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In this paper we continue the study of the notions of o-homogeneous space, lo-homo-
geneous space, do-homogeneous space and co-homogeneous space. Theorem 5.1 af-
firms that a co-homogeneous space X is a Moscow space provided it contains a Gs-
dense Moscow subspace Y.

1. Introduction. By a space we understand a Tychonoff topological space. We follow
the terminology given in [15]. The present paper is a continuation of the article [1], which
contains the definitions of o-homogeneous space, fan-complete space, ¢g-complete space,
sieve-complete space, lo-homogeneous space, do-homogeneous space and co-homogeneous
space. A remainder of a space X is the subspace Y \ X of a Tychonoff extension Y of
X. The space Y is an extension of X if X is a dense subspace of Y. In this article we
investigate what kind of remainders a space can have.

Problem A. Let P be a property and Y be an extension of a space X. Under which
conditions the remainder Y \ X has the property P ?

In [2, 3, 4, 5, 6, 7] Problem A was studied for topological groups. Some results for
rectifiable spaces were obtained in [11].

2. On o-homogeneous spaces and Moscow spaces. A space X is called a Moscow
space [8] if for each open subset U of X the closure clxU of U in X is the union of a
family of Gs-subsets of X.

The following fact for d-homogeneous spaces was proved in [9].

Theorem 2.1. Let Y be a Gs-dense subspace of a co-homogeneous space X. IfY is
a Moscow space, then X is a Moscow space and Y is C-embedded in X .

Proof. First we prove the next statement.

Claim 1. If U is an open subset of X and y € Y Neclx U, then there exists a Gg-subset
H of X such that y € H C clxU.

Indeed, since Y is a Moscow space, there exists a Gs-subset H of X such that y €
HNY =cy(UNY) CeclxU. We affirm that H C clxU. Indeed, assume the contrary.
Then, P = H \ clxU is a non-empty Gs-subset of the space X and PNY = (. Since Y’
is Gs-dense in X, we have PNY # (), a contradiction. The Claim 1 is proved.
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Now we fix an open subset V' of the space X. Fix a point b € Y. Let a € clxV. Fix
two open subsets Uy, Us of X and an open continuous mapping h : X — X such that
b e Ui, a € Uy, h(b) = a and the set clxh'(z) is countably compact for each z € Us.
We put W = VNUy and U = h=}(W). By construction, a € clxW and b € clxU.
By virtue of Claim 1, there exists a Gs-subset H of X such that b € H C clxU. Fix a
sequence {V;, : n € N} of open subsets of X such that clxV,+1 €V, NU; for each n € N
and b € N{V,, : n € N} C H. Then, P = N{h(V,,) : n € N} = h(N{V,, : n € N}) and
a € P CclxW. Hence, clxU is the union of a family of Gs-subsets of X.

In addition, every Gs-dense subspace Y of a Moscow space X is C-embedded in X
[16]. The proof is complete. O

3. The Baire property in remainders of spaces. Let X be a space. We put
le(X) = U{U : cxU is a compact subspace} and b(X) = U{U : U is an open subspace
with the Baire property}. Obviously, lc(X) C b(X). If rb(X) = X \ b(X), then rb(X)
is a subset of the first category, b(X) is a subspace with the Bare property and X =
b(X)Urb(X). A space X is without the Baire property if and only if 76(X) # 0.

Proposition 3.1. Let Y be an extension of a space X and the space Z =Y \ X
be without Baire property. Then, there exist an open non-empty subset U of X and a
Gs-subset S of Y such that S C U C clxS.

Proof. If l¢(X) # 0, then U = S = l¢(X) is an open non-empty subset of the spaces
X and Y. In this case the assertions of Proposition 3.1 are obvious.

Suppose that lc(X) = 0, i.e. the space X is nowhere locally compact.

Let V=X \cly(Y\ X). If V # 0, then we can assume that U = S = V. In this case
the assertions of Proposition 3.1 are obvious too.

Suppose now that V' = () and 76(Z) # 0. In this case the space Z is dense in Y. There
exists a sequence {Z,, : n € w ={1,2,...}} of closed nowhere dense subsets of the space
Z such that rb(Z) = U{Z, : n € w}. Fix an open non-empty subset W of ¥ such that
WnNZ=2Z\cyb(Z). Any set F,, = cly Z,, is nowhere dense in Y. We put U = W N X
and S = W \ U{F,, : n € w}. The proof is complete. O

It is well known that a dense Gs-subspace of a densely fan-complete space is a densely
fan-complete space, a Gs-subspace of a densely g-complete space is a densely g-complete
space, a space is densely fan-complete if and only if it contains a dense fan-complete sub-
space and a space is densely sieve-complete if and only if it contains a dense paracompact
Cech-complete subspace (see [10, 11, 12]).

Thus from Proposition 3.1 it follows.

Corollary 3.2. Let Y be a densely fan-complete extension of a space X. Then, either
the remainder Z = Y \ X has the Baire property, or there exist an open non-empty
subset U of X and a Gs-subset S of Y such that S CU C clxS and S is a fan-complete
subspace.

Corollary 3.3. Let Y be a densely q-complete extension of a space X. Then, either
the remainder Z = Y \ X has the Baire property, or there exists an open non-empty
subset U of X such that U is a densely q-complete subspace.

Corollary 3.4. Let Y be a densely sieve-complete extension of a space X. Then,
either the remainder Z =Y \ X has the Baire property, or there exist an open non-empty
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sybset U of X and a Gs-subset S of Y such that S CU C clx.S and S is a paracompact
Cech-complete subspace.

