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GLOBAL ASYMPTOTIC STABILIZATION
OF A MODEL OF ANAEROBIC BIOREACTOR

WITH METHANE PRODUCTION"

Neli Dimitrova, Mikhail Krastanov

In this paper we consider a four-dimensional bioreactor model, describing an anaer-
obic digestion process with methane (biogas) production. Different control strategies
for global asymptotic stabilization of the model towards a previously chosen operat-
ing point are proposed and discussed. A model-based extremum seeking algorithm is
applied to optimize the biogas production. Numerical results are presented to confirm
the theoretical studies.

1. Introduction. The anaerobic digestion is a complex biotechnological process,
where organic wastes are decomposed by microorganisms inside a continuously stirred
tank bioreactor. The goal is to reduce the pollutant concentration in the outlet stream
below a specified value, usually fixed by environmental and safety rules. At the same
time this process can produce valuable energy (methane).

Mathematical modeling of anaerobic digestion has recently become an active research
area. Dynamic mathematical models are used as a powerful tool to simulate different
operating, control and optimization strategies in designing and operating the bioreactor
in order to predict its behavior long before the physical prototype is built and tested in
real life.

One of the main drawbacks in the modeling and control of anaerobic digestion lies in
the difficulty to monitor online the key biological variables of the process and to obtain
explicit analytic expressions for the specific growth rates of the microorganisms. Thus de-
veloping control systems based on simple measurements and general assumptions on the
specific growth rates, that guarantee stability of the process, is of primary importance.

The present paper summarizes the authors’ results presented in the papers [7]-
[10]. We consider here three approaches for asymptotic stabilization of a known four-
dimensional nonlinear control system (cf. [2], [4], [13], [14], [17]), that models anaerobic
biological digestion of a wastewater treatment process in a continuously stirred tank
bioreactor. The first approach is based on an adaptive feedback stabilization, the sec-
ond, on a state (nonadaptive) feedback; the third approach is not based on feedback laws,
but uses directly the control (manipulated) variable of the model. In all cases it is shown
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that the control system is globally stabilizable towards a previously chosen operating
(also called reference or set) point. For practical applications it is worth mentioning
that the feedback control laws depend on online measurements only.

The paper is organized as follows. Section 2 presents shortly the dynamic model
of the digestion process. The adaptive asymptotic stabilization of the dynamic system
towards a previously chosen operating point is studied in Section 3. Section 4 considers
the non-adaptive stabilization problem for the same model. Section 5 is devoted to
the global stabilization of the model without using any feedback law. In order to prove
that the closed-loop system is asymptotically stable, suitable Lyapunov-like functions are
constructed explicitly in the three cases. An extremum seeking algorithm is applied to
optimize the biogas flow rate in real time. The algorithm is shortly described in Section
6. Computer simulations are reported in Section 7 to illustrate the theoretical results of
the three approaches. The robustness of the extremum seeking algorithm under model
uncertainties is also demonstrated.

2. Model description. We consider a model of an anaerobic digestion process, based
on two main reactions (cf. [2], [4], [13], [14], [17]):

(a) acidogenesis, where the organic substrate is degraded into volatile fatty acids
(VFA) by acidogenic bacteria;

(b) methanogenesis, where VFA are degraded into methane C Hy (and carbon dioxide
CO-2) by methanogenic bacteria.

The mass balance model of the process in a continuously stirred tank bioreactor is
described by the following nonlinear system of ordinary differential equations

ds )
(1) d_tl = u(sy —s1) — k1 pa(s1) 71
dx
(2) d_tl = (m(s1) — au)ry
d52 i
(3) - = u(sy — s2) + ko pi(s1)zr — k3 pa(s2) 2
dx
(4) d—t2 = (p2(s2) — au)zs
with gaseous output
(5) Q = k‘4,u2(52)$2.

The state variables s1, s3 and z1, o denote substrate and biomass concentrations,
respectively: s; represents the organic substrate, characterized by its chemical oxygen
demand (COD), so denotes the volatile fatty acids (VFA), 1 and zo are the acidogenic
and methanogenic bacteria respectively. The parameter « € (0, 1) represents the propor-
tion of bacteria that are affected by the dilution; = 0 and o = 1 correspond to an ideal
fixed bed reactor and to an ideal continuous stirred tank reactor, respectively (cf. [1], [2],
[4], [13], [20]). The functions p;(s1) and pz2(s2) model the specific growth rates of the
microorganisms.

The input substrate concentrations s¢ and s} are assumed to be constant. The dilution
rate u is considered as a control (manipulated) input.

It is known that the methane flow rate @) is a measurable output.

The definition of the model parameters is given in Table 1. There the constants my,
ma, ks, ks, and kr are related to the particular expressions of the specific growth rate
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Table 1. Definition of the model parameters

S1 concentration of chemical oxygen demand (COD) [g/]]

s2 concentration of volatile fatty acids (VFA) [mmol/]]

x1 concentration of acidogenic bacteria [g/1]

Z2 concentration of methanogenic bacteria [g/]]

u dilution rate [day ™)

st influent concentration s [g/]]

sh influent concentration s2 [mmol/]]

k1 yield coefficient for COD degradation [g COD/(g z1)]

ko yield coefficient for VFA production [mmol VFA/(g z1)]
ks yield coefficient for VFA consumption [mmol VFA/(g z2)]
ka coefficient [1?/g]

my maximum acidogenic biomass growth rate [day ]

ma maximum methanogenic biomass growth rate [day ™

ks, saturation parameter associated with s; [g COD/]]

ksy saturation parameter associated with sz [mmol VFA/]]

kr inhibition constant associated with s [(mmol VFA /1)'/2]
@ proportion of dilution rate reflecting process heterogeneity
Q methane gas flow rate

functions pq(s1) and pa(s2), which are used later in Section 7.
In the theoretical studies we do not assume to know explicit expressions for p; and
12, we only impose the following general assumptions on the latter:

Assumption Al.p;(s;) is defined for s; € [0,+00), u;j(0) = 0, pi(s;) > 0 for
s; > 0; pji(s;) is continuously differentiable and bounded for all s; € [0,400), j =1,2.

