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B cratusTa pasriexmgame aumodaHTOBO HEPABEHCTBO C €/IHO MPOCTO W KBaJPATUTE Ha
Tpu mpocTH 4dncia. /lokazBame, e ToO nMa 6€30pOHHO MHOI'O PEIIEHUs B MPOCTH UUCTIA
i, TAKKBA, Y€ BCIKO OT 4HCaaTa p; + 2, ¢ = 1,...,4, € MOYTH IPOCTO OT HIKAK'bB PE/I.

KmroyoBu aymm: /IuodantoBo HepaBeHCTBO, MeToa Ha JleBbHIOpT-XeiyiOpoH, Teria
Ha Posep, BEKTOPHO pelero, mouTu MpoCcTH YUCIA.

1 Introduction

In 1967 Baker [1] demonstrate that for real numbers n,\; € R, \; #0, i = 1,2,3
which are not all of the same sign, A\; /A2 € R\ Q there are infinitely many ordered triples
of primes p1, p2, p3 such that
(1) [A1p1 + Aap2 + Asps + 1| < €
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with € = (log maacpj)_A, A > 0. Baker’s result was refined several times, and the best-
known result belongs to Matomiki [12] with & = (maxp;)~%/°%% as here § > 0. Baker
and Harman [2] proved that under the generalized Riemann hypothesis, it is possible to

reach £ = (max p;)~1/4+9.
Let
(2) NER, N £0, i=1,234,
(3) A1, A2, A3, A4 not all of the same sign,
(4) M/A2 € R\ Q,
(5) neR.

Under conditions (2)-(5) Languasco and Zaccagnini [11] considered the diophantine in-
equality

[A1p1 + Aapi + Aspi + Mapl + 1) < €
and proved that it has infinitely many solutions in primes with £ = (maxp,)
Wang and Yao [19] improved their result with € = (max p;) /4. Under the conditions
A1/A2 € R\Q, and if both A1 /A2 and A\ /A3 are algebraic, they proved that the exponent

can be replaced by 0 + 0. The known best result, due to Ge, Zhao, and Wang [9]
)75/64+9.

—1/1846

is £ = (maxp; Later, Gambini [8] generalised this problem and proved the
existence of infinitely many primes pq, ..., p4 such that

[A1p1 + Aop3 + Aspi + Aaplf + 1| < E
with € = (maxpy,p3, p3,p3) """ *, (k) = min{{, 4525} and 1 < k < 14/5.

Diophantine inequalities in which the prime variables p; satisfy additional restrictions
— for example, that p; + 2 is an almost-prime of given order — form another important
category. The well-known hypothesis states that there are infinitely many prime numbers
p such that p + 2 is also prime. In 1973, Chen [5] demonstrated that there are infinitely
many primes p for which p + 2 = P,. Here, P, represents an integer that has no more
than r prime factors, counted with their multiplicities.

In 2015, Dimitrov and Todorova [7] merged the problems studied by Baker and Chen.
For £ = (logmaxp;)~ 7, they showed that inequality (1) admits solutions under the
conditions p;+2 = P, po+2 = P, and p3+2 = P{. Subsequently, Dimitrov [6] improved
the exponent to & = (maxpj)*l/lﬂe, while requiring p; + 2 = Pag, pa + 2 = Pig, and
p3+2 = Pyg. Later, the author [15] established the existence of infinitely many triples of
primes satisfying (1) with £ = (maxpj)_1/18+9 and conditions p; +2 = P7, po +2 = Py,
P3 +2= Pél

In 2025, Todorova and Georgieva [17] proved that there are infinitely many prime
triples for which

IXNip1 + Aapa + Asp3 + 1] < (maxp;) /120

and

p+2=Py, p2+2=Py, p3s+2=DPp.
This paper is concerned with a Diophantine inequality in mixed powers of primes, requir-
ing that each p; + 2, i = 1,2, 3,4, is almost a prime. Specifically, we prove the theorem
below.
Theorem 1. If conditions (2), (3), (4), (5) are satisfied and # > 0, then there exist
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infinitely many ordered quadruples of primes py, p2, p3, p4 With

(6) IM1p1 + A2p3 + Asp3 + \api + 1 < (maij)_%'Ow
and
(7) pi+2=Py, pa+2=P, ps+2=P, pi+2=Py.

