £ is a class of linear on A functions of the form
n(A;-) = p(-) "X defined on D. For a fixed ¢ € D the estimate solution set can be
written in the form

1(Ag3 &) (A€ | Ae g}

)f
p€)'A, A=Hy | yeY}
= {(®)" (Hy) [y eV} ={(0(6) ' H)y|y eV}
= (p(OTH)Y = T()Y. (24)

Note that the interval-valued function (24) gives the exact bounds for the solution
set. We next consider a special case of least-square estimator illustrating the above
approach.

Multiple linear regression. In the case of multiple linear regression, let
us denote & = (1,&1,...,&n—1) and assume @;(&) = &, i = 0,...,m — 1, so that
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A& =)A= X0+ A&+ ... + Am—1ém—1 = €A, Denoting

1 r11 ... Tim—1
X =

1 Inl -+ Tpm-—1

we obtain from (10) with an I norm the matrix H in the form H = (X TX)71X T,
Substituting in (23) and (24) we obtain

Ay © HY = ((xXTX)"'x ")y, (25)
n(Agi€) = TEY = (H)Y = (§XX)"'x7)Y, (26)

where T'(¢) = (X " X) 71X T = (71(€), ..., 1(6)).
In the case m = 2, the approximating function is linear of the form f(\;¢§) =

Ao + A1&. For the components v;(£) of the n—dimensional vector I'(§) we obtain

n(©) = (ex'x)'x"),
= (z;—T)(—-7)/Spa+1/n,i=1,...,n,
where T = 37 z;/n, Spe = 022 —nT = Y7 (z; — T)?. The boundary

functions of the interval function L(¢) = ['(£)Y are lines in each interval with end—
points two neighboring &;, 7 = 1,...,n, where ¢ are defined by v;(&;) = 0, that is
(see also [21]):

fi = f—i-Sm/(n(T—xz)) .

The polynomial and multinomial cases produce similar results under the cor-
responding choice of the matrix X.
Example 4. Consider the data

[1,

0,99, 1.01]
[1.04, 1.06]
[1.07,1.09]
[ ]
[ ]

(an) =

1.16,1.18
1.23,1.25

Sk W N~ O

)

For the given data, the set of interpolating polynomials of degree m — 1 = 2
consists of only one single-valued interpolation polynomial. The latter serves also
for an unique solution of the same problem with m —1 = 3 and m — 1 = 4 (Fig.
4). The solution set is empty for the same problem with m — 1 < 2. The envelope
of the set of least-square approximation polynomials of second degree for the given
interval data is also presented on Figure 4.

Example 5. For the set of data of Example 1 and for modeling functions
which are second order polynomials the corresponding sets of solutions both for the
interpolation and the least-square approximation problems are presented on Fig. 5.
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Figure 4: Graphs of the interval polynomials related to Example 4.
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Figure 5: Graphs of the interval polynomials related to Example 5.
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9.5 CONCLUSION

We studied both interpolation and curve fitting problems involving generalized
polynomials and interval data. In certain special cases we obtain exact interval-
arithmetic expressions for the envelopes of the sets of solution functions (see ex-
pressions (20), (21), (24), (26)). In the one-dimensional case when the solutions are
functions of one variable, we characterize the enveloping functions showing that they
are piece-wise generalized polynomials. These interval-arithmetic expressions can be
effectively computed in a software environment which supports interval arithmetic
like recently developed SC-languages [12] (or computer algebra systems Maple and
Mathematica). Such an environment provides computer operations with directed
roundings, so that the computed interval bounds are automatically rounded towards
outside and contain with guarantee the true results. Thus, the computed bounds
comprise all possible kinds of input and computational errors. This fact opens a
new way to the practical implementation and interpretation of the computed results
especially with respect to the interpolation problem. For example, assume that we
know that the experimentally obtained measurement intervals Y contain with guar-
antee the true values of the measured quantities and that n(z,Y’;-) is the interval
solution function computed from these measurements under the assumption that
the model function 7 belongs to £. Assume that an experiment provides us with a
new measurement (zy,Yy) such that n(z,Y;zn) N Yy = (0. The correct conclusion
then is that the class £ of model functions is inadequate for the description of the
experimental data.

Therefore our approach and programing tools can be used from experimental
scientists, for checking hypotheses with respect to the type of the modeling functions.
New data can be easily checked whether they intersect the available interval solution
sets. If some of these intersections are empty then it follows that the type of the
modeling functions is wrong. Then another type of modeling function (possibly
involving more parameters or other type of basic functions) should be taken in
consideration.

In the above arguments it is assumed that Y; are measurement intervals, con-
taining with guarantee the true values of the measured quantities. It seems that
experimental scientists can provide such intervals in most situations. Moreover, the
provision of guaranteed bounds seems to be a substantial part of the experiment.
At present experimental scientists often do not care about obtaining such bounds,
which diminishes the value of the experiment. A possible explanation for such atti-
tude is that still few mathematical tools and methods dealing with interval problems
have been developed. Measurement tools and instruments also sometimes fail to pro-
vide the necessary guaranteed bounds for the data to be read off. The guaranteed
numerical “interval approaches” should be employed for guaranteed interval data,
possibly obtained using high quality “interval measurement” tools.
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