3. Adaptive asymptotic stabilization. In this section we propose an adaptive sta-
bilizing controller of (1)—(4) and show that the dynamics can be globally asymptotically
stabilized towards a previously chosen operating point.

Denote
ks i _ ke
(6) s(t) = —=s1(t) + s2(t), s = —s]+ 8.
k1 k1
The quantity s(t) is called biological oxygen demand (BOD). For the practical appli-
cation it is important to note that BOD is online measurable. This fact is discussed in

details in [4], see also [1], [2], [5] and the references therein.

Let us fix an operating (reference) point 3,
(7) 5¢(0,s").

Assumption A2. There exists a point §1 such that

k .
‘LL1(§1) = U2 <§ — k—jgl) > 0, S1 € (0, Szl) .

Assumption A2 is called regulability of the system [13]: it means that there exists (at
least one) nontrivial equilibrium of the system (1)—(4), corresponding to some value of
the dilution rate u > 0.
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Define further

Sé — 59 + akoTq st — 35

(8) 539 =5— —51, T1= ok Ty = o = .
It is straightforward to see that the point
< = (517 Z1, 52, EQ)
is an equilibrium point for the system (1)—(4). Our goal is to construct an adaptive
feedback law to stabilize asymptotically the system (1)-(4) to (.
Using the definitions of s and s¢ from (6), we define the sets

Q = {(s1,21,82,32)] 51 >0, 21 >0, 55> 0, x5 > 0},
Q = (s1,21,82,22)| s1 + k11 < —, s+kgze < — ¢,
(9) « «
_ ke ki _
Qy = $1,%1,8 — —81,T2 | | 0 <81 < —35, 1 >0,
kq ko
QO = QN

k k

Assumption A3. Let the inequality py(s1) + k_2 - (s — k—Qsl) > 0 be satisfied on
1 1

the set QN Q.

Assumption A3 is technical and not restrictive. It has been discussed in details in [7],
[8], so we skip here the comments about it.

Denote

(10) Bt _ ks

akaZo k4(5i — §)

and make the next technical
Assumption A4. Let 3~ > 0 and B+ > 0 be arbitrary real numbers such that B €

; k
(87, B7%) and the following inequality hold true s* > 3 —.
akyf
Following [2], [18], we extend the system (1)—(4) by adding the differential equation
dp - _
(11) = = ~CB=B7)(B" = Blka pa(s2) w2 (5 = 3),

where C' > 0 is a constant.
We consider the extended system (1)—(4), (11) in the augmented state space (¢, )
with ¢ = (s1,21, S2, z2) and define the following continuous feedback control law

(12) K1(C, B) = kaf pia(s2) z2.
Then the following theorem holds true (a similar assertion can be found in [7] and [8]):

Theorem 1. Let us fiz an arbitrary reference point 5 € (0,s°). Let Assumptions Al,
A2, A3 and A4 be satisfied. Then the feedback (12) stabilizes asymptotically the control
system (1)-(4), (11) to the point (C,B) for each starting point (° = (s9,29,59,29) € Q
and B° € (837, 57).

Proof. Let us fix an arbitrary point (° € Qg and a positive value ug > 0 for the
control. According to Lemma 1 from [13] there exists time T > 0 such that the value of
the corresponding trajectory of (1)—(4) for t = T belongs to the set 2, i.e. the trajectory
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of (1)—(4) starting from the point ¢° enters the set § after a finite time. For that reason
we are studying the control system (1)—(4) after this moment of time, i.e. we assume
that the starting point belongs to the set €.

Let X1 denote the closed-loop system obtained from (1)—(4) and (11) by substituting
the control variable u by the feedback 1(¢, 3) and let

Q =0 x [ﬂiaﬂJr]a
where € is the closure of the set . One can directly check that Q is positively invariant
(cf. [6]) with respect to the trajectories of X;.

Let (¢(t),B(t)) = (s1(t),x1(t), s2(t), z2(t), B(t)) be the trajectory of the closed loop
system ¥; starting from an arbitrary point (¢%, 8°) = (s9, 29, 9,29, By) of Qo x (87, BT).
Using the definitions of s(t) and s® from (6), one can check that s(t) and z2(t) satisfy
the following system:

MG ) ko) 22 = (68 (55 + 1)
d$2

1
ar (n2(s2) — ari(¢, B))ze = —aki((, B) (302 B M) .

From here we obtain the estimates:

) k d . k
a6 (s i) < < mlep (s -+ 5.

d
—ak1(¢, B) <=’U2 - ﬁ) < % < —ak1(¢, B) <=’U2 - ﬁ) .

These estimates and Assumption A4 imply that

. : k3 ; k3
R 0 7 0 i
O<(5.—m1n{s,s —ak4ﬁ}§8(t)§max{s,s _—ak4ﬂ+}’

1
0 <min< 29, ——— ¢ < 22(t) < max< 29, N
Oék?4ﬂ+ Oék?4ﬂ7

Define the following function

(13)

Sv—3 1 B w—
Vi(¢,B) = (s — 5+ k3(wa — 72 2+F/ . dv—i——/
o=t (2 m @ |GG s e —w)
where the parameter I' > 0 will be determined later. Clearly, the values of this function
are nonnegative.

dw,

Denote by 1% (¢, B) the Lie derivative of the function V; with respect to the right-hand
side of the closed-loop system % at the point (¢, ). It is easy to see that for each point
(¢, B) € Q the following presentation holds true:

ks

Vi(¢,8) = —ri((,B) (2+F FaB e s 5))) (s —35)?
—2(1+ a)ks - k1(¢, B)(s — 8)(22 — T2)
— 20k} - k1(C, B) (w2 — T2)°.

