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In this work the focal surfaces of developable ruled surfaces generated by a unit speed
Frenet curve and its focal curve in the Euclidean three-dimensional space are investigated.
For each curve, we construct the associated tangential surface and derive a parametriza-
tion of its focal surface. Working with respect to the natural parameter of the base curve,
we obtain relations between the coefficients of the two fundamental forms of the original
developable surfaces and those of their focal surfaces. The focal surfaces obtained in
both cases are themselves developable. Formulas relating to their mean curvatures are
established.
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Ha HelfHaTa pOKaJIHa TOBbPXHUHA. PaboTeiiKu OTHOCHO €CTECTBEHUS TapaMeTbp Ha 6a30-
BaTa KPUBA, IMOJTy9YaBaMe 3aBUCUMOCTH MEXKy KOePUITHEHTUTE Ha IBET€ OCHOBHU (pOpPMU
Ha OPUTHUHAJHUTE PA3BHBAEMHU OBBPXHUHUA U T€3W Ha TeXHUTE (DOKATHU MOBbPXHUHU.
[Tonyuenure n B nBata ciaydasi pOKAJHU MOBLPXHUHHU Ca PA3BUBAaEMHU. YCTAHOBEHH Ca
dopmysn, CBbP3BAIU CPETHUTE UM KPUBUHU.

KmroyoBu agymun: Kpusa na @pene, Pokaana kpusa, [IpaBosnneiina nmopbpxuunHa, Pas-
BuBaeMa nosbpxuuHa, PokasHa nopbpxHuHa, ['aycoBa Kpusuna, CpeqHa KPUBUHA

1 Introduction

Ruled surfaces are important in both classical and contemporary differential geome-
try because of their intricate structures and their extensive use in geometric modelling,
computer-aided design, and kinematic surface creation. Their geometry is determined by
the invariants of the basic base curve, and these invariants—mnamely, curvature and tor-
sion—offer a fundamental framework for evaluating the behaviour of such surfaces under
Euclidean motions. An interesting approach in this context is the examination of focal
surfaces, which occur as envelopes of normal lines and include essential curvature infor-
mation for the original surface. For cylinders, cones, and offset surfaces, focal surfaces
show important geometric relations, and hence they have been extensively studied. Focal
and generalized focal surfaces are crucial for curvature-based constructs like manufactur-
ing, optical modelling, and computer-aided geometric design, according to recent studies.
Georgiev and Pavlov (see [4], [5], [6], [7], [8]), in particular, show how focal surfaces reflect
classical surfaces’ intrinsic geometry and how their invariants can characterise curvature-
dependent offset surfaces. In [11], Giiler provides an intriguing perspective on the focal
surfaces of offset surfaces. Despite this progress, the focal surfaces of developable ruled
surfaces generated by space curves remain less explored. Tangential surfaces—ruled sur-
faces formed by attaching tangent lines along a Frenet curve—are a fundamental class
of developable surfaces. Their focal surfaces obviously preserve developability, a classical
result in the differential geometry of surfaces (see [2],[3],[15]), but it is not immediately
clear how their fundamental forms and curvature invariants relate to those of the original
ruled surfaces.

In this paper, we construct new surfaces in the Euclidean space E? as tangential
surfaces generated by a pair of spatial curves, a Frenet curve v and its focal curve C,.
By examining tangential surfaces obtained by a Frenet curve and by its focal curve,
we aim to clarify the geometric structure of their focal surfaces and to establish explicit
relationships between their invariants. The final section illustrates the theoretical findings
with an explicit example involving a cylindrical curve and its focal curve, together with
visualizations of the corresponding developable and focal surfaces.

The following section presents key terminology and important information regarding
focal curves and focal surfaces.
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2 Preliminaries

2.1 Frenet curves in the Euclidean three-space

The Euclidean three-dimensional space E? is regarded as an affine space, and it has
a vector space R? that is related to it. The position column vector from R? can be used
to represent any point in E. The scalar (or dot) product (a,b) € R and the vector cross
product @ x b € R® are well-known operations for any two column vectors a € R® and
b € R®. The norm of the vector a is |al| = \/(a,a) = Va2 .