2 Notations

Throughout, the symbols p, p1, p2, p3, p4 denote prime numbers. We write ¢(n) for
Euler’s totient function and p(n) for the Mobius function. The greatest common divisor
and the least common multiple of m; and mgy are denoted by (my,mz) and [mq,ms],
respectively. Congruence modulo k is abbreviated as m = n (k) instead of m = n
(mod k). The integer part of a real number y is written [y], and we set e(y) = e2™.

The notation k ~ K means K/2 < k < K. The letter € stands for an arbitrarily small
positive constant, not necessarily the same at each occurrence. This convention allows

us, for example, to write 2% logx < z°.

3 Auxiliary Results

Our argument makes use of a vector sieve and relies on the theorem stated below.
Lemma 1. Suppose that D € R,D > 4. There exists an arithmetical functions A\¥(d)
(called Rosser’s functions of level D) with the following properties:

1. For any positive integer d, we have
IAE(d)] < 1, M@)=0 if d>D or u(d) =0.

2. If n € N then

SA (@) < S uld) < 3 Hd).

d|n d|n d|n

3. If z € R is such that z?> < D and if

(8) BE(D, z) = Z Li(d) s = logD
d|P(2)

then we have

(9) B(z) < BY(D, ) < B(z) (F(s) + O ((log D))

(10) B(z) > B~(D, ) = B(z) (£(s) + O ((log D) ¥) ).
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where F'(s) and f(s) satisfy

27

F(s) = — if 0<s<3;

s
2¢7 T 1
t —
Fs)= 1+ / %dt if 3<s<5;
s
(11) 2
2e71 -1
f(s) = 2 logls = 1) it 2<s<d
s
(sF(s)) = f(s—1) it s> 3;
(sf(s)) =F(s—1) if s>2.
Here, 7 is Euler’s constant v =~ 0.577.
Proof: See Greaves [10, Chapter 4] and [4]. O
Mertens’ theorem yields
2C5e™7 1
12 = 1

(12) B(z) log z ( +O(logz))’
with )

p=>3
being the twin prime constant. From the basic estimates of the linear sieve, namely (9)
and (10), it follows that
(13) 0< B (D, z) < B(z) <B"(D, z).
The proof of our theorem requires bounds for two kinds of exponential sums taken
over primes; these bounds are supplied by the next two lemmas.
Lemma 2. Suppose a € R and « satisfy conditions

1
(14) Oé_g<q727 ana q€N7 (a7Q):17 qu
Let £(d) be complex numbers defined for d < D and £(d) < 1. If
(15) W(X)=Y ¢&d) > elap)logp
d~D p~X
p+2=0 (d)

then for any arbitrary small € > 0 we have

X
W(X) < X <ql/2 + X1/241/2 JrXz/gDJng)ﬂ;) .

Proof: The proof is contained in the proof of Lemma 1 from [18]. O
Lemma 3. Suppose o € R\ Q satisfies condition (14), D € R, D < z'/0, A(d) are

complex numbers defined for d < D and A(d) < 7(d). Then for any arbitrary small
€ >0 and b € Z for the sum

(16) W = Z)\(d) Z e(an®)A(n)
R
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we have

D1/2
(17) w <<;v5(x

iz F M2 DY2gUA L TS D3/A | 13 p1/2g1/2

276 D1/2
qt/? )

Proof: The proof follows the argument of Theorem 1 in [16]. Using Vaughan’s identity,
we decompose the sum W into O(log x) type I sums

Wi= 3 A@ Y am) Y e(a(mb)?)

d~D M (~L
(b, d)=1 me=b (d)
or
Wi = Z Ad) Z a(m) Z log(£)e(a(me)?)
d~D me~M ~L
(b, d)=1 ml=b (d)

with M < z'/3 and O(log z) type II sums

Wa= > Ad) > b)Y a(m)e(a(mt)?)

d~D i~ me~M
(b, d)=1 ml=b(d)
with M € [z'/3, 22/3] and
(18) ML ~z, a(m)<<7(m)logm, b{)<7(f)logl.