The boundedness of the set implies the existence of a sufficiently large constant I > 0
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so that
(14) VA(¢,B) <0 for each point (¢, ) € €.

Let us denote by ¢(t,(,3) the value of the trajectory of ¥; calculated at time ¢

starting from the point ({, ) € Q. The positive limit set (or w-limit set) of the solution
¢(t, ¢, B) is defined as (cf. [15])

LT, B) = {( ) : there exists a sequence
{tn} — 400 with (575) = limy,, 400 A(tn, C75)} :

In what follows we shall show that the w-limit set L*(¢?, 3%) belongs to the set

2 = {(51,5101,52759275) SO Z_jsl +s2= g} :

According to a refinement of the LaSalle invariance principle (cf. [3], see also [11] and
[19], where similar stabilizability problems are studied) every solution of ¥; starting from
a point of Q is defined in the interval [0,+00) and approaches the largest invariant set
M (with respect to ¥1) which is contained in one connected component of the closure
of the set Z, where the Lie derivative V1 of V1 with respect to the right-hand side of ¥,
is equal to zero, i.e.

Z = {(51, x1, 32,302,5) cN: Vl(sl,xl, S9,T2, 6) = 0}‘
Let (5,5) be an arbitrary point from the set LT (¢Y, 8°), where (= (81,21, §2,72). We

o kol
set s = k—lsl + So.

If we assume that 1 (¢, 3) = 0, then the inequalities (13) imply that 5 > 0 and that
§> 9 >0 for some § > 0. Then the equality fﬁ((j B) = 0 implies that §5 = 0, and hence
S1 > O0k1/ko. If 1 > 0, then we have that kopq(51)Z1 > 0; the latter inequality follows
from the right-hand side of equation (3) of the closed loop system X; at the point (~ .
Then the continuity of the right-hand side of 3; implies the existence of a neighborhood
U; of the point ¢ so that for each point ¢ € Uy the right-hand side of (3) in X is greater
than kopq(81)Z1/2. But this means that if a trajectory of ¥, enters the set Uy, then
s2(t) will increase, so the trajectory could not tend to the point (~ for which s = 0.

Next we consider the case when Z; = 0. In this case we have that p1(51) >0 =2, =
ak1(¢, B3). The continuity of the feedback r1(-,-) and of the function 1 (-) implies the
existence of a neighborhood U, of ( so that for each point ¢ € Us the following inequality
holds true: pi(s1) > aki1(¢,8). Then for each point ¢ € Us the right-hand side of
equation (2) in ¥ is 1 (p1(s1) — ax1(¢, 8)) > 0. But this means that if a trajectory of
31 enters the set Us, then 1 (t) will strictly increase and the trajectory could not tend
to the point ¢ for which #; = 0.

Hence, our assumption that the point (f belongs to the set LT(¢%,3%) and 5, = 0
is wrong. The obtained contradiction shows that nl(f , B) # 0. This and the equality
Vl(f, B) = 0 imply that &2 = T2 and § = 5. Remind that we have denoted by M the
largest positive invariant (with respect to the trajectories of the closed-loop system %)
subset of the set Z. One can directly check that the positive invariance of the set M with
respect to ¥; implies that M coincides with the set 2. Hence LT(¢?, %) is a subset of
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ﬁg, and ﬁg can be presented in the equivalent form

_ k _ _
Qo = {(817301,8— k—251,$2,5) € Q}
1

Next we shall prove that the w-limit set L*(¢%, B%) coincides with the equilibrium
point (¢, 5) of ¥s.

One can directly check that the set ﬁg is invariant with respect to the trajectories of
¥;. Using (8), (10) and (12), the dynamics of ¥ on the set {23 can be described by the
following system

d 1 i

B o 2 (s)(sh — 1) — ki (s1)an
(15) dt «

dIl

W = (Nl(sl) - Xl(sl))xh

k k .
where x1(s1) = 2 (5 k:_281> Taking into account that 5 = k:_2§1 + 5 and s} =
1 1

51 + ak1Z1, (15) can be rewritten as follows:

% = _éX1(51)'(31_§1+0‘k1(x1_jl))_kl(ﬂl(sl)—X1(S1))-x1
% = (p(s1) = x1(s1)) - 21.

Consider the function

Wi(¢,B) = (s1— 81 + aky (21 — 21))* + a1l — a)kF (21 — 21)°.
Clearly, this function depends only on the variables s; and x1, i.e. W1(¢, 8) = Wi(s1,21),
and takes only nonnegative values; moreover, for each point (s1,21,5— %51’ T, B) € O,
the following presentation holds true:

W1(S17301) = —§X1(81)(81 — 51+ aky(z1 — 71))?
= 2(1 = a)krz1(s1 — 51)(pa(s1) — x1(s1))-

(16)

We have
pa(s1) = xa(s1) = pa(s1) — po (S - k—lsl) = pi(s1) — p2 (52 — (51— sﬂ%)

S1 k
() + [ ir(0) a0 - s0)+ 2 [

S1

51 k k
-/ (ua<9>+k—jug <§2<o§1>k—1>) o,

and by means of Assumption A3 it follows that

-0 [ (@ + 2 (e -0 -0 ) Yo 20

From this inequality and from (16) we obtain that
(17) Wi(s1,21) <0
for each point (s1,21,5 — :—?51,@2,5) € 0.
Let us fix an arbitrary point (¢Y, 8°) from . The invariance of the bounded set 2 with
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respect to the trajectories of ¥ implies that the w-limit set L*(¢Y, 3°) is a nonempty
compact connected invariant set. It follows from the LaSalle invariance principle that
L*(¢%, %) is a subset of Q5. Using (17) it is possible to obtain a better estimate of the
location of L*(¢%, 3°). Namely, Theorem 6 from [3] implies that L+ (¢°, 3°) is contained
in one connected component of the set

k o 5 i
L> = {(517991,5 k—251,592;ﬂ) €Qy: Wi(s1,21,5— k—251,59275) = 0}-
1 1

Let (5, B) be an arbitrary point from LT(¢°, 3%). Then the following two cases are
possible: (i) §2 =0 and Z; = 0; (4i) §1 = 51 and &1 = Z1.