Assume v : I — E? be a curve described by a vector parametric equation

(1) v(q) = (2(q), y(a), 2(a)", q€l
on an interval I C R. The coordinate functions z(q), y(q), 2(q) are supposed to have

continuous derivatives up to order 3. We will refer to that curve as a regular C® space
curve. If the derivatives v/(¢), v”(q¢) and 4"”(q) are linearly independent vectors in E?
for every q € I, then the curves are known as Frenet curves. For a Frenet curve -y, the
Euclidean curvatures of v in E? (a curvature s and a torsion 7) are determined by

2) (q) = V(@) x " (D)l '@ x 1" (@@

I (@)I? 17/ (q) x " (a)]?
Moreover, there are three unit vectors

@t =29 = (7v'(a) x ¥"(9)) *x ¥'(a) bg) = 10X 7"(@)
v (@’ v (@) x ¥ (@7 (DI’ 7' (q) x " (a)l

defined at any point «(q) of the curve. A positively orientated orthonormal basis known
as a Frenet frame is formed by these three vectors.

In the case that the Frenet curve v : I — E? is a unit speed curve, namely, ||v/(¢)|| =
1 for any ¢ € I, the parameter g is usually substituted with the parameter s, and the
vector equation (1) is referred to as an arc-length parametrisation of . In this instance,
a more straightforward form of the formulas (2) and (3) can be used. Especially, the
torsion and the curvature are defined by the equations

(' (s) x¥"(5), 7" (5))
Iy @1

>0, 7(q) =

#(s) = 7' (s)] >0 and 7(s) = 40,

respectively. Further, the Frenet-Serret equations
t'(s) = s(s)n(s), n'(s) = —sx(s)t(s) +7(s)b(s), b'(s) = —7(s)n(s).

for the unit speed curve « are fulfilled.

Henceforth, we shall use “/” for the differentiation concerning a natural parameter
and “” as the differentiation concerning an arbitrary parameter.
Definition 1. [10, p.241] The focal curve of a regular C* space curve v : I — E? is
the curve given by

Cy(q) = v(q) + cr(@)n(q) + c2(q)b(q),

where v is a principal unit normal vector field of v, b is a binormal unit vector field of .
The coefficients c1(q) and c2(q) are smooth functions called focal curvatures of v, given

by

A dei(q)
1 (q) _ i 02((]) _ dq %(q) _ éq
b d d b
#(q) | 2D | se(g)27(q) || 2L || 7(q)

where 3(q) > 0 and 7(q) # 0 are the Fuclidean curvatures of ~.
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In other words, the focal curve of an immersed smooth curve -, in the Euclidean space
[E3, consists of the centres of its osculating spheres. The functions ¢;(q) and cz(q) are well
defined because »#(q) and 7(g) are non-zero functions. In addition, the parametrization
of the focal curve of the unit speed curve v becomes

1 1\ 1
@) C%ﬂzv@ﬂy4®M$+<%@J,ﬂ$Mﬁ

According to [16], for the Frenet frame T', N, and B, as well as the Euclidean curva-

tures ¢, and 7¢, of the curve C, we have
|7 T »

5 T =6b, N = —en, B = jct; = =¢ , = —F,
(5) 0y lerT + b aT+d TG, aT+d
where § = sign(ci1T + ¢5) and & = sign(7)d. We consider only non-spherical curves -,
where ¢17 + ¢ # 0.

The differential geometry of space curves is described in more detail in [10].