To evaluate the sum W5 we will consider only the case z/? <M< 22/3. The evaluation
in the case /2 <L < 22/3 is the same. Following the same steps as in the evaluation
of Wy for D < z'/6 from the proof of Theorem 1 in [16], we successively obtain

Wi < af (xMD + Vg)

where .
T 1

V2 < i <I’3LD+I’2D2 min{, })

: 22" T
So, from Lemma 2.2 from [20], ch. 2,§2.1 we obtain
Jle/Q ,
19 Wy < af + 22DV 4 g T8 D3,
g4

Again, proceeding as in the evaluation of W for D < z'/® from Theorem 1 [16], we
successively obtain

2
W12<<x5<xMD+MD 3 min{x,})
LS z " |oz]|

and from Lemma 2.2 from [20], ch. 2,§2.1 we receive
$7/6D1/2
(20) W <« x® (x1/3D1/2q1/2 + l's/GD + 1/2)
q
Therefore, equations (19) and (20) yield

D1/2 $7/6D1/2)

+x1/2D1/2q1/4+x7/8D3/4+x1/3D1/2q1/2—|— 7

x
W<<$E< vz

O

Remmark 1. By applying the properties of the von Mangoldt A function and Lemma
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3 in the range D < 212 we find that

2 o 1/41/2 1/4
d<D Pl
p=b(d)
7/1291/2
+$7/16D3/4+$1/6D1/2q1/2+ T qlg )

The next lemma gives the necessary estimate.
Lemma 4. Let D, D, A, L() and L(B), I(5) and I(5) be defined by (26), (25), (43),
(44), (29), (30). If | 8] < A, restriction (24) are fulfilled, then for large enough X and an
arbitrarily large fixed positive real number A, the following equalities

£ - 16) Y 25 =0 goryws ) + (X0 1),

A/2—
= v log X)A/2=3
7 7 A(d) X2 2/54¢/2 14
d<D
are fulfilled.
Proof: This is Lemma 13 from [17]. O

The following lemmas provide estimates for the integrals I(8) and I(3) and for the
integrals derived from them. _
Lemma 5. For integrals I(/) and I(3), defined by (29) and (30), we have

1
1(8) < =0,
18l
~ 1
(21) I10) < ——=.
1BlVX
Proof: The statement is followed by partial integration. O

Remmark 2. We notice that the trivial estimate
(22) 7(8) < x'/2
is valid. N
Lemma 6. Let A be defined by (25). Then for integrals I(/5) and I(3), defined by (29)
and (30), we have

A A
Ju@ras<x wma [iH@ra <t
Proof: This is Lemma 15 from [17]. =

We shall also require the estimates provided by the following Lemma.
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Lemma 7. Let A, D, D be defined by (25), (26) and condition (24) are fulfilled. Then
for sums L(B) and L(5) (see (43) and (44)), we have

A A
/ |L(B)?dB < X log® X and / IL(B))?dB < VX log® X .
—A —A

Proof: This is Lemma 16 from [17] O

Remmark 3. We notice that the trivial estimate
(23) IL(B)| < X ?log X
is valid.

4 Beginning of the proof

Let 0 < Ao < 1, &, 5,@,(5~, @, be positive real numbers that we will specify later, but
for now only assume the conditions

12 3 ~ 6 ~ 3
E+30 < —, §+6<§7§+36<—— E+0< —,

(24) 25 25’ 16
O<a<id/2, 0<a<d/2
We define
(25) A= X1
(26) D=X° D=X°
. 1000log? X
(27) E=X"01% 9> 0isarbitrary small, H = 000%,
(28) z=X% Z=X9,
X
(29) 16)= [ e
Ao X
X3
(30) (3= [ e
1
22Xz
1
(31) Piz)= [ ». B2 = [] (1 - _1>.
2<p<z 2<p<z p
Consider the sum
I(X) = > log p1 log p2 log ps log ps ,

Ao X <p1,p2,p3,pa <X
(p1+2,P(2))=1,
(pi+2,P(2))=1,i=2,3,4
[A1p1+A2p2+Asp2+ aps+n|<E
with £ given by (27). If we prove the inequality I'(X) > 0 then the inequality (6) would
have a solution in primes p1, pa, p3, pg satisfying (p1 +2, P(2)) =1, (p;+2,P(2)) = 1,i =
2,3,4. If the number p; + 2 has ¢; prime factors counted with multiplicity, then from
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1 1
(28) we find that ¢; < — and ¢; < = for ¢« = 2,3,4. This means that p; + 2 would be

@ @
an almost prime of order [1/a] and p; + 2, i = 2,3,4 would be an almost prime of order

[1/a].
To transform the sum I'(X) we take a function v such that
v(z) =1 for |z] < 3E/4
(32) 0<wv(z)<1 for /A< x| < &
v(r) =0 for lz| > €.
The function v has derivatives of sufficiently large order, and its Fourier transform
(33) T(z) = / v(t)e(—at)dt
satisfy

(7 1 1 Y
(34) |Y(x)| < min <4,7T|$|a 2| (277|355/8> )

for all k£ € N. For the existence of such a function, see [13].
Using the function v(z) we get

(35) I(X) = To(X) =
Z v(Mip1 + Aaps + Asp3 + Aapi + 1)

Ao X <p1,p2,p3,pa<X
(p1+2,P(2))=1,
(pi+2,P(2))=1,i=2,3,4

x log p1 log p2 log p3 log ps .

