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ON SOME FINITE-DIMENSIONAL REPRESENTATIONS
OF ARTIN BRAID GROUP”

Valentin V. Iliev

The author studies certain homomorphic images G of the Artin braid group on n
strands in finite symmetric groups. Any permutation group G is an extension of the
symmetric group on n letters by an appropriate abelian group. The extension G
depends on an integer parameter ¢ > 1, and splits if and only if 4 does not divide q.
In the case when ¢ is odd, all finite-dimensional irreducible representations of G are
found, thus finding an infinite series of irreducible representations of the braid group.

The braid group B, is defined by E. Artin in his article [1]. He gives two defini-
tions: geometrical and algebraic. As an abstract group, B, has a presentation on n — 1
generators 31, Bo, ..., Bn—1, subject to the following braid relations

BrBs = BsBr, |7“ - S| > 2,
BrBsBr = BsBrfs, |7" - S| =1.

A group is said to be n-braid-like if it is a homomorphic image of the Artin braid group
B,.

The geometrical definition starts with introducing the braids, the elements of a group
which turns out to be isomorphic to the algebraical braid group B,. A braid o consists
of n descending strands (topological intervals) in the real 3-dimensional space R? (the
third coordinate axis being turned downward), subject to the following conditions:

(a) any strand joints a point of the form (i,0,0) with a point of the form (5,0,1)
1<i,5<m

(b) the strands do not intersect each other;

(c) the braids are considered up to isotopy in R®.

The product of two braids ¢ and 7 is a braid obtained by identifying the endpoint
(4,0,1) of o with the corresponding endpoint (j,0,0) of 7, and then scaling. The wunit
braid e consists of n strands connecting the point (¢,0,0) with the point (¢,0,1), 1 < i <
n. The elementary braid g, 1 < s < n—1, is a modification of the unit braid e. It consists
of the strands that joint the points (k,0,0) with (k,0,1), k=1,...,n, k # s,s+ 1, the
point (s,0,0) with (s+1,0,1), and the point (s+1,0,0) with (s,0,1), the last one being
overgoing. In case the last one is undergoing, we obtain o, 1. The elementary braids o
satisfy the braid relations and the mapping G — o5 can be extended to an isomorphism
of the group B,, and the group generated by o.

*2000 Mathematics Subject Classification: 20C15, 20C35, 20F36.
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Fig. 1. A real braid

The algebraic definition yields existence of the following two homomorphisms:
Bn"Za 65'_’17 ]-SSSn*]-a
and
v:Bp, — Sp, Bs—(s,5+1), 1<s<n-1,

where S, is the symmetric group on n symbols 1,...,n, and (s, s+ 1) is the permutation
that transposes s and s 4+ 1. The kernel of the first homomorphism is the commutator
subgroup B of B, and the kernel P, of the second homomorphism v is said to be the
pure braid group. Let C be the field of complex numbers and let C* be its multiplica-
tive subgroup of non-zero complex numbers. We obtain immediately the following two
propositions:

Proposition 1. One has Hom(B,,,C*) ~ C*, where the formulae x.(8s) = ¢, 1 <
s <n—1, ce C* exhaust all one-dimensional representations of B,,.

Proposition 2. Every irreducible finite-dimensional representation of S, produces
via composing with v an irreducible finite-dimensional representation of B,,.

In particular, the two one-dimensional representations of S,,, which govern the statis-
tical behaviour of bosons (Bose-Einstein statistics) and fermions (Fermi-Dirac statistics),
are members of the infinite set Hom(B,,, C*) of one-dimensional representations of B,,,
which are responsible for statistical behaviour of abelian anions. The abelian anions are
quasi-particles that “live” in two-dimensional spaces, and there are experimental data
that they can be used for the construction of topological quantum computer (an idea of
the Russian physicist Alexei Kitaev from 1997). The finite-dimensional representations
of B, of dimension > 2 govern the statistical behaviour of non-abelian anions which also
are ingredients of the proposed architectures for a topological quantum computer, but
their existence is not experimentally confirmed yet.

Our aim is to show that for any integer ¢ > 1 there exists a group B,(g) which
is intermediate, i.e. B, — B,(q) — Sy, and still finite, and whose finite-dimensional
representations can be found, in principle. In case ¢ is an odd integer, the group B, (q)
is the semi-direct product of S,, and the elementary abelian group (Z/¢Z)™, and we use
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Fig. 3. Artin’s braid 7
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1 ... s s+1 ... n

Fig. 5. The unit braid

2 \

1 ... s s+1 ... n 1 ... s s+1 ... n

Fig. 6. The elementary braid o, Fig. 7. The braid o, !

the method of “little groups” of Wigner and Mackey (see [4, Proposition 25]) in order to
describe completely all irreducible representations of B, (¢q). Thus via lifting, we obtain
a series of finite-dimensional irreducible representations of the Artin braid group B,,.

