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1 Introduction

Recall that the Banach-Mazur distance between the isomorphic normed spaces X and
Y is denoted by
(1) d(X,Y) = inf{||T|-|T"": T:X — Y isomorphism},
for details see e.g. [13, Section 6.1.1].

If X and Y are of one and the same finite dimension, then the minimum in (1) is
attained.

An important characteristic of a finite dimensional space is its distance to the Eu-
clidean space. Here we study this characteristic in the simplest case: the plane.

So, for a 2-dimensional normed space (X, | -||)
da(X) == d(X,R?),
where R? is considered with the standard Euclidean norm | - |. It is easy to check that
(2) do(X) =min{||T||: T:X — R?, T(Bx) D Bg:},

where By and Sx stand for the unit ball and the unit sphere of X respectively. Indeed,
T(Bx) D Bg: is equivalent to ||[T7!|| < 1, so we have that dy(X) is at most the right-
hand side of (2). On the other hand, multiplying the operator T by a real constant does
not change ||T|| - |77}, so we may assume that |77} = 1 in (1).
Using polar decomposition, we can reduce (2). Note that if U is in O(2) — the group of
isometries of R?, that is, U~ = U if considered as a matrix — then | UT|| = max |[UTx| =
z€Sx

max |Tx| = ||T||, and similarly |T7'U | = |7, so we can quotient by O(2). Denote
TESX

by PD(X,R?) the operators from X to R? that are positive definite symmetric matrices
in any basis. By [4, Theorem 7.3.1, p.449] each isomorphism T : X — R? can be
represented as T = UTy, where U € O(2) and T € PD(X,R?). Therefore,
(3) do(X) = min{||T|| : T € PD(X,R?), T(Bx) D Bg2}.

We prove in a new way the following characterisation, which is essentially contained
in [1, 10].
Theorem 1. Let dim X = 2. There is a unique 7' € PD(X,R?) such that T(Bx) D Bg:
and
(4) [T = d2(X).
T is characterised by the following property:

There are z; € Sx, i = 1,2, with ;1 # +x9, and y; € Sx, i = 1,2, with y; # +ys,
such that:

(5) Txi| = 17|, i=1,2,

(6) Tyl =1, i=1,2,

(7) y1 € cone{x1,x2}, Y2 € cone{—x1,z2}.
Here

cone{z,y} :={ax+ Py : «o,8 > 0}.
Note that the condition characterising the optimal operator depends only on the operator
itself and not on d2(X). This is to be expected, because the problem suitably stated is
convex. Not strictly convex, however, so the uniqueness is not immediate.
As an illustration, consider the following picture.
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From it we can also see one important, but immediate, corollary. Since one of the
angles between T'y; and Ty, and between Ty, and =Ty, (say the one between T'y; and
T Y2 as on the picture) will be < 7/2; and since Tzo will be within the angle between the

tangents to the unit circle at T y1 and Tyg, due to convexity, the distance from Ty to
zero, that is dy(X), is at most v/2. Therefore,

da(X) < V2.

Note that Theorem 1 easily follows from
Ader’s Non-separation Principle ([1]). For the unique 7' there is no angle such that all
points & € Sx with |Tz| = ||T'|| are inside this angle and all points y € Sx with [Ty| =1
are outside.

Here, an angle is

cone {a, b} U cone {—a, —b}
for some a,b € R2.

The original work [1] states that there should be at most 4 points realising Ader’s Non-
separation Principle, and for these 4 points it is then clear that the alternance described
in Theorem 1 must be in place. By Maurey’s result [10], see also [3], the ellipse of minimal
Banach-Mazur distance is unique, which yields the uniqueness part of Theorem 1.

Obviously, the problem can be re-stated more geometrically like: find the minimal
k > 1 such that there is an ellipse inscribed in Bx whose homothetic image with ratio k
is circumscribed about Bx. We will actually be using this form below, but we mention it
here to point out the relationship to the celebrated Lowner—John ellipse, see e.g. [7], that
is, the ellipse of maximal area inscribed in By. The Lowner—John ellipsoid is extensively
used for estimating the Banach-Mazur distance to Euclidean space, probably because
Ader’s result [1] had apparently been forgotten until Grundbacher and Kobos recently
unearthed it, see [3].