2.2 Ruled surfaces associated with a space curve

This section presents precise formulas for the invariants of ruled surfaces related to
a space curve. A ruled surface in E? is (locally) represented by the mapping S(u,v) :
I x I — E3 defined as S(u,v) = v(u) + vl(u), where v : I — E® and [ : I — E3\{0}
are smooth functions, and I is an open interval. We designate v as the base curve
and [ as the director curve. The straight lines v — ~(u) + vl(u) are referred to as the
rulings of S(u,v) (see [10]). Let S(u,v) represents a ruled surface. We define S(u,v)
as developable if its Gaussian curvature is zero. From this point further on, we shall
presume that ||I(u)|| = 1. It is easy to show that the Gaussian curvature K (u,v) and the
Mean curvature H (u,v) of a ruled surface S(u,v) are

C((det( (w), 1(w), U (w)) |
K(u,v)——( BC_ 2 ) )
det(7/ () + vl (w),U(u), " (u) + 00" (1) — 2(7' (), U(w)). det(y'(u), L(u), T (u))

H(u,v) = 3

2VEG — F?

where E = E(u,v) = 5% = |7/ (u) + ol (u)||?, F = F(u,v) = (Su, Sy) = (' (), 1(u)) and
G = G(u,v) = S? = ||l(u)||* = 1 are the coefficients of the First Fundamental Form of
S(u,v). By det(:,-,-) we denote the determinant of the corresponding column vectors.
The ruled surface S(u,v) is a smooth surface if and only if v/ (u) x I(w) +v.l' (u) x L(u) # 0
for all (u,v) € I x I. Some special types of developable ruled surfaces can be found in
[1] and [12].

2.3 Focal surfaces of regular surfaces

Definition 2. Let S(u,v) be a parametric surface of class C*, and let M(u,v) be its unit
normal vector field. The parametric offset surface is defined as

S(u,v) = S(u,v) +d - N(u,v),
where d is a nonzero real constant.
Definition 3. Let S(u,v) be parametric surface of class C* and N(u,v) be its unit normal

vector field. The parametric representations of the focal surfaces of S(u,v) is given by

(6) S 0) = S(u,v) + Kil.m(u,v), So(u,0) = S(u,v) + Hiz.m(u,v),
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where k1 and ke are principal curvatures of the surface S(u,v).

3 Main results

3.1 Focal surfaces of developable ruled surfaces

The focal surfaces of developable ruled surfaces are likewise developable surfaces.

This assertion is a known fact in the classical differential geometry of surfaces. It can
be proven using approaches based on the differential geometry of line congruences (see
[13],[14]). Let Si(s,v) = ~(s) + v.t(s) be a tangential ruled surface with a base curve
and a director curve represented by the unit tangent vector ¢ of . The obtained surface
is developable because the determinat det(v'(s),1(s),1'(s)) = det(t(s), t(s), ' (s)) is equal
to zero. The following theorem will give us an explicit reprezentation of the focal surface
of the tangential ruled surface S;(s,v). We will utilise this representation to provide an
alternative proof that the generated surface is also developable and to determine the
relation between the mean curvatures of the associated surfaces.
Theorem 1. Let (1) be a parametrization of a unit speed Frenet curve v : I — E® of
class C® with Frenet frame t(s),n(s), b(s), and let 3(s) # 0 and 7(s) # 0 be the Buclidean
curvature and the Euclidean torsion of vy, respectively. Suppose that Si(s,v) = v(s) +
v.t(s) is the developable tangential surface associated with the unit speed Frenet curve .
Then the focal surface Si(s,v) of Si(s,v) is also developable and has representation

S1(s,v) = ~(5) + 0. (t(s) + J:((:)) b(s)) , v e R\ {0},

The Mean curvature Hy(s,v) of S1(s,v) can be expressed by the Mean curvature Hy(s,v)
of S1(s,v) with the following equation

7(1+ 40v?H?)
4|1)H1 + ’1_)2H15| ’
where Hyg is the partial derivative of Hq(s,v) with respect s.

(7) Fl (8,1}) =

Proof. The coefficients of the First Fundamental Form of S;(s,v) are given by the fol-
lowing equalities

By = Bi(s,v) = S, = |7 (s) + vt (s)I* = [[£(5) + v.se(s)n(s)[|* = 1+ v?5(s),
(8)  Fi=Fi(s,v) = (S1s, S1) = (7/(5), £(s)) = (t(s), (s)) = 1,

G1=Gi(s,v) = 51, = [[t(s)[* = 1,
where S15s = ~'(s) + vt'(s), S1, = t(s) are the partial derivatives of Sy (s,v) with respect
to s and v, respectively. Hence we get that

S1s X S1p = —v(s)b(s) and ||S1s X S1o|| = |v](s).