k
Assume that case (i) holds true. Then 5§ = k—lg > 0, and hence p1(51) > 0 =
2

1
X1(51) = —p2(0). The continuity of p;(-) and x1(-) implies the existence of a neigh-
o

borhood Us of ¢ so that for each point ¢ € Us the inequality p1(s1) > xi1(s1) holds
true. Hence, if a trajectory (s1(t),z1(t), s2(t),z2(t), B(t)) of X1 enters the set Us, then
the right-hand side of equation (2) in ¥; is @1 (¢)(p1(s1(t)) — x1(s1(¢))) > 0 (because
x1(t) > 0). This means that x(¢) will strictly increase and the trajectory could not
tend to the point (f for which Z; = 0. So we obtain that the case (i) is impossible.
Hence the case (i4) is fulfilled. From here it follows that L> = {({,3)}, and therefore

L*(¢°,8%) ={(.B)}-
Finally, we shall show that the point ((f , B) is a Lyapunov stable equilibrium of ;.

Let € > 0 be an arbitrary real number and (s1,21,5 — :—?Sl,jg,ﬁ_) be an arbitrary

point from the set QQ. Assume that Wi(s1,21,8 — Z—fsl,fg,ﬁ) = Wi(s1,21) = &. Then
the inequalities (14) and (17), the continuity of the function W; and of the right-hand
side of the closed-loop system 3; imply the existence of € with 0 < € < ¢, such that the
Lie derivative W, (s1,21, $2, 2, 3) of W1 with respect to X at the point (¢, 3) is negative
whenever V1 (¢, 8) < &. Let us choose an arbitrary sufficiently small positive real number

€ > 0, determine as above the number € with 0 < € < ¢ and define the set

_ k _
K(e) = {(517391,82,962;5)69 : W1(51,9€17§k—j51,53275)§5}

ﬂ {(81,I17S2,$2,5) cQ: Vi(s1, 21, 82,22, ) < 5}-

Using the definitions of V4 (¢, 8) and W1 (s1,x1) one can directly check that there exists a
constant o > 0 such that the ball BQ\/E(E, f3) centered at the point ((, 3) with radius o\/e
contains the set K(g). Clearly, the inequalities (14) and (17) imply that the set K(¢)
is invariant with respect to the trajectories of ;. Moreover, the equalities Vl((f ,B) =
W1(¢,8) = 0 and the continuity of these functions imply the existence of § > 0 so that
for each point (¢,3) € Bs((,3) the following inequalities hold true: Vi(¢,8) < & and
W1(¢,8) < e. This shows that each trajectory of the closed-loop system ¥ starting
from a point of Bs((, ) will remain forever in the ball Bg\/g(é-—, f), i.e. the point ((, B) is
a Lyapunov stable equilibrium point for the closed-loop system ;. This completes the
proof of Theorem 1. [

87



Remark 1. The external equation (11) can be rewritten in the form
dap - _

(O ==C-(B(t) =B7)- (BT = B(1)) - Q) - (s(t) — ),
where Q(t) denotes the methane flow rate measured at time ¢. As mentioned before,
Q(t) and s(t) in (18) are online measurable, therefore the values of the solution §(t) can
be determined online as well. Since the solution of (18) depends on 3, we denote it by
Bs(t), t € [0,400). Then the feedback control law x1(-,-) can be presented in the form

(19) (35Q7B§) ’—>K‘1(35Q7B§) :65 Q

According to Theorem 1, this feedback will asymptotically stabilize the control system

(1)-(4), (18) to the point ({, Bs) with s = ﬁ The feedback (19) will be used
4(8* — S

(18)

in the computer simulations in Section 7.

4. Nonadaptive asymptotic stabilization. In the previous section we have con-
structed an adaptive feedback law for stabilizing the dynamics (1)—(4). The application
of this feedback is however not a trivial task and different technical difficulties have to
be overcome, mainly caused by the lack of interpretation of the external equation (11)
in terms of the real process.

In this section we propose a state (nonadaptive) feedback of the form u = ka(s2,22) =
Bkapa(s2)xa, where § does not depend on time, but is a properly chosen positive para-
meter.

Consider the control system (1)—(4) in the state space ¢ = (s1, 21, $2,22). Using the
definition of s* from (6) we make the following assumption:

Assumption A5. Lower bounds s~ and kj for the values of s' and k4 respectively,
as well as an upper bound ki for the value of k3 are known.

Define the following feedback control law:

. ki
(20) k2(C) = B kg pa(s2) x2 with B € (si— 3](7 +OO> .
Ry
Denote by X9 the closed-loop system obtained from (1)—(4) by substituting the control
variable u by the feedback £2(¢) from (20).
ki _ .k _
Choose some 8 € ( 3 = +oo> and let £ = 5" — 673; obviously, & belongs to the
S§'T Ry 4
interval (0,s%). The next assumption is similar to the regulability Assumption A2 with
¢ instead of s:

Assumption A2’. There exists a point 51 such that

,u1(§1) = U2 (g— —251) >0, 5 € (07511) .

Find 5; according to Assumption A2’ and define

-k
(21) Sp=E— 78, o=
1

It is straightforward to see that the point

S’i — 51 F 1
2 = .
Oék'l ’ Oéﬁk'4

pB = (517£17§2)j2)
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is an equilibrium point for ¥5. We shall prove below that the feedback law (20) stabilizes
asymptotically the closed-loop system to pg (cf. [9]).