However, if Bx is not symmetric, the estimate through the Léwner—John ellipsoid can
grow progressively worse with the dimension. Consider R™ and let Bx, be the convex
hull of Bg» and ++/ne, where e € Sgn. Then Bgn is the Lowner—John ellipsoid for By, ,
see |14] for a nice and simple proof, so it gives only the generic estimate y/n. On the other
hand, by the rotational symmetry of By, around the axis through e, d(X,,R") < V3.

Our interest in the specifically two-dimensional case comes from our previous works
[6, 5, 11, 12]. Of course, similar problems can also be considered in different metrics, like
e.g. Hausdorft, see [8, 2, 9].

In conclusion, note that the convexity of By will not be used at all in the proofs
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below, which is not surprising, as they go through Chebyshev approximation.

2 An equivalent problem in polar co-ordinates

In view of (3), Theorem 1 characterises the solution of the optimisation problem

IT|| — min
T € PD(X,R?), [T} <1.

By substituting 7! in place of T, this problem can be rewritten as

(8) ||T71H — min
T e PD(R* X), |T| <1,

which is more suited for our purposes. Theorem 1 is immediately equivalent to the

following Proposition 1 with which we will be working from now on.

Proposition 1. The only solution to (8), say T, is characterised by the following property:
There are u;,v; € Sge, ¢ = 1,2, with uy # tug, v1 # +ve, v1 € cone{uy,us},

vy € cone{—uq,us}, and

(9) |Tuil| = INTH, N Twil =1, =12
Let a co-ordinate system be fixed in X in which
(10) Sx ={r(p)(cosp,sinp) : ¢ € R},

for a strictly positive, m-periodic and continuous 7 : R — R™T.
In these fixed coordinates each T € PD(R?, X) is identified with a matrix
T = (Z i), a,c>0, detT =ac—0b*>>0.

Obviously,
r €T (Sp2) = |T x| =1 < 2'T %z =1.
That is, T'(Sgz) is the ellipse:
alx% + 2bjx120 + clxg =1,

ar b _ =2
(5 )=

0 aj,c; > 0 and b? < aje;. In polar co-ordinates then T(Sg2) = {p()(cos p,sinyp) :
¢ € R}, where

where

(11) p~2(¢) = ag + by cos 2¢ + ¢y sin 2,
with ag = (a1 + Cl)/27 bg = (a1 — Cl)/2 and Cy = bl, SO
(12) az >0, a3 >0b3+cs.

Usually this is expressed in terms of cos2(p — ), where 0 is the tilt angle. Let £ be the
family of all ellipses in polar co-ordinates, that is, all curves in the form (11) for all values
of the parameters aq, by, co which satisfy (12). It is clear that the cone (12) parametrises
one-to-one the ellipses, as well as PD(R2, X), which we will use when establishing the
uniqueness part of our main result. Let

(13) C:={logp: peé&}.
Let also, see (10),
f=logr.
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Since ||T']| <1 is equivalent to T'(Sgz) C By, which in polar co-ordinates translates to
p<r <= g:=logp<f,

the constraint in (8) becomes g € C, g < f. For the objective, since p(¢)(cos p,sinp) €

T(Sgr2), we have |T~*(p(¢)(cosp,sinp))| = 1, hence |T~*(cos ¢, sing)| = 1/p(¢). For

x =r(p)(cos p,siny) € Sx,

T 2| =

~

T(p
(¢

=exp(f(p) — g(p)),

)
~—

and the problem (8) is equivalent to
{mgxeXp(f(w) —9(¢)) = min

gel, g<f
Since the exponential is strictly monotonically increasing, Proposition 1 is equivalent to
Proposition 2 below. There, for a m-periodic function h

170 := max [A(e)]-
Proposition 2. The optimisation problem

gel, g<f
has a unique solution g characterised by the following property:
There are points

(15) 01 <Y1 <2 <Y< pr+7
such that for i = 1,2
(16) flpi) = g(wi) = [If — gllo and g(vi) = f (1)

We will prove this proposition in the next section.