Then the unit normal vector function DNy (s,v) = m of Sy(s,v) is
9) Ni(s,v) = —e1b(s), 1 = sign(v).
From Sigs = 85;8 = —5%(8).w.t(s) + (5(s) +v.5¢ (5))n(s) + v.7(5)5(s).b(s),
8515 o - - 851,, - 8t(s) o . .
Stsy = 5 = t'(s) = x(s)n(s) and Sty = 50 — 55 0 the coefficients of the
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Second Fundamental Form of S;(s,v) are
Ly = Ly(s,v) = (M1(s,v), S1uu) = —|v|5(s).7(s),
(10) My = M;(s,v) = (M(8,v), S1uw) = —€12(8).(b(s),n(s)) =0,
Ny = Ni(s,v) = (M4 (s,v), S140) = 0.
It is clear that for any parameter values (s,v), the Gaussian curvature K;(s,v) of the

developable surface S} (s, v) is vanished and the Mean curvature Hy (s, v) can be expressed
by

—|vlz(s).T(s) _ —7(s)

11 H = = .
(11) 180) = =5 22~ 2olels)

If k1(s,v) and k2(s,v) are the principal curvatures of the surface S;(s,v) then from

Ki(s,v) = K1(s,v).k2(s,v) = 0 and Hy(s,v) = ras,v) ;_ ria(5,v)

(12) k1(s,v) = 2H (s,v) = |;T%((85)) and ka(s,v) = 0.

Then from the equation (6) in Definition 3 and the equations (9) and (12) it follows

S1(s,0) = Sy (s,v) + %.‘Iﬁ(s,v) = ~(s) +v. (t(s) + :‘((j))b(s)> .

it follows that

From the equalities

, , e &) (s) & 5 5 »(s) . / _
et/ (9).1(s).1'(3)) = det (t( )+ 2, (t09)+ 20005 )

€ S S %(S) S %(8) / S =
det (t( ) 2s) + 25 b(s), <T<5>) b( )) 0.

it follows that the surface S;(s,v) is developable. Let us now compute the coefficients of

the First Fundamental Form of S;(s,v). We obtain that
2 #(s) ’ (s) 2
E1=F =51, =|t . =142
1 1(s,v) = 51, (s) ( 5 +v <7(3)> ’
I
s

) v
(£) bls).t(s) + Zb(s)) = 140.2 (%)
2

G -1+ (25

7(s)
#(s) , Sy =t(s @ s) are the partial derivatives
T(S)> b(s)andSlv—t()-l—T(S)b() the partial d b

of S1(s,v) with respect to s and v, respectively. Consequently, we find that
! !
S1ox Siw = [ =2 4o (Z9) ) n(s) and 80, x Suol = | =222 4o, (ZE1Y |
7(s) 7(s)

7(s) 7(s)
of S1(s,v) is determined

+
)+

—
—
W

S~—
3
—
—
vt‘/:
S
<
Il
—
%)
~
v
[95)
i
[~
<
\

v
= (t(s) +v.

P
t

(s) +

where S15 = t(s) +v. (

?18 X glv

Then the unit normal vector function 9 (s,v) = W
1s X 1y
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S e (550 (53) ) o (565) 0

Gy = 51 _ <%(5)>/b(s) and Sy = 251 _ 0 (t(s) + (S)b(s)> -

ov 7(s) ov  Ov 7(s)
and the equation (14), the coefficients of the Second Fundamental Form of S;(s,v) are
given by
- = — — » x\’
L1 = T(5,v) = Mi(s,0), S = = |- = + 0. (£},
(15) T T

Ml = M1(S,U) = <ﬁ1(s,v),§1uv> = O, Nl = Nl(s,v) = <ﬁ1(8,’0),§1m}> =0.
It is easy to see that the Mean curvature H(s,v) of the developable surface S (s,v) is

—r(s) (1+(2)%)