Let the sets g, 1, © be defined according to (9), and let

-k ki -
Q3 = {(Sl,l‘l,fk—jsl,fg)|0<51 < k—;f, T >0}

Theorem 2. Let Assumptions Al, A2', A3 and A5 be satisfied. Let us fix an arbitrary

k’+
number 3 € ( - 3}( , —l—oo) and let pg = (81,1, 52, T2) be the corresponding equilibrium
§'T - ky
point. Then the feedback control law ka(+) defined by (20) stabilizes asymptotically the

control system (1)—(4) to the point pg for each starting point (° = (s9,29,59,23) from

Q.-
Proof. The proof follows the main steps in the proof of Theorem 1.

Similar arguments as in the beginning of the proof of Theorem 1 show that we can
consider the closed-loop system ¥, only in the set ).

k
Let s be defined according to (6), i.e. s = k—251 + s5. Then it is not difficult to see
1

that the following ordinary differential equations are satisfied:

(22) % = —ﬂk}4‘u2(82)l’2(5 - 5)
% = —afkapa(s2)ra(x2 — T2).

Integrating the equations (22), one obtains

(1) = €+ (5(0) ~ e o Bhnalsa(moa(r)dr

£a(t) = @t (22(0) — dp)e Jo ABkanz(s2()a(r)dr

Since the integrands are strictly positive, we have that for each ¢ > 0 the following
inequalities hold true

max{s(0),&} > s(t) > min{s(0),&} >0
max{z2(0), T2} > x2(t) > min{z2(0),z2} > 0.
Define the function

(23)

Va(Q) = (s = €)* + (x2 — 22)*.
Clearly, the values of V5(() are nonnegative. If we denote by VQ(C ) the Lie derivative of
V5 with respect to the right-hand side of (22) then for each point ¢ € §2 we obtain

Va(C) = —Bkapa(s2)za(s — €)% — afkapa(se)xa(xe — Tz)? < 0.
Applying LaSalle’s invariance principle (cf. [15]), we get that every solution of X starting
from a point of Q is defined in the interval [0, 400) and approaches the largest invariant
set with respect to Yo, which is contained in the set )., where Q. is the closure of the
set Q2 N Q3. Taking into account the estimates (23), the dynamics of 33 on . can be
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described in the following way

ds 1 -
d_tl = —xa(s1)(s1 = 51) — krpa(s1)an
(24) “
dl‘l
— = (m(s1) = xals1)z,
= ko . = . ks ,
where x2(s1) = p2 | € — k_sl (remind that £ = s* — BT) According to (21) we have
1 4
that £ = k_2§1 + 52 and s{ = 51 + ak1Z;. Then (24) can be rewritten as follows:
1
d51 1 _ _
= g xals) (s st aki(en = 31) = ki (pa(sy) = xe(s1)) - 2
dxr
d—tl (1 (s1) — x2(s1)) - @1
Consider the function
(25) WQ(Sl, 1’1) = (81 — §1 —+ Oékl(l‘l — 5’21))2 —+ a(l — Oé)k%(l‘l — 5’31)2.

This function takes nonnegative values. It is straightforward to see that for each point
(Sl,Il,g— ﬁ—fsl,a’m) € N,
. 2
Wa(s1,21) = *EX2(51)(81 — 81 + ok (31 — 71))?
—2(1 = a)kyz1(s1 — 51)(pa(s1) — x2(s1))-

Assumptions A3 and A5 imply

p(s1)—xa(s1) = r (1) — iz (5 i—) . / (u'l(o) 2 < (- §1>k—1)> 6,

and therefore
V.V2(817301) <0

-k
for each point <51, r1,€ — k—251,:732> from Q.
1

Finally, to prove the Lyapunov stability of pg, we can use the same arguments as at
the end of the proof of Theorem 1. This completes the proof of Theorem 2. [

Remark 2. The feedback control law ko(-) can be written in the form

(26) (Qaﬂ)HHQ(Qaﬂ):ﬂQa

and according to Theorem 2, the latter will asymptotically stabilize the control system
(1)—(4) to the point pg. This feedback (26) will be used in the computer simulations in
Section 7.

5. Asymptotic stabilization using constant dilution rate. In the previous two
sections the global stabilizability of the dynamics (1)—(4) depends on quantities external
for the model — the function 8(t) in x1(-) and the parameter (scalar) 5 in xa(-), which
makes the practical implementation of the feedback laws not easy.

This section is devoted to investigating the global stability of the model (1)—(4) with-
out using any feedback control strategy.
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In what follows we shall consider u varying in the interval
1 _ _
(27) u € (0, up), where up < o min {p1(s}), p2(sh)}-
Let for any @ € (0,uy) the following regulability assumption hold true:
Assumption A6. There exist points s1(u) = 51 € (0,s%) and s2(u) = 52 € (0,s),

such that the following equalities hold true

1 1
u=—m(s1) = —p2(52).

Define the points §; and S5 according to Assumption A6 and further

si—51 Sé — 89 + akay

(28) r1(0) =71 = , To(W) =Tg =

Oékl Oék’3

Then the point
p(a) = p = (51,21, 52, 72)
is an equilibrium point for the system (1)—(4).
The last assumption is

Assumption A7. The following inequalities hold true

p(s7) < pa(d1) < pa(sy), pa(sy) < pa(s2) < pa(sy)
for each sy € (0,51), s{ € (51,5%), 55 € (0,32) and s5 € (52, s + aka1).

This assumption is technical. It is always fulfilled when the functions p;(-), 7 = 1,2,
are monotone increasing (like the Monod specific growth rate, see Section 7). If the
function f;(-) is not monotone increasing (like the Haldane law, see Section 7) then the
points §; (i.e. @ ) have to be chosen sufficiently small in order to satisfy Assumption A7.

The following Lemma will be used further.