3 Chebyshev Alternance of second order on the circle

Let C(R) be the Banach space of all continuous m-periodic functions on R with the
norm | - ||so-

Let R be the function that maps the triple (a,b,c) € R® to R(a,b,c) € Cr(R) given
b

' R(a,b,c) :=a+ bcos2p + csin 2¢p,
see (11). So, if K is the cone given by (12) then
C ={-(1/2)1logR(a,b,c) : (a,b,c) € K}.

Obviously, C is invariant under addition of a constant, that is,
(17) VreR, VgeC=g+reCl.
This fact allows considering the standard Chebyshev, that is, uniform, approximation
instead of the one-sided one (14).
Proposition 3. Let 0 be the distance from f to C, that is, the value of

1f = glloc — min
gecC.

The function g € C is a solution to (18) if and only if the function (§—0) € C is a solution
to (14).

(18)

13



Proof. Let g be a solution to (18) and let for short gy := g—0d. Since g—f < [|§— f|lcc =0,
we get g1 < f. Let go < f be a solution to (14) and let ¢ := || f — g2||oo-

Since g; is feasible for (14), we have ¢ < || f —g1||co = max(f —g1) = max(f —g)+0 <
20. That is,
(19) c<|f —gille < 20.

On the other hand, if g3 := g2 + ¢/2 then ? < ||f — g3]|co. Let ¢ € R be arbitrary. If
f(9) < g3(p) then g2(p) < f(p) < g2(p) +¢/2, 50 | [(9) — ga()| < ¢/2. Tf f(p) > g3()
then | f() — gs(0)| = f(¢) = gs(¢) = (f(¢) = 92()) — ¢/2 < ¢/2. So,

(20) < If = gslloe < /2.
From (19) and (20) it follows that ¢ = 20, so (19) gives that g; is a solution to (14),
and (20) gives that g3 is a solution to (18). O

We will prove in the present framework the well known geometrical theorem that at
most one ellipse centered at the origin passes through three distinct points.
Lemma 1. Let

(21) p1 < pa <3 <@y +T
be fixed. Let A : R® — R? be the linear operator

A(CL, b? C) = (SR((Z, b? C)(cpl), 9%((1, b7 C)(QDQ)’ %(CL, ba C)(Qﬁg))
Then A is an isomorphism.

Proof. In co-ordinates
1 cos2¢p; sin2¢;
A= |1 cos2¢ps sin2ps |,
1 cos2¢3 sin2ep3
so det A = 4sin(pa — ¢1) sin(ps — ¢1) sin(ps — p2) > 0, since all three differences are in
(0, 7). O

Proposition 4. Let g1,g2 € C.
If g1 and go coincide at three points as in (21) then g1 = go.
If there are @1, 2 such that 0 < |p; — ¢o| < 7, and

(22) g1(p1) = g2(1), g1(¢1) = g2(1) and g1(w2) = ga(p2),
then g1 = go.

Proof. Let g; = —(1/2)log R (a;, b;, ¢;) for i = 1,2. If g1 and g coincide at three points
as in (21) then, since log is injective, R(a1, b1, ¢1) and R(ag, b2, c2) also coincide at those
three points, so by Lemma 1 we get a; = ag, by = by and ¢; = co.
Let now (22) hold. Since
1/d

9i(p) = 3 (d(pm(anbi,ci)(%?)) /R(ai, bi, i) (),

the three conditions translate to $(ay, b1, c1) and PR(asg, ba, c2) agreeing at o in value
and derivative, and at 5 in value. This implies

1 cos 21 sin 21 as — ay
0 —2sin 2(p1 2 cos 2(,01 bg — bl =0.
1 €OS 22 sin 29 cy —C1
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The determinant of the above matrix is 4sin2(g02 —p1) > 0,80 a3 = as, by = by and
C1 = Ca. O

We are ready to prove the uniqueness part of our main result.
Proposition 5. Let g € C. Assume that there exist points ¢;, 1, i = 1,2, satisfying (15)
and such that
(23) flei) = g(pi) = (i) = f(hi) = [If = Glloes  i=1,2.
Then g is the unique solution to (18).

Proof. Let g € C be such that
(24) 1f = 9lloc < If = Glloo-
If we can prove that from this follows ¢ = g then obviously g is a solution to (18) and,
moreover, unique.