P PAYE
—f—i—v.( )
T T

Finally from equations (11) and (16) we reached to the equation (7). O

(16) Hi(s,v) =

The next statement gives us relations between the coefficients of the First and the
Second Fundamental Form of S1(s,v) and Si(s,v).
Theorem 2. Let (1) be a parametrization of a unit speed Frenet curve v : I — E3
of class C* with a Frenet frame t(s),n(s),b(s), and let »(s) # 0 and 7(s) # 0 be the
Euclidean curvature and the Euclidean torsion of vy, respectively. Suppose that Sy(s,v) =
¥(s) + v.t(s), v € R\ {0} is the developable tangential surface associated with v and
S1(s,v) = ~(s) + v. <t(s) + %((j))b(s)> is its focal surface. Then the coefficients of the

T

First and the Second Fundamental Form of S1(s,v) can be expressed by the coefficients
of the First and the Second Fundamental Form of S1(s,v) as follows

B (5,0) = Ei(5,0) + 02 ((:f((j))y - ﬂs)) ’

Fio= oo (2) () -+ (23)

7 Li(s,0) | »(s) (5)\'| ~
L = — . M =0, N =0.
1(s,v) Wlels) | 7(s) +v )| 1(s,v) =0, N1(s,v) =0
Proof. The proof follows immediately from equations (8), (10), (13) and (15). O

Corollary 1. Let (1) be an arbitrary parametrization of a Frenet curve v : J — E3
of class C* with a Frenet frame t(u),n(u),b(u), and let s(u) # 0 and 7(u) # 0 be
the Euclidean curvature and the Euclidean torsion of 7, respectively. If Si(u,v) is the
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Jocal surface of the tangential surface Sy(u,v) of v then the Mean curvature Hy(u,v) of
S1(u,v) can be expressed by the Mean curvature Hy(u,v) of S1(u,v) as follows
- 75(1 + 42 H?)
17 H - _
(17) 1(w,v) 4|véHl o2Hy|

Ei(u,v) = Ey(u,v)

09 Fafu) = Fifu, o) + 02 (2(3)) ’Gl(“’”’G“”"“”(f((g) |
— . Ll(u7'U) _%(u) E %(u) M u., v =N u,v) =
Ly (u,v) = e | (w) T3 (T(U)>u Al = T =0

where Hy,, and #(u) are the derivatives of Hy(u,v) and #(u) with respect u and
m(u) /, 7(u)

s = s(u) is the arc-length function of ~.

Proof. The proof follows immediately from Theorem 1 replacing the parameter s with
the arc-length function s = s(u) of . O

Following the above construction, we shall examine an additional tangential surface
closely associated with the curve ~. Utilising a unit speed parametrization of the curve
~ with an arc-length parameter u and applying the equality (4) for its focal curve C,,

%(u) = (e17 + ¢4)b(u). Thus, the
u

surface So(u,v) = C,(u) + véb(u), where § = sign(ciT + ¢4), constitutes a tangential
ruled surface, characterised by a base curve C, and a director curve represented by the
unit binormal vector b of 7. The acquired surface is evidently developable, and its focal
surface also maintains this property of developability according to Theorem 1.
Theorem 3. Let (1) be a parametrization of a unit speed Frenet curve vy : I — E3
of class C® with a Frenet frame t(u),n(u),b(u), and let 3(u) # 0 and 7(u) # 0 be the
Euclidean curvature and the Euclidean torsion of 7y, respectively. Suppose that So(u,v) =
C,(u) + vob(u) is the developable surface associated with the Focal curve C., of the unit
speed Frenet curve . Then the focal surface So(u,v) of Sa(u,v) is also developable and
s represented as

(19)  Sa(u,v) = C(u) + v6D(u), where D(u) = ;((Z))t(u) +b(u), ve R\ {0}.
The Mean curvature Hy(u,v) of So(u,v) can be expressed in terms of the Mean curvature
Hy(u,v) of Sa(u,v) by the next equation

we differentiate with regard to v and find that

2#6(1 + 4v?H3)
4‘1}(617' + C/Q)HQ -+ 5U2H2u| ’
where Ha, is the partial derivative of Ho(u,v) with respect u.