4. On dissentive spaces. A dissentive operation (a dissentor) on a space X (see
[11]) is a continuous mapping x : X® — X satisfying the following conditions:

— p(z,z,y) =y for all z,y € X;

— for every open set U of X and all b,c € X, the set u(U,b,c) = {u(z,b,c) : x € U}
is open in X.

A space is dissentive if it admits a dissentive operation. A dissentive operation p is a
Mal’cev dissentive operation if p(z,y,y) = « for all z,y € X.

A rectification on a space X is a homeomorphism ¢ : X x X — X x X with the
following two properties:

—p({z} x X) = ({z} x X), for every x € X;

— there exists e € X such that ¢(x,z) = (x,e) for every point z € X.

The point e € X is called neutral element of the space X. A space with a rectification
is called a rectifiable space.

A homogeneous algebra on a space G is a pair of binary continuous operations p, q :
G x G — @G such that p(z,z) = p(y,y), and p(x,q(z,y)) =y, q(z,p(z,y)) = y for all
x,y € G (see [14], [13]). A space is rectifiable if and only if it admits a structure of the
homogeneous algebra (see [14], [13]).

Every rectifiable space is dissentive. If p,q : G x G — G is a structure of homogeneous
algebra on a space G, then p(z,y,2) = p(z, q(y, 2)) is a Mal’cev dissentive operation.

A space X is called weight homogeneous if there exists a cardinal number 7 such that
the family {U : w(U) = 7,U is open in X} is a base of X.

Every dissentive space is o-homogeneous and any lo-homogeneous space is weight
homogeneous.

Lemma 4.1. Let U be an open non-empty densely fan-complete subspace of an lo-
homogeneous space X. Then, X is densely fan-complete.

Proof. Fix a point a € U. For any point b € X we fix two open subsets V and W and
an open continuous mapping hqp : V. — W such that a € V C U, b € W and hgp(a) = b.
We put Vj, = hep(V). Since Vj, is an open continuous image of the densely fan-complete
space V, V; is a densely fan-complete space (see [12]). Fix on X a well-ordering. We
put Wy = Vu \ elx (U{V. : ¢ < b}). Any subspace W, is densely fan-complete. Hence,
H = U{V.: ¢ < b} is an open densely fan-complete subspace. Therefore, X is a densely
fan-complete space. [

The proofs of the next two lemmas are similar.

Lemma 4.2. Let U be an open mon-empty densely q-complete subspace of an lo-
homogeneous space X. Then, X is densely q-complete.

Lemma 4.3. Let U be an open non-empty densely sieve-complete subspace of an lo-
homogeneous space X. Then, X contains some dense paracompact Cech-complete sub-
space.

Theorem 4.4. Let Y be a densely fan-complete extension of an lo-homogeneous space
X. Then, if Z =Y \ X is a space without the Baire property, then X is a densely fan-
complete space.
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Proof. Suppose that Z = Y \ X is a space without Baire property. By virtue of
Proposition 3.1, there exist an open non-empty subset U of X and a Ggs-subset S of Y
such that S C U C clx.S. By construction, S and U are densely fan-complete subspaces
of the space X. Lemma 4.1 completes the proof. [

The proof of the following theorem is similar, by using Lemma 4.2.

Theorem 4.5. Let Y be a densely q-complete extension of an lo-homogeneous space
X. Then, if Z =Y \ X is a space without the Baire property, then X is a densely
q-complete space.

From Proposition 4.1 it follows

Corollary 4.6. Let Y be an extension of an lo-homogeneous space X and Y has the
Baire property. Then, either the remainder Z =Y \ X has the Baire property, or X is
a space with the Baire property.

Theorem 4.7.Let Y be a densely sieve-complete extension of an lo-homogeneous
space X and X is nowhere locally compact. Then, the following assertions are equivalent:

1. X is a space of the first category.

2. Z =Y\ X is a densely sieve-complete space.

Proof. If X is a space of the first category, then there exists a sequence of open
dense in Y sets {U, : n € w} such that L = N{U,, : n € w} C Z. Thus L and Z are
densely sieve-complete spaces. The implication 1 — 2 is proved.

Let Z be a densely sieve-complete space. Then, Z contains some dense Cech-complete
subspace L. In this case X D Y\ L and Y \ L is a subset of the first category in Y. The
proof is complete. [J

Corollary 4.8. Let Y be a densely sieve-complete extension of an lo-homogeneous
space X and X is nowhere locally compact. Then, the following assertions are equivalent:

1. Z=Y \ X is a space of the first category.

2. X is a densely sieve-complete space.

Corollary 4.9. Let Y be a densely sieve-complete extension of a lo-homogeneous
space X. Then either the remainder Z =Y \ X has the Baire property, or X is a densely
sieve-complete space.
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OTHOCHO XOMOTEHHU ITPOCTPAHCTBA 1 CBOMICTBOTO HA
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BEP B ITPUPACTA

Anexcanabp B. Apxanresacku, Murpodan M. Hoban,
Exarepuna II. MuxaiiigoBa

B cbobiiennero e mporbazKeHo U3CIeIBAHETO HA MMOHSITHSATA 0-XOMOTEHHO ITPOCTPAHC-
TBO, [0-XOMOT€HHO TPOCTPAHCTBO, d0-XOMOTEHHO ITPOCTPAHCTBO U CO-XOMOTE€HHO MTPOC-
TpaHcTBO. IToKazaHo e, 4e aKo CO-XOMOT€HHOTO IPOCTPAHCTBO X Chabpxka (G§-I'bCTO
MockoBcko nogampocTpancTBo, ToraBa X € MOCKOBCKO TPOCTPAHCTBO.