Our goal is to demonstrate that for specific values of o and & (as large as possible), there
exists a sequence X1, Xo,... = oo such that I'o(X;) > 0. Then the number of prime
solutions p; of (6) in the interval (Ao X, X;] with p1 +2 = Py /) and p; + 2 = Py
for ¢« = 2,3,4 is positive. This approach allows us to generate an infinite sequence of
quadruples of primes p1, p2, p3, p4 that satisfy the desired properties.

Let Ay = Z p(d) and A; = Z w(d), i = 2, 3,4 be the characteristic

dl(p1+2,P(2)) dl(pi+2,P(2))

functions of primes p;, such that (p; +2, P(z)) =1 and (p; + 2, P(2)) =1 for i = 2,3,4
, respectively. Then from (35) it follows that

(36) To(X)= > v(Mpr+Xeps + Asp3 + \apf +1)

Ao X <pi <X
i=1,2,3,4

x A1AaA3Aylogpy logpalogpslogpy .
Let A*(d) and Xi(d) represent the lower and upper bounds of Rosser’s weights at
levels D and l~), respectively (see Lemma 1). If
(37) Af = Y M@ and Af= Y X(d),i=234
d|(p1+2,P(z)) dl(pi+2,P(%))
then, from Lemma 1 we have A; < A; < A;} i=1, 2,3, 4.

67



We will utilize the following simple inequality
(38) A1AaAsAy > ATATATAT + ATASATAS
+ATATAZ AT + ATATAT A, — 3ATATATAS
see [[3], Lemma 13]. Using (36) and (38) we get
Lo(X) 2 T(X) = Z v(A1p1 + Aap3 + A3p3 + Aap + 1)

Ao X <p1,p2,ps,pa<X

X (ATAFATAL + ATASATAY + ATATAS AT
(39) + ATATATAL — 3AT AT AT AY) log pi log ps log ps log pa -
We substitute the function v(Aip1 + Aap3 + As3ps + A\aps + 1) in (39) with its inverse
Fourier transform (33) and get

oo

@) T = [T0) 3 e(Cup +Aar+ dapd + Ak )

XX <p; <X
-0 i=1,2,3,4

x logpy logpa log pslog pa (Ay AZ AF AT+ ATAG AJAT
+ATATAFAS + ATATATAL — 3ATATAT) dt.
Thus,
(41) LX) =T1(X) + Ta(X) + T3(X) + Ty(X) — 3T5(X)
where T'1 (X)), T'2(X), I's(X), T'4(X), andT'5(X) are the contributions of the consecutive
terms on the right side of (40). It is clear that

[(X) = / T(t) Z e((AMp1 + Aap3 + Asp3 + Aap: + n)t)

Ao X <p1,p2,p3,pa <X
x AT AF AT AT logpy log ps log p3 log py dt |
(X)) =T3(X) =Tu(X)

- / T S e((pr+ Aapd + AepE + Aapl + 1))
NS Ao X <p1,p2,p3,pa<X
x AT A5 AT A log p1 log ps log p3 log py dt |
o0
I5(X) = / Y(t) Z e((A1p1 + Aap3 + Asp3 + Aapi + n)t)
o Ao X <p1,p2,p3,pa<X
x ATA$ A AT log py log ps log ps log pa dt .
Therefore,
(42) T(X) > T4 (X) + 3T (X) — 3T5(X) .