First, we introduce some notation. We define the symmetric group S, as the group
of all permutations of the set of positive integers, which fix all but finitely many elements.
The symmetric group Sy is identified with the subgroup of S, consisting of all permu-
tations fixing any k > d. We denote by w the injective endomorphism of S, defined by
the rule

(w)k)=0ck—-1)+1, k>2, (w(0))(1) =1.

We assume that d and n are integers, d > 1, n > 3, and, as usual, we identify the
wreath product S41 S, with the image of its natural faithful permutation representation
([3, 4.1.18]) and for each subgroup W < Sy we identify the wreath product W S,
with its image wia the above inclusion. In other words, S4 S, is the group of all
permutations of 1,...,d,d+1,...,2d,2d+ 1,...,nd, which permute the integer-valued
intervals [1,d],[d+ 1,2d]...,[(n — 1)d + 1,nd).

Let 05 € S,4, be the involutions

9_<(s—1)d+1 sd sd+1 (5+1)d)es
s sd+1 o (s+1)d (s—1)d+1 --- sd nd>

s =1,...,n—1. We set X,, = (01,09,...,0,_1) < Spq. Then the direct product
W = Wwd(W)...w® D4W) is a normal subgroup of of the wreath product W S,,
(its base group), X, is a complement of W and we have that WS, is the semi-direct
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product of X, by w®, w8, =wW® . . The isomorphism ¥, ~ S, maps the
involution 5 onto the transposition (s,s 4+ 1), s = 1,...n — 1, and we identify both
groups by this isomorphism.

In particular, for any W < S; the wreath product W ¢ S5 is the semi-direct product
of ¥5 = () by its base group W) where = 6. The left coset O ) of W2 in WS,
consists of permutations of [1,2d] that map [1,d] onto [d + 1, 2d].

Let W < S, be a permutation group, and let p(1W) be the number of conjugacy classes
of W. The action of W on itself via conjugation can be used in order to prove

Lemma 3. The number of ordered pairs of elements of the group W, whose compo-
nents commute, is equal to |W|p(W).

A pair of permutations 1, ¢ from S, is said to be braid-like if n¢ # ¢(n, and n{n = (n¢.

Theorem 4. Let W < S; be a permutation group, and let ¢ € oW 3, o = Os1w?(s2),
where 61,60 € W. Then, the following three statements are equivalent:

(i) the pair of permutations o, w(c) is braid-like;

(ii) there exists a permutation T € W such that
(1) 0? = 1w'(r);

(iil) the permutations 1 and o commute.

Let 0 € 6(S;)?, where § = 6; € ¥,,. The permutations

o1 =0, 03 =wH0),...,0n_1 =w™De)

are from the wreath product S4S,. Let B,(c) be the subgroup of S; 5, generated
by these permutations, i.e.

B, (o) ={(01,092,...,0n-1).

If W < S, is a permutation group and o € W), then B, (o) is a subgroup of the
wreath product W .S,.

We suppose that the pair of permutations o, w?(c), where o € 0S3w?(Sy), is braid-
like, and let 02 = 7w?(7), T € Sq.

The intersection BW,,(0) = B, (o) N W™ is a normal subgroup of B, (o). In partic-
ular, if 7 € W, and () is the cyclic group generated by 7, then A, (o) = B, (o) N (7)™
is an abelian normal subgroup of both B, (¢) and BW, (o).

Theorem 5. Let W < S; be a permutation group. Let us suppose that o € W2,
and that the pair of permutations o, w?(o) is braid-like. Let 0 = tw(7), and let q be
the order of T € W. Then,

(i) the map 05 — o5 mod BW,,(0), s =1,...,n—1, can be extended to an isomorphism
Sy, — By (0)/BW,(0);

(ii) one has BW, (o) = A, (o), and A, (o) is an abelian group, isomorphic to

(2) z/qz 1] 11219211 2/ a2
n—1 times
where ¢ = q20, and & is the greatest common divisor of ¢ and 2;
(iii) the group B,(o) is an extension of the symmetric group S, by the abelian
group (2):

(3) 0—2/qz]]---[]2/42]] Z/22Z - Bu(0) ™ S — 1
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(iv) the extension (3) splits if and only if 4 does not divide q.

Corollary 6. (i) The abelian group A, (o) does not depend on the permutation o, but
only on the number q;

(ii) if 4 does not divide q, then the group B, (o) does not depend on the permutation
o but only on the number q.