Barbalat’s Lemma (cf. [12]). If f : (0,00) — R is Riemann integrable and uniformly
continuous, then tlim f()=0.

—00

Let @ € (0, up) be chosen according to Assumptions A6 and A7. Denote by Y3 the
system obtained from (1)—(4) by substituting the control variable u by @. We shall prove
below that the equilibrium point p is globally asymptotically stable for 3.

Theorem 3. Let the Assumptions Al, A6, A7 be fulfilled and let py = (59,29, 59, 29)
be an arbitrary point of the set Qo = {(s1,x1,82,22) : $1 > 0,21 > 0,80 > 0,22 > 0}.
Then the solution of %3 starting from the point pg converges asymptotically towards p.

Proof. We fix an arbitrary point py = (s9,29,59,29) € Qp and denote by
d(-yp0) = (s1(:),21(+), s2(-), 22(+)) the corresponding solution of X3 starting from po.
Clearly, s1(t) > 0, 21(t) > 0, s2(t) > 0 and z2(t) > 0 for each ¢ > 0, where the solution
is defined. Denote
(29) o(t) = kas1(t) + k1s2(t) and ot = kost + kish.

Then o(t) satisfies the differential equation
o(t) = u(o" — a(t)) — kikspa(s2(t))z2(t).
We set
qi(t) = o(t) + kikszo(t) — o' /o and qo(t) = o(t) + kiksza(t) — o'
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One can directly check that

q1(t) = u(o" — o(t)) — aukiksze(t) < o' — au (o(t) + kiksaa(t)) = —atiq (t),
and hence
(30) 01 (t) < qi(0) - e,
The latter inequality shows that ¢;(¢) is bounded. Using the fact that the values of
s1(t), s2(t) and zo(t) are positive, we get that s1(t), s2(t) and z2(t) are bounded as well.
Analogously one can obtain that
(31) q2(t) > q2(0) - et
The estimates (30), (31) and the definition of o(-) from (29) imply that for each € there
exists T, > 0 such that for each t > T, the following inequalities hold true

) i
(32) ol —e< k’gsl(t) + k‘lsg(t) + k/’lk’3$2(t) < % + €.

It is easy to see (in the same way as the estimates (32)) that for each € > 0 there exists
a finite time T, > 0 such that for all ¢ > T, the following inequalities are valid (cf. [13])

33 st —e < s1(t) + kiz(t <S—1+5.
(33) 1 (t .

The inequalities (33) imply that z;(t) is also bounded. Thus the trajectory ¢(t,po) =
(s1(t), z1(t), s2(t), z2(t)) is well defined and bounded for all ¢ > 0.
Denote by L™ (p) the w-limit set of the solution ¢(¢, p) of 33 starting from some point
p, i.e.
L*(p) = {p : there exists a sequence {t,} — +o0

such that p = , 1—13200 ¢(tn,p)}-

It is well known that L¥(pg) is invariant with respect to the trajectories of s,
i.e. ¢(t,p) € Lt (po) for each point p € LT (pg) and for each real number ¢. Also (because
the trajectory ¢(-,po) is contained in a compact set), L™ (pg) is nonempty, compact and
connected.

Suppose now that s1(t) > st for each ¢ > 0. Then we have
§1(t) = a(sy — s1(t)) =k (s1(8)z1(t) <0.
According to Barbalat’s Lemma we obtain
0= lim $(t) = lim [a(s] — s1(£)) — ko (s ()2 (1)].
The last equalities imply that s;(t) — s} and z;1(t) — 0 as t — oc.

According to Assumption A7 we have that p(81) < p1(si). The continuity of yy(-)
and the relation s1(t) — s% as t — oo imply that there exists v > 0 such that

pa(s1(t) — ati = pa(s1(t)) — pa(51) 2 v
for all sufficiently large ¢. It follows then that &1(¢) = (u1(s1(t)) — at)x1(t) > vay(t) for
all sufficiently large ¢, which contradicts the boundedness of z1(t). Hence, there exists a
sufficiently large T1 > 0 with s1(77) < st. Moreover, if the equality s1(771) = st holds
true, then we have
$1(Th) = u(s) — s1(11)) — krpa(s1(T1))a1 (Th) = —kypa (s1(T1))a1 (1) <O.
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The last inequality shows that s;(t) < s¢ for each t > T. Hence,
(34) Lt (po) C {(s1,71,82,72) : 0<s1(t) <s4,0<21,0<52,0< a0}

Let us fix an arbitrary 77 € (0, (u1(s%) — p1(51))/2) (Assumption A7 implies that
p1(81) < p1(s%)). Then we obtain (from the continuity of p(-)) the existence of a small
£ > 0 such that u1(51) +17 < p1(s1) for each sy € [si — (1 + k)&, s1). If we assume that
x1(t) < € for some ¢ > Ty := max{Ty,T:}, then according to the inequalities (33) and
the choice of € > 0, we obtain

st > s1(f) > st — k() —e> st — (1 + kg,
i.e. s1(f) € [s — (1 + k1)&, s%). Therefore
i1 (t) = (1 (s1(8)) — aw)ar () = (p1(s1(2)) — pa(51))21(t) = 7 21 (2) > 0.
The latter inequality implies that @1 (t) > e~ 721 (£). Hence there exists a moment of
time ¢; > ¢ such that x1(f;) = & Clearly, at every time #5 > #; with z1(f2) = & the
following inequality holds true
3-2‘1({2) = (‘Ll,l(Sl({Q)) — aﬂ)l’l(fg) >ne>0.
Thus there exists T3 > T» such that x;(t) > & for each ¢t > T5. This and (34) imply that
(35) LT (po) C {(s1,71,80,22): 0<s; <5, 6<21,0<59,0< a0}

Following [16] we define the following weak Lyapunov-type function:
zy () — au) -z
V351,x1z/ — 5 dE+ —dn
( ) 5 u(sy —§) z n

for each s1 € (0, %) and x1 > 0. Clearly

°1

VB(Sl’ml) - W (a(sll —51) — k1M1(S1)x1) + 931;19_31 (p1(s1) — at)z;

= () —aw (1- S22 40

st —s1 ot
for each 51 € (0,s}) and 2; > 0. Moreover, according to Assumption A6 we have that
Va(s1,21) =0 iff s =5 or 21 = 0.