We proceed to estimate I';(X). The integrals I';(X), ¢ = 2,...,5 can be handled

analogously. Changing the order of summation and taking into account (37), we obtain
(oo}

Iy (X) = / Y()e(nt) L~ (Mt L at) I+ (gt I+ (at)dt |

— 00
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where

(43) L*t)= 3. M) Y elpt)logp
d|P(z) Mo X <p<X
p+2=0 (d)
and
(44) LE) = > M) Y. e@*t)logp.
d|P(%) Ao X <p?<X
p+2=0 (d)

We denote that A (d), A\*(d) are real numbers such that |A\*(d)| < 1 and [A5(d)| < 1.
Furthermore, A\*(d) = 0 and A*(d) = 0 if 2|d or u(d) = 0. Following the Daven-
port—Heilbronn version of the circle method (see [[20], Ch. 11]), we split the integral
I'1(X) into three distinct parts:

(45) ry(X) =11V (x) + 12 (x) + 10 (x)
Z;e)re rix) = / T()e(nt) L™ (Mt)LT (Aat) LT (Ast) LT (Agt)dt,
(47) r§2>(X)_It|S7 T()e(nt) L™ (Mt)LT (Aot) LT (Ast) LT (Aat)dt,
<|t|l<H
(48) ¥ x) ] / | T()e(nt) L™ (Mt)LT (Aat) LT (Ast) LT (Agt)dt .
1> H

The quantities A = A(X) and H = H(X) are defined in equations (25) and (27),
respectively. Lemma 2 of 7] provides the following result:

(49) r¥x) < 1.
The estimate of FE—B)(X),’L' = 2,3,4 is the same. It is easy to see from equation (42) that
(50) T > [PV (x) + 378" (x) - 3080 (X)|
2 2 2
+o(Ir? (X)) + o(Ir? (X)) + o(Ir(x))) + 0(1) .
We will estimate I‘gl) (X) and I‘§2) (X) in Sections 5 and 6, respectively. The estimation

of the sums Fgl)(X), FZ(?) (X), i =2,3,4 is carried out in the same way. In Section 7, we
will finalize the proof of the theorem.

5 Asymptotic formula for I‘(ll)(X)

From now on, we will put
(51) B* = B*(D, z), B*=B*(D,3).
To find asymptotic formulae for Fgl)(X ) we need the following
Lemma 8. Let A, D, D, z, 2, I(8), I(8), L(8) and L(3) be defined by (25), (26), (28),
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(29), (30

~~

, (43), (44) and

A
R= / T (t)e(nt) (Bi (B*)’ 1(0ut) T(hat) T(Ast) T(\at)
—A
- Li(/\lt)ii(/\gt)fi()\gt)fi(/\4t)) dt.
Then
8/2 7/5+€/2 (100 X )19
—— 4+ X .
R<<5<(logX)A/2—8+ (log X) )
Proof: Using estimate (34) we found that
(52) R<E(Ji+ o+ 3+ Ju),
where
A
g = / BI(M\t) — Li()\lt)’ gif(Agt)’ BT (Nat) Eif(A4t)‘dt,
0
A
Jy = / |LE (0t | BT (nt) - Ei()\gt)‘ gif(Agt)’ BT () dt,
0
A
Js = / |LE ()| |[ZE (Nat) | |[BET (Ast) — Ei()\gt)‘ 5if(A4t)’dt,
0
A
Jy = / L= Ou )] | (et | B+ (hat)| | BTt — fi()u;t)‘dt.
0

From Lemma 4,

—

24), (13) and (12) follows
(53) Sy < ( +X4/5+5/2(logX)“)Jn,

where

(log X)A72

A
Ji1 :/|f(/\2t)||I~()\3t)||f()\4t)|dt.

0
Using the Cauchy-Schwarz inequality and Lemma 6, we get

A e, A
Ji1 < (/}f()\gt)|2dt) (/ yf(Agt)|2|f(A4t)|2dt>
0 0

< (/A}f(Agt)|2\I~(A4t)]2dt>1/2.

Repeated application of the Cauchy—Schwarz inequality together with the trivial bound

1/2
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(22) yields

A N \ A 1/4
(54) Ji < <0/|I(/\3t)| dt) <O/|I (Aat)| )
< Xl/z(/Af(/\gt)|2dt>1/4</|T(A4t)|2dt>l/4.
0 0

From Lemma 6 we have J;; < X2 and (53) implies
3/2

(55) J] < W + X13/10+£/2(10g X)11
To estimate J; we will use Lemma 4 and (12):
1/2
(56) Jo K (W + X2/5+f/2(10gX)12) Jo1,

where
Jan = [P0 [Fat) [Tt .