Assume that
(25) g#9
Let h := g — §. We can write h(p;) = (f — §)(pi) — (f — g)(wi). By (23) we have
(f =) (i) = I = Glloc, s0 h(pi) = (f = 9)(@i) = [If = Glloe < WIf = Glloc = lIf = Flloc <O
by (24) Thus h(gol) <0. Simila‘rl}I7 ('Q[Jz) (f 9)(1/%) ( f)(l/h) (f 9)(7/)2)
If = glls = If = gllc = IIf = glloc = 0. We have shown that
(26) h(pi) <0< h(h), i=1,2.
Consequently, there exist &; € [¢;,1;], 4 = 1,2 (in particular, & < &) such that h(&;) =0
for i = 1,2. If there were a third point in [¢1, 1 +7) at which A = 0, then Proposition 4
would have implied g = g, contradicting (25), so

(27) h(gD) 7é 07 VL)O € [Sola w1+ 7T) \ {51552}~
Also, if h'(&;) = 0 for some i = 1,2, then again Proposition 4 implies § = g, so
(28) (&) #0, i=1,2.

From (27) and & < ¢y < @2 < & it follows that h(p) # 0 for all ¢ € (11, p2). Since h
is continuous, it has a constant sign on (¢1, ¢2), so there are two possibilities:

CASE 1. h > 0 on (¢1,p2). Since h(p2) < 0, see (26), we have h(ps) = 0, that is,
& = 9. From (28) it follows that h'(¢2) < 0, so h(pg +6) < 0 for § > 0 small enough.
Since h # 0 on (&2,12] by (27), we get h(¢2) < 0, contradiction to (26).

CASE 2. h < 0 on (1)1, p2). Since h(z)1) > 0, we have & = 11, and h'(£1) < 0, so h
is strictly positive to the left of &;, implying h(w1) > 0, contradiction. O

Proposition 6. Let g € C be arbitrary. Let a < f < a+ m. Let ¢ > 0.
There exists g. € C such that ||g: — g|lco < € and

9e(p) < g(p), Yo € (o, B), ge(w) > g(v), Vo € (B,a+ ).

Proof. Let g = —(1/2)logR(a, b, ¢) for some (a,b,c) € K. Let v := (v + 3)/2. Let A be
the operator from Lemma 1 for a,+, 8 in place of the s in (21).
Let (as,bs,c) = A~ (R(a, b, c)(a), exp(2t)R(a, b, ¢)(7), R(a, b, c)(B)). Tt is clear that
for small enough ¢ > 0 the point (a, b, ;) € K and for g; := —(1/2) log R(ay, be, ct)
gi(a) = g(@), g:(B) = g(B) and g:(v) = g(7) =t < g(7)-
Since (ag, by, ¢t) — (a,b,¢), as t — 0, and R is continuous, we have ||g — g¢]|ooc < € for ¢
small enough. Take g. = g; for some small enough t¢.
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If we assume that g.(&) > g(&) for some & € (a, ), then, since g.(y) < g(y) there will
be three different points in the interval [«, 5] where g. and g coincide, which contradicts
Proposition 4. So,

9:(¢) < g(), Yo € (a, B).
From this it follows in particular that g~(3) > ¢'(3). Since g.(8) = ¢'(3) would contradict
Proposition 4, we have that g2 (3) > ¢'(8). In particular g.(8+6) > g(8+9) for all § > 0
small enough. If there were £ € (8, + 7) such that g.(§) < g(§) this would contradict
Proposition 4. So,

9:(¢) > g(p), Vo € (B,a +m). -

Of course, Proposition 6 can be proved by simply adding an appropriate trigonometric
polynomial to R, but we chose to demonstrate a way that would work just as well for
other families as long as they satisfy the interpolation Proposition 4.

Proposition 7. Let g be a solution to (18), that is,

(29) 1f = lloc =0 = min{[[f — gl : g €C}.
Then there exist points ¢;,;, i = 1,2, satisfying (15) and (23).

Proof. If 9 =0 then f = g and any points satisfying (15) will do.

Therefore, let 0 > 0 and

P:={peR: flo)—glp) =0}, V:={YeR: j(¥) - f(¢)=02}

Because of the assumption 9 > 0 the sets ® and ¥ do not intersect.