Applying the LaSalle invariance principle [15] and taking into account (35), it follows
that the set L™ (pg) is a subset of the largest invariant set with respect to X3, which is
contained in the set

L = {(51’”1’52@2)1‘73(81,11):0,091§s§,5§x1,0§52,0§m}
= {(51)j15327‘x2): 0S52,0§$2}7
ie. LT(po) C LS°.

The dynamics of X3 on L{® can be described by the following system of ordinary
93



differential equations

ds )
d—; = (s} — 59) + kot (51)%1 — kspa(s2)zo
d
T = (nals2) - at)ay,
or equivalently by
ds )
d—2 = ’Eb(glg — 52) — ]C3M2(52)$2
t
(36)
dzs (ua(s2) — i)
dt H2(S2 2

with 55 = s% + akoZ;. Proceeding in the same way as above we obtain that there exists
T, > T3 and a small number &5 > 0 such that

(37) s2(t) < Eé and x2(t) > & for each t > Ty.

Consider the function
S22 = — o P
W3(52,$2) Z/ w d§ +/ n 2 d’l].
52 u(sy —¢€) T2 n

Straightforward calculations deliver that Wi (s2,22) < 0 for each sp € (0,55] and x5 > 0.
Applying again the LaSalle invariance principle and taking into account the estimates
(37), we obtain that each trajectory of (36) starting from a point of L$° is defined in the
interval [0, +00) and approaches the point p = (51, Z1, 52, Z2). Applying again Theorem
6 from [3], we obtain that LT (pg) = {p}. To prove the Lyapunov stability of system X3
at the point p, we can use the same arguments as at the end of the proof of Theorem 1.
This completes the proof of Theorem 3. O

6. Optimizing the biogas production via extremum seeking. Consider the
equation (5) describing the process output, i.e. the biogas production. In this section
we shall apply a numerical extremum seeking algorithm (cf. [7]-[10]) to steer and sta-
bilize the dynamics (1)—(4) towards a steady state, where maximum methane flow rate
Qmax is achieved. For that purpose we compute ) on the set of all equilibrium points,
parameterized with respect to: (i) § in the case of the adaptive feedback (see (7) and
Theorem 1), (i4) 8 in the case of the nonadaptive control (see (20) and Theorem 2),
and (4i7) u in the case of constant dilution rate (see (27) and Theorem 3). Denote the
so obtained function by Q(q), where ¢ € (0,¢q,) denotes one of 5, 8 or u, and ¢, > 0
is the corresponding upper bound according to Theorem 1, Theorem 2 or Theorem 3.
The function Q(q) is called input-output static characteristic of the model. Assume that
the function ¢ — Q(q), ¢ € (0,qp), is strongly unimodal, i. e. there exists a unique point
dmax € (0,¢p) where Q(q) takes a maximum, i.e. Qmax = @Q(¢max), the function strongly
increases in the interval (0, gmax) and strongly decreases in (gmax, b)-

Denote by E(q) the equilibrium point parameterized on ¢ and let

E(gmax) = (s7", 21", 5%, 23'%)

be the steady state where Qmax is achieved. Our goal is to stabilize in real time the
system (1)—(4) towards this (unknown) equilibrium point E(gmax) and therefore to the
maximum methane flow rate Qmax. This is realized by applying a numerical model-
based extremum seeking algorithm. The algorithm is developed in three modes: for the
adaptive feedback control, for the nonadaptive feedback, and in the case of constant
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dilution rate u. In all cases the control laws have been used for global stabilization of
the dynamics (1)—(4) towards the desired steady state.

The main idea of the algorithm is the following: we construct a sequence of points
a,¢% ...,q", ... from the interval (0,q,), each ¢ being in the form ¢ = ¢! & h,
h > 0, and such that the sequence {¢’} tends to gmax; Theorems 1 to 3 guarantee
that the dynamics is globally asymptotically stabilizable towards the equilibrium E(g’),
j=1,2,.... Then by computing and comparing the values Q(q'), Q(¢?),...,Q(¢"),. ..,
we achieve the desired equilibrium point E(gmax) and thus Qmax-

The extremum seeking algorithm is implemented in the computer algebra system
Maple. The algorithm is carried out in two stages. In the first stage, “rough” intervals
[¢] and [Q] are found which enclose gmax and Qmax respectively; in the second stage, the
interval [q] is refined using an elimination procedure based on the golden mean value
(or Fibonacci search) strategy. The second stage produces the final intervals [gmax] =

[Grnax: Ghax) and [Qmax] such that gmax € [gmax); Qmax € [Qmax| and Ghax — Grmax < €
where the tolerance € > 0 is specified by the user.

7. Numerical simulation. Let u1(s1) and pa(s2) be the Monod and the Haldane
specific growth rates respectively (cf. [1], [4], [13], [14])

mqs moS
(38) pi(s1) = —— p2(s2) = L

ks +s ) PRI
! ! kSQ +52 + (Z_2)
I

where my, ks,, ma, ks, and kj are positive coefficients (see Table 1).

Usually the formulation of the specific growth rates is based on experimental results,
and therefore it is not possible to have an exact analytic form of these functions, but
only some quantitative bounds, see Figure 1.

0.44

0 0
sl 52

Fig. 1. Uncertain specific growth rates

This uncertainty can be simulated by assuming in (38) that instead of exact values
for the coefficients my, ks,, ma, ks, and k; we have compact intervals for them.