Let ts be the restriction of the conjugation by o, s = 1,...,n — 1, on the normal
subgroup (2). Then ¢4 are involutions of this abelian group.

Proposition 7. The monodromy homomorphism

m: Sy — Awt(Z/qZ [ [ 2/a2 ][ 2/022). 05— s,
that corresponds to the extension (3) is injective.

From now on we assume that the order ¢ of the permutation 7 € S, from equation (1)
is odd. Corollary 6 yields that we can denote by A, (¢) and B, (q) the groups A, () and
By, (o), respectively. In this case the group By, (q) is isomorphic to the semi-direct product
of S,, by the elementary abelian group A, (q) = (Z/qZ)"™. Moreover, A,,(q) has a structure
of Sy,-module, given by the monodromy homomorphism m from Proposition 7. The group
A, (q) can also be considered as a free Z/qZ-module of rank n with basis e; = (1,0,...,0),
e2 =(0,1,...,0), ..., e, =(0,0,...,1). We identify the group A, (g) with its multiplica-
tively written version (7)™ wia the rule 2161 +- - -+ 2pe, — T2 w(772) .. WD (7on),
The involution m(6s) = ts, s =1,...,n—1, acts on the basis (e;) by the rule tse; = €541,
and tse,. = e, for r # s, s + 1. Therefore, if { € S,,, then we have

C L= (.ﬁ(—l(l), . ,J)C—l(n))
for any x = x1e1+- -+ ape, € An(q). The contragredient action of the symmetric group
Sy on the dual Z/qZ-module A, (q)* is given by the formulae

C-b=(be-1(1),- > bc-1(m))
for any b = byx1 + -+ + bz, € An(q)*.

Let P, be the set of all partitions of n and let P<q., C P, be the subset consist-
ing of all A € P, with length not exceeding ¢g. Any linear form b = (by,...,b,) €
A (q)* defines a family of non-negative numbers (ﬂ,(cb))kez/(q), where E,(cb) =|{iel,n]]
b; = k}|. This family, after ordering from largest to smallest, produces a partition
A0 = ()\(lb), )\éb), ...) € P,. The map A,(q)* — Py, b+ A is S, -equivariant and let
t: Sp\An(q)* — P, be its factorization.

Let us fix a primitive gth root of unity ¢ € C*. Let X = Hom(A4,(q),C*) be the
group of characters of the irreducible representations of the group A, (g). The group X
consists of all maps

X=X Anlq) = C*, xp(z) = "),

where b € A, (q)*, and the map A,,(¢)* — X, b +— xs, is a group isomorphism. If y = xs,
then the rule ¢ - x = x¢., defines an action of the symmetric group S, on the group X.
We denote by X the S,,-orbit of the character x € X. Via transport de structure, using
t, we obtain a map

tx: Sp\X — P, X — A,
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and its image coincides with P<,.,. For any S,-orbit b € t~1(\), A € P<gn, we choose
a representative b with stabilizer Sy = Sy, X S, X ..., and denote the corresponding
representative x; of X € tx (\) by xp:a. Moreover, let Dy < B, (g) be the semi-direct
product of the Young subgroup Sy < S,, by the abelian group A,(q): Dy = A,(q) - Sx.
Let w; = (w1, i2, - . .) be a partition of A;, ¢ = 1,2, ..., and let [u;] be the corresponding
irreducible representation of the group Sy,. The family (yu, ... = [p1] ® [p2] @ --+)
consists of all irreducible representations of Sy. Let %, 4,,... be the composition of
Vi1 ,pz,... With the canonical surjective homomorphism Dy — S,. Since each character
Xp;» has stabilizer Sy, it can be extended to a one-dimensional character of the group
D), which we denote by the same letter.

Let my(z1, z2,...) be the monomial symmetric function, corresponding to the parti-
tion A, and let p(n) = p(Sy) = | Pl

Theorem 8. (i) The induced representations

B, ~
IndDA(q) (Xb;/\ ® 7/-‘17#2w~)’

where b € t71(\), X € Pcy.pn, are irreducible, pairwise non-isomorphic, and each irre-
ducible representation of the group By, (q) has this form;
(ii) the group B, (q) has exactly

> p(A)p(A2) .. ma(l,...,1,0,...)

AEP, q times

irreducible representations.