If & = 0 then max(f — g) < 0. Consider g. := g — . Because of (17) the functions
g: € C. For £ > 0 small enough we still have max(f — g.) = max(f — g) + € < 0, while
min(f — ge) = min(f — g) +& > —0. So, ||f — gelloo < 0, contradiction to (29). In a
similar way, ¥ # (.

Fix ¢; € ®. Since ¥ + 1 = ¥, because f and g are w-periodic, and ¥ # (), we have
\IJ n [(,01,()01 +7T] 7é @ Let

1 :=min U N [p1, 1+ 7], P2:=max¥N e, 1+ 7]

Since 1,1 + 7 € ® and @ N = (), it follows that 1; € (1,1 + ) for i =1, 2.

We claim that

(30) N[, 2] # 0,
(note Ader’s Non-separation Principle).

Assume (30) were false. Since (f — g) is a continuous function, which is ? at ¢; and
—0 at 1)y, it vanishes somewhere in (p1,%1). Let a:= max{¢ <1 : f(§) =g(§)}. Ina
similar way, let 8 := min{¢ > ¥ : f(§) = g(§)}. We have then

[wlan] c (O‘7B)7 [O‘aﬁ] c (‘P1a<P1+7T)-
Moreover, it is easy to see that
N (o, 8] =0,
because (30) was assumed false, and f < g on [a,11] and [¢9, 8]
By construction, ¥ N ([¢1,a] U[B, p1 +7]) = 0. Since ¥+ 7 = P, the latter translates
to
UN[B,a+r=0.
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So, there is € > 0 such that

max(f —g)+e <0, max (g— f)+e <0.
W](f 9) w,am(g f)

From Proposition 6 there is g. € C such that ||g: — §ljcc < € and
ge <gon(a,B), ge>gon (B,a+m).

We will show that

(31) 1f = Gelloo = max [f = ge[ <.

Indeed, fgagf(f —g:) < r[gf};f(f —9) + 117 — gelloo < 0, and {g%(ge —f) = g:(&) — (&)

for some & € [a, 8], but since f = g at a and 8, and I[nag}c(gE — )= g9:(1) — flun) =

s

0+ (g=(¢1) — g(¥1)) 20 —[|g — gelloo > 0; we have that £ € (o, 3), thus r[nagf(gs - f)=

9:(§) — f(§) < g(§) — f(§) <. ’
In a similar way, [gnﬁ}i](f_gf) = f(€)—g.(€) forsome € € (B, a+7),s0 < f(&)—g(€) <

9, and max (g. — f) < max (g — f) +|§ — gelloo <.

[8,a+] T Bot]
Thus (31) is verified, but it contradicts (29). Therefore, there is w2 € ® N (1, 1)2)
and ;, 1, satisfy (15) and (23). O

In view of the work so far the following completes our study.
Proposition 8. The problem (18) has a solution.

Proof. Here it is easier to work with the standard form of the ellipses in polar co-ordinates.
Take (a,b,c) € K, that is, a > v/b? + ¢2, and set
b i=+b2+c2, b="bcos20, c=bsin26.
Then
R(a,b,c) =a+ b cos2(p — 0).
K translates to
K :={(a,b',0): a>V >0, €[0,7]},
and
C={-(1/2)log(a+ b cos2(p —0)): (a,b',0) € K'}.
Let (an,b),,0,) € K’ be such that for

1
In(p) = 5 log(an + b/n cos2(p — 6y))

we have

Hm [|f = gnlloc = 0.

n—oo
By taking a subsequence we may assume that 6,, — 6, as n — co. Since

1
gn(On +7/4) = —3 log ay,,

and ||gn|loc < || f]loc +0+1 for large enough ns, the sequence {loga, },;> is bounded, so
there is 7 > 0 such that

r<a,<1l/r, ¥YneN.
Therefore, we may assume that a,, — a > 0, as n — oo. We also assume that b}, — o’ < a,
as n — oo. If b’ = a then

1
gn (0 +7/2) = —35 log(a, —bl,) — 0o, as n — oo,
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which is a contradiction. So, (a,b’,6) € K’ and by continuity it follows that the corre-
sponding g € C solves (18). O
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