(20) Hy(u,v) = —

Proof. Applying Theorem 1 for the curve C, we get that

Sa(u,v) = Cy(u) + v (T(u) e (U)B(u)) .

TC, (u)
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Replacing with the expressions (5) we obtain (19). The surface Sy(u,v) is obviously
developable. Next, the equation (20) follows immediately from the equation (17) in the
Corollary 1 having in mind that the arc-length prime 3¢ of C, is equal to |c;7 + chl =
S(erT + ch). O

The vector D(u) is referred to as the modified Darboux vector field along the curve

~. The next statement gives us the relations between the coefficients of the First and the
Second Fundamental Form of S3(u,v) and Sa(u,v).
Theorem 4. Let (1) be a parametrization of a unit speed Frenet curve v : I — E3
of class C° with Frenet frame t(u),n(u),b(u), and let »(u) # 0 and 7(u) # 0 be the
Euclidean curvature and the Euclidean torsion of 7y, respectively. Suppose that So(u,v) =
C (u)+vdb(u) is the developable surface associated with v and S2(u,v) is its focal surface.
Then the coefficients of the First and the Second Fundamental Form of Sa(u,v) can be
expressed by the coefficients of the First and the Second Fundamental Form of Sa(u,v)
as follows

BEo(u,v) = Ealu,v) + v ((T(“) )IQ - TQ(u)> :

»(u)
Fa(u,v) = Fy(u,v) +v (;((Z) (;((Z))>I7 Go(u,v) = Ga(u,v) + (;((Z))>27
Lo(u,v) = La(u,v) e 0/2);((1;)) _’ <;((1;))> , My(u,v) =0, No(u,v) = 0.

Proof. Let us denote by s the arc-length parameter of the curve C. Then 5=46 (e17+ch).
Applying Theorem 1, the equalities (18) in Corollary 1 and (5) the proof is completed. O

4 Application

Let v(u) = (a(usin(u) + cos(u)), a(sin(u) — wcos(u)), bu), where a and b are nonzero
constant, is a cylindrical curve with a constant speed parametrization. According to [9],
the corresponding focal curve (. is defined as follows:

Co(u) = (a® +b?) (2cos(u) — usin(u)) (a? +b?) (2sin(u) + ucos(u)) u® (a? + b?)

= a(u? +2) ’ a(u2 +2) b (u2 1 2)
The pictures below depict the curves v and C,, the surfaces S (u, v) and Sz (u, v), together
with their corresponding focal surfaces S7(u,v) and Sa(u,v).

Conclusion

In this paper, we investigated the focal surfaces of developable ruled surfaces gener-
ated by a unit speed Frenet curve and by its associated focal curve. Constructing the
tangential surfaces corresponding to these curves, we derived explicit parametrizations
of their focal surfaces and examined the relations between their geometric invariants.
Working with respect to the natural parameter of the base curve allowed us to obtain
precise expressions for the coefficients of the first and second fundamental forms of both
the original developable surfaces and their focal surfaces.
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Figure 1: From left to right: The developable surface S (u,v), its focal surface S (u,v)
together with the curve v for a = 1,b = 2 and both surfaces

Figure 2: From left to right: The developable surface So(u,v), its focal surface So(u,v)
together with the curve C, for a = 1,b = 2 and both surfaces

The study establishes a geometric correspondence between a Frenet curve, its tangen-
tial surface, and the focal surface of that tangential surface, revealing a deeper structural
connection within the family of developable surfaces. Furthermore, we obtained explicit
formulas relating the mean curvatures of the original surfaces to those of their focal sur-
faces, showing how curvature information is transferred through the focal construction.

The theoretical results were illustrated through an example involving a cylindrical
curve and its focal curve, together with visualizations of the associated developable and
focal surfaces. This example highlights the practical applicability of the derived formulas
and confirms the geometric behaviour predicted by the theory.

The results provide a basis for further research on the focal surfaces in applications
such as geometric modelling, computer-aided design and construction, and analysis of
new surfaces.
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