0
Applying twice the Cauchy-Schwarz inequality and Lemma 7 we obtain

Jor = (/A|Li()\1t)|2dt>1/2(/A|f()\3t)|2]f()\4t)|2dt>1/2
0 0
<<X1/2(1ogX)5/2(/A|T(A3t)]4dt)1/4</A\f(>\4t)|4dt>1/4.
0 0

We estimate the last two integrals above using an argument analogous to the one for
(54). So, from (56) we get

X3/2
o o € o + X0 X,
By the same reasoning, we obtain

X1/2 ‘
(58) JS < (WWH +X2/5+£/2(10gX)13> J31,

where
Jay = / |LE (M) || 2% (Nat)| | T(Aat)| dt.

0
Using trivial estimate (23) and the Cauchy-Schwarz inequality we obtain

i 2 1/2 i 7 2
Ja1 = X172 1ogx</|Li(A1t)| dt) </|](>\4t)| dt)
0 0

Applying Lemma 7 and Lemma 6 yields
J31 < X(lOg X)7/2.

1/2
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Combined with (58) we receive
3/2

(log X )A/2-11/2
An analogous treatment of Jy gives

1/2
60 J. _
(60) 1< <(10gx)A/2—3
where

(59) J3 K 4 X7/5+§/2(10g X)33/2,

+X2/5+E/2(10gX)14> J41’

A
m :/|Li(A1t)\|Ei(A2t)\|Zi(A3t)}dt.

0
Applying the Cauchy—Schwarz inequality twice and using Lemma 7, we obtain

61) Jn < (/A|Li(A1t)|2dt>1/2(/A|Zi(A2t)|4dt>l/4(/A|Ei()\3t)|4dt>1/4
0 0 0
< X1/2(1ogX)5/2</A|Ei(,\2t)|4dt>1/4</A|Ei(/\3t)|4dt>1/4.
0 0

Let i =2 or ¢ =3. From A < 1 (see (25)) and \;-fixed follows that

A A A 1 A
1 -
/‘L* >\t dt = )\—/ t dt<</‘L+(t)‘ dt
0 0 0
1
< ) Z log p1 log p2 log ps logp4/e((p?+p§ —p3 — pi)t)dt
zd1‘2(34 (/\oX)2<pJ<X2 0
p7+2 0(dj)
1234

Arguing as in §6 [17] we obtain that
~ 4
/ )L*()\it)‘ dt < Xlog® X.

Therefore, from (61) and above inequality we get
Jin < Xlog® X,
so from (60) we receive
3/2
(log X)A/Z—S
From (55), (57), (59) and (62) follows the statement of the lemma.

(62) Jy < + XT/5+€/2(1og X)19
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From Lemma 8 and from (46) we get

63) TV(x)=B"(8")° / Y(#)e(nt) I(At)T(Aat) T (Ast) T(Aat)dt

/<A
/2
Let
J(X) = / Y(t)e(nt) (A t) I (Ast)I(Ast)I(Agt)dt ,
700 = [T IODT 0T Tt
Afa
700 = [ T IO TNt ).

We evaluate J;(X); the integral J2(X) is estimated in the same way. Using Lemma 5,
(34) and (25) we get

£ [ dt £
4 X — £X3/2-3¢
(6 ) jl( ) < X3/2 / |/\1)\2)\3)\4\t4 < A3X3/2
A
Using restriction (24) we choose

1 47 ~ 23
65 = — = — — d 6=-"—
(65) €= 100 30 - 300
where ¢ is an arbitrarily small positive number. From (63), (64), (13), (12) we get

/2
(1) -(B+)3 £X?
I'iX)=JX O| ———7+—= ) -

(66) 1 (X)=J(X)B™(BY)" + (aog X)Azs

Applying the method of Lemma 4 in [7] with the parameter restriction

. A1 A2 A3 l)
Ap < min ) ) y 1A
0 (4|)\4| 4] 4Md] 16

we derive the lower bound
J > EX32,
The constant implicit in the Vinogradov symbol > depends solely on A1, A2, A3 and A4.

6 Asymptotic formula for I‘(lz)(X)

Relation (50) shows that obtaining a nontrivial lower bound for I' requires proving
that the integrals F§2)7 i =1,...,5 are sufficiently small. To achieve this, we exploit the
irrationality of the ratio A;/As. This property will enable us to give a nontrivial estimate
for at least one of the sums L*(At) or L*(Aqt).