Example 9.Let d = 3, n = 3, 7 = (123). Then, ¢ = 3, A(3) = (Z/(3))?, B3(3) =
A(3) - S5. Moreover, Py = {(3),(2,1), (1®)}, and P<3.3 = P3. The inverse images ¢t ~1())
of the partitions A € P5 via the map

t: S3\A3(3)* — P3, B = )\(b),

are

t_l((g)) = {(0’ 0, 0)7 (L 1, 1)7 (2a 2, 2)})
t71((2,1)) = {(0,0,1),(0,0,2), (1,1,0), (1, 1,2), (2,2,0), (2,2, 1)},

and

Further, we obtain

X(0,0,0);(B)(x) — 1, X(l,lyl);(3) (I) _ E;m-i—acz-i—acg7 X(2,2,2);(3)(x) — E2av1-‘:—23L-2-i-23r37
x1+T2
K

X(0,0,1):2.1)(T) = €™, X(0,0,2):2,1)(T) = €2, X(1.1,00:2,1)(T) =€

, X(2.2,0)(21) (T) = 2122,

2z1+2T2+x3
b

X(1,1,2)(2,1) (%) = gPitet2es

T2+2x3

X21en(@) =€ X(0,1,2),019) () =€
The irreducible representations of the stabilizer Sz are [(3)], [(1%)], and [2, 1] (2-dimensional).
Thus taking into account that D3y = B3(3), we obtain nine irreducible representations
of the group B3(3), produced by the stabilizer S5 — six one-dimensional, and three 2-
dimensional:

X(0,0,0%:(3) @ V(3)» X(0,0,0):(3) @ V(13)s X(0,0,005(3) @ V(2,1)5
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X(1,1,1):(3) @ V(3)> X(1,1,1):(3) @ V(13)> X(1,1,1:(3) D V(2,1)

X(2,2,2):(3) @ V(3)s X(2,2,2):3) @ V(12), X(2,2,2);(3) © V(2,1)-
The stabilizer Sy x S; has two irreducible representations: [(2)]® [(1)], and [(12)] @ [(1)].
Thus, we obtain the following twelve 3-dimensional irreducible representations of the
group B3(3):
Bs(3 ~ Bs(3 ~
Indesl)) (X(0,0,1):(2,1) ®V(2),(1))> Inde;l)) (X(0,0,1):2,)7(12),(1))>

B3 (3 ~ B3 (3 ~
dp"™ (x(00.2:21) @ F2).0)» WAL (x0.0.20:2.0702),1));

(3) ~ Bs(3) ~
211)(X(1,1,0);(2,1) ® 7(2),(1)% IndDj’z,l)(X(l,1,0);(2,1)'7(12)7(1))7

Indgfii)) (X(1.1.2):2.1) ®(2).1))5 Indﬁj‘ff) (X(1.1.2):2.)712),1))5

B3
IndD(

B3 (3 ~ Bs(3 ~
Idp’ ) (X@.2.0:2.1) @ F@,01)s AR (X2,202,0702),1)s

Bs(3 ~ Bs(3 ~

Inde;f) (X202 ©V2),1); Inde;l)) (X@22.1:2,1)7(12),(1))-

The trivial stabilizer S; x S1 x 57 has one irreducible representation — the unit represen-
tation, and, moreover, D3y = A3(3), so we obtain one more 6-dimensional irreducible

representation of the group B3(3):
Bs(3
Ind33 (3 (X(0.1.2)5019))-
We note that 6.12 + 3.2% + 12.3% + 1.6% = 333! = | B3(3)|.

Remark 10.The complete proofs of the results from this paper will be published
elsewhere.

Remark 11. Most of the figures in the text are taken from Artin’s paper [2].
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BbPXY HAKOU KPAMMHOMEPHMU IIPEJACTABSIHIS HA I'PYIIATA

HA APTUH HA IIJINTKUTE

Baneurun B. Uianes

ABTOpBT M3yduaBa Hakoum xomoMopduH obpasu G Ha rpynara Ha ApPTHH Ha IIAT-
KUTE BbPXy N HUNIKA B KPailHW cuMeTpH4HM rpynu. IlosydeHnTe mepMmyTannoHHU
rpynu G ca pasmupeHusl Ha CUMETPHYIHATA IPyIa BbPXY 1 OyKBU Upe3 IOAXO/ISINA
abesieBa rpyna. Pasmupenusta G 3aBHCAT OT €IUH LEJOYNUCIEH IapaMersbp q > 1 u
ce paslenBar ToraBa W caMoO Torasa, koraro 4 He jenm ¢. B ciaydas Ha HedeTHO ¢
ca HaMEpPEHU BCUYKM KPaifHOMEDHH HEIPUBOAMMIU IIpeJCcTaBsaHns Ha (G, a Te OT CBOSI
cTpaHa reHepupaT 6e3KpaiiHa peyiia OT HEIPUBOIMMY IPEJICTaBIHUSI Ha IpylaTa Ha
IJIUTKHTE.
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