To demonstrate the robustness of the extremum seeking algorithm (and thus of the
three control strategies) with respect to model uncertainties, we assume that all model
coefficients are unknown but bounded by given compact intervals: k; € [k;] = [k, k:;r],
J=1,2,3,4;m; € [my], ks, € [ks,], 5 = 1,2, k1 € [k1].
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In the simulation process we consider the following intervals for the coefficients:
[m1] =[1.2, 1.4], [ks,] =[6.5, 7.2],

[ma] = [0.64, 0.84], [ks,] =9, 10.28], [ks] = [15, 17],

[k1] = [9.5,11.5], [k2] = [27.6,29.6], [k3] = [1064,1084], [k4] = [650,700].
The above intervals enclose numerical coefficients values derived by experimental mea-
surements [1]; we also use the values o = 0.5, s{ = 7.5, si = 75 taken from [1]. The
next Figure 2 shows the graphs of the input-output static characteristic Q(gq) in the three
different cases using the specific growth rates p; and po from (38); obviously, Q(q) is
strongly unimodal with respect to the parameter ¢, where ¢ is one of s, 8 and u.

0 0.02 0
s beta u

Fig. 2. The input-output static characteristic @, parameterized on: 5 (left), 8 (middle),
and wu (right)

The computer simulations are carried out in two passes. First, at the initial time tog =
0, we choose random values for the coefficients in the corresponding intervals and apply
the extremum seeking algorithm to stabilize the system towards Qnax. Second, at some
time t1 > to, another set of random coefficient values is chosen and the process is repeated;
thereby the last computed values for the phase variables (s1(t1), 21(¢1), s2(t1), z2(t1)) are
taken as initial conditions for the second run. The numerical results are visualized in
Figures 3 to 7. The “jumps” in the solutions correspond to the choices of the points ¢/,
i=12,...

200 400 600 200 450 200 400 600
t t t

Fig. 3. Time profile of Q(¢) in the case of adaptive feedback (left), nonadaptive feedback
(middle), and constant w (right). The horizontal dash lines pass through Qmax
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s1(t)

200 400 600 200 450 0 W0 400 600
t t t

Fig. 4. Time profile of s1(t) in the case of adaptive feedback (left), nonadaptive feedback

max

(middle), and constant w (right). The horizontal dash lines pass through s}

0.5

0.5

200 400 600 200 450 Mo o 00
t t t

Fig. 5. Time profile of x1(t) in the case of adaptive feedback (left), nonadaptive feedback

max

(middle), and constant u (right). The horizontal dash lines pass through zf

s2(t) 304

200 400 600 200 450 0 W 400 600
t t t

Fig. 6. Time profile of s2(t) in the case of adaptive feedback (left), nonadaptive feedback

max

(middle), and constant u (right). The horizontal dash lines pass through sj

8. Conclusion. The paper presents an overview on different strategies for asymptotic
stabilization of a four-dimensional nonlinear dynamic system, which models anaerobic
degradation of organic wastes in a bioreactor with methane production. We propose two
feedback laws — an adaptive, and a nonadaptive ones — and show that under some natural
assumptions the model solutions are globally stabilizable towards an equilibrium point,
say F(q), chosen and fixed from the point of view of the practical applications. Since the
two feedbacks depend on external for the model quantities, we further propose a simple
solution of the global stabilizability problem, namely by using directly the input variable
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x2(t) 0.167

0.15¢

0.134

0119 : 0.14 014

200 400 600 200 450 ) M 400 600
t t t

Fig. 7. Time profile of z2(t) in the case of adaptive feedback (left), nonadaptive feedback

max

(middle), and constant w (right). The horizontal dash lines pass through x5

u. In practice, the dilution rate u can be manipulated directly by the experimenter,
because wu is proportional to the speed of the input pump, which feeds the bioreactor
with substrate.

Using the fact that the equilibrium point E(q) is globally asymptotically stable for
any admissible value of the parameter ¢ € (0,qp), an iterative numerical extremum
seeking algorithm is applied to deliver bounds (interval) for the maximum methane flow
rate [Qmax|- The interval [Qmax| can be made as tight as desired depending on a user
specified tolerance. The theoretical results are illustrated numerically and the robustness
of the extremum seeking algorithm is shown by assuming that the model coefficients are
unknown but bounded within given intervals.
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TJIOBAJIHA ACUMIITOTNYHA
CTABMJIN3AIINSA HA MOAEJI HA AHAEPOBEH
BNOPEAKTOP C JOBUB HA METAH

Heaun CrosinoBa JIumurpoBa, Muxaun UBanoB Kpbcramnos

B HacrosimaTa cratusi e pasriielaH YeTUPUMEDPEH JMHAMIYEH MOJeN Ha OGuopeak-
TOP, ONKCBAIl, OMOTEXHOJIOTMYEH IIPOIEC HA aHAEPOOHO pa3rpak/iaHe Ha OPraHuIHU
OTIA/UbIM, IPUJPY?KEH C IPOU3BOJCTBO Ha MeraH (6uoras). Ilpemioxkenu ca pasind-
HU CTPaTeruu 3a yIpaBJIeHWe Ha MOJEJIa, KOUTO BOJAT JI0 IJI00ATHA, aCUMIITOTHIHA
crabuIn3anus Ha JJUHAMAYHATA CUCTEMa K'bM IIPEIBAPUTETHO n30paHa paboTHa TOY-
Ka. [IpujiokeH e YnC/IeH aJropuTbM 33 ThpPCEHE Ha €KCTPEMYM, KONTO OMTUMU3UPA
J00MBa Ha METaH B peasiHO BpeMme. lIpencraBeHu ca pe3yaTaTd OT KOMIIOTHPHHU CH-
MyJIAIUA KATO WJIIOCTPAIUs] HA TEOPETUYHHUTE U3CJIC/IBAHUSI.