Let
(67) V(t, X) = min {\Li(Alt)y”Q ,

Zi()\gt)‘} .
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Given our choice of parameters in (65) and by Lemma 2, if A1t is irrational, we obtain
X1/2
|LE ()% < X© <q1/4 + XVAgMA 4 X5/12>.
One readily verifies that for
(68) ge {X19/75, X87/150}7

the bound

|Li()\1t)|1/2 < X99/200+¢
holds. From the choice made in (65) and by Remark 1, if Aot is irrational, we obtain the
estimate

_ X'323/600 X'373/600

1Lt < Xa( e - X1T3/600,1/4 | x99/200 4 x123/600,1/2 | e )
Hence, for any g, satisfying condition (68),

|Ei()\2t)| < X99/200+¢

The following statement holds.
Lemma 9. Let ¢, X, A\, 2 € R,
(69) tl € (A, H),
where A and H are denoted by (25) and (27), A1, Ao satisfies (4) and V (¢, X) is defined
by (67). Then there exists a sequence of real numbers X3, Xs,... — oo such that
(70) V(X)) < X2 =12,

Proof: The proof is identical to that of Lemma 8 in [15]. Since A;/A2 € R\ Q, Corollary
1B of [14] guarantees that there are infinitely many coprime pairs (a, ¢) with ¢ arbitrarily
large, satisfying

)\1 a 1
(71) 4 2
For sufficiently large ¢ we choose X such that
(72) qg= X3
The argument of Lemma 8 in [15] produces an infinite sequence q(l)7 q(2)7 ... satisfying
(71). In view of (72), this generates an infinite sequence X7, Xo,... such that, for each
X, either A1t or Aot admits a rational approximation with a denominator in the interval
(68). Therefore, (70) is satisfied and the proof is complete. O

To estimate the integral ng)

L (DT (at)] < V(X)) <|L<A1t>|% L*(at)| + |L<A1t>|).

we will use (67) to notice that

Next, from (34), above inequalities and estimate (70) for integral I‘?)(Xj)7 denoted by
(47) we find

(73) TO(X;) < EV(t, X)) (zl (X)) +12<Xj>)

<X  (506) 4+ B(xy)).
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where
H

70%) = [ 1 EF et [ZF Qat I+ Ot
A

H
1(%) = [ 1L Out)lIE* Qb £ (at) .
A

Using twice the Cauchy-Schwarz inequality, we get

R <7|L(Alt”?dt)i<7‘Z+(A2t)‘4dt)i
A A
H

1 H 1
~ 4 4 ~ 4 4
X (A/’L+(/\3t)’ dt) (A/‘L+(>\4t)‘ dt) .

Arguing as in §6 [7] and §6 [17] we obtain that
H

/ |L=(\0) 7 dt < HXlog® X;,
A

(75) o
~ 4 s
/ ‘Li(Ait)‘ dt < HX;log” X;.
A
So
(76) Ti(X;) < HX,;log® X;.
To estimate Zo(X;) we use twice the Cauchy-Schwarz inequality and get
H 1 H 1 H 1
2 2 ~ 4 1 — 4 1
T,(X;) < </|L—(A1t)\ dt) </‘L+()\3t)‘ dt) (/‘me‘ dt) .
A A A

Using estimates (75) we get
(77) T(X;) < HX;log” X;.
From (73), (76), (77) and (27) with 6 > 2¢ follows
(2) 3 =300+ 0
(718) TP(X;) < EHXZ ™ log® X,
< EXTO VXTI 10T X, < X2

7 End of the proof

From (45), (49), (66) and (78) we obtain
exy? )

j

(79) Ii(X;) = J(X;)B~ (B*)° +0<(10ng),4/2_8



Similarly, we can determine I';(X;) and F5( ;). From (42) and (79) we get

(X, < (BY)’ +3B%(B")°B~ —3B* (z§+)3).

Using (9), (10), (12), (13) and (51)we obtain

P(X;) > J(X;)B(2)B(z)° (f(S) +3f(5) - 3F(S)F(§)3) ;

where f and F' are functions of the linear sieve as described in Lemma 1. Setting
s =5 =3,14999 and employing relations (11) yields

['(X;) > 0,0001787 (X;)B(2)B(2)*.

From (65) with £ = 0,00001 and from

log D log D
= S = —
log 2z’ logz

we receive 1 =20,1063... and 1 = 41,0868.... Therefore,

pi+2=Py, p+2=P, ps+2=P), pi+2=P}

and the proof of Theorem 1 is complete.
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