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Here we apply a novel approach to generate subsets of a given set in lexicographic order
and on this basis derive alternative functions for computing the successor and predecessor
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1 Introduction

The problem of generating all subsets of a given set has important applications and
therefore occupies a well-deserved place in books on combinatorial algorithms [9, 11,
8, 12, 2, 7] and others. The most popular are two orders of the generated subsets:
the lexicographic order and the minimum-change (Gray code) order. Moreover, the
corresponding generation algorithms may operate either byte-wise or bitwise. When
subsets are generated bitwise, i.e., via their characteristic vectors, it is very natural to
use the lexicographic order of these vectors. That is why S. Skiena [13, p. 454] (as well
as many other authors) notes: “To generate all subsets in order, simply count from 0 to
2™ — 1. and use the least significant n bits of the binary representation of each such
integer as the characteristic vector of a subset. However, this simplest method does not
imply a lexicographic order of the subsets themselves.

Various types of algorithms that generate all subsets of a given set in lexicographic
order can be found in [9, 1, 2, 3, 14| and others. The functions for computing the
successor and predecessor, as well as for ranking and unranking, play an important role
in the generation of combinatorial objects [7, 12, 8, 2] and others. If such functions
are created, they are always considered when generating given combinatorial objects.
The four basic functions used in generating combinatorial objects and the relationships
between them are illustrated in Figure 1, where ¢ denotes the current object and n
denotes the next one.

successor

combinatorial objects: . . . ‘ Y/\ ag
¥/4
predecessor

rank rank
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natural numbers: . . . :/\‘ y
u
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Figure 1: The four basic functions in generating combinatorial objects.

We note that these functions depend on the chosen order—for different orders of the
same set of combinatorial objects, the corresponding functions differ from each other.
Regarding their utility, Frank Ruskey notes: “One of the primary uses of ranking algo-
rithms is that they provide perfect hashing functions for a class of combinatorial objects”,
and also: “Ranking (and unranking) is generally only possible for some of the elementary
combinatorial objects” [12, p. 5].

In [4] and especially in [6] we study three basic combinatorial objects and the rela-
tionship between them according to Figure 2. We implement a new approach that, for
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a given integer n, generates a sequence of serial numbers such that their binary repre-
sentation, as characteristic vectors of length n, determine the lexicographic order of the
subsets of a given set of n elements.

binary vectors of length n
in a certain order

vy W
serial characteristic
number vector
A
integer ¥ )[subsets of an n-element set
sequences)  pjjection in a certain order

Figure 2: Basic combinatorial objects and the relationships between them.

In the monograph [6] we extended the study from [4], following the approach illus-
trated in Figure 1. It is written in Bulgarian, published in a small edition and therefore
cannot be known to a wide audience, unlike the present work. Since the discussed prob-
lem is important and not well known, and the obtained results are new, we believe that
they deserve to be presented and popularized, which is our main goal. Therefore, here we
present alternative algorithms for the functions that compute the successor and pre-
decessor of a given subset. We also derive original formulas and provide algorithms
for ranking and unranking functions.

This article is organized as follows. In Section 2, we give some basic concepts and
preliminary results. In Section 3, we present alternative functions for computing the
subset that is the successor or predecessor of a subset defined by a given term of the
integer sequence s(n). The rank function (which ranks a subset given by a term of
s(n)) and the unrank function (which unranks a natural number in a term of s (n)) are
presented in Section 4. The last section contains some concluding remarks.

2 Basic notions and preliminary results

Here we summarize the basic notions and preliminary results from [4].

Let N = {0,1,2,...} be the set of natural numbers, and N* = N\{0}. For n € N*,
the set of all n-dimensional binary vectors is denoted by {0,1}" = {(x1, 22, ..., 2,)|2z; €
{0,1}, fori = 1,2,...,n} and is called the n-dimensional Boolean cube (hypercube).
Furthermore, we define {0,1}° = {()}, where () denotes the empty vector (with 0 coor-
dinates). Therefore [{0,1}"| = |{0,1}|" = 2™.

Let a = (a1, a9,...,a,) and g = (b1, ba,...,b,) be arbitrary vectors of {0,1}". The

natural number #a = Zai.Q”*i is called the serial number of the vector . It is the

natural number with thle ;L—digit binary representation aias. .. a,.

The vector a precedes lexicographically [, denoted by a < [, when either a = j,
or 3¢,1 < ¢ < n, such that a; < b; and a; = b;, for all 7 < ¢. The relation R< C
{0,1}" x {0,1}", called lexicographically precedes, is defined as («, ) € R< when a < f3.
Obviously, it is reflexive, transitive and strictly antisymmetric, that is, for any o, 8 €
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{0,1}", with a # 3, either o < 8, or 8 < « holds. In this case, a and /3 are said to be
lexicographically comparable. Hence R< is a total order in {0,1}".

Let n € N* and U = {2,%9,...,2,} be an universal set, whose elements are or-
dered according to the total order relation’ Ry: wy <y < -+ < x,. Let A = {z;,,
Tiyy ... i,y and B = {xj,,xj,,..., x;, } are subsets of U,, whose elements are also or-
dered according to R<. Assume that |A] = k < m = |B|—otherwise we rename the
subsets. We say that A lexicographically precedes B and write A < B when either A = (),
or A = B, or there exists an integer 7,1 <r <k, such that z;, < x; and z; = z;,, for
all p < 7.

Usually, P(U) denotes the power set of U. Obviously, the relation lexicographically
precedes R, defined on P(U), is reflexive, transitive and strictly antisymmetric (for
every X, Y CU, X #Y, either X <Y, or Y < X holds, and then X and Y are said to
be lexicographically comparable). Hence R< is a total order in P(U).

Definition 1. Let U = {z,29,...,2,} be a given set, n € N*, and X C U,. The

vector @ = (a1, ag, ..., ay) € {0,1}" defined as:
a_:{ 0, ifv; ¢ X,
¢ 1, ifz; € X
for i =1,2,...,n, is called the characteristic vector of the subset X.

Theorem 2. Let U be a given n-element set, n € N. The function f: P(U) — {0,1}"
is defined as f(X) = «, where a € {0,1}" is the characteristic vector of X, for any
X e P(U). Then f is a bijection.
For a given integer n € N, the notation U, = {xn,Zn_1,...,22,21}, where x, <
Tp—1 < -+ < T < 21, is more convenient further on. Thus Uy = @ and U,, = {z,, }UU,_1.
The sequence p(n) of all subsets of U,, which is an ordering of the elements of
P(Uy,), is defined recursively as follows:

)0, ifn=0,
(1) p(n) = {@,({xn}Up(n—l))»ﬁ(n—l)» if n >0,

where {z,}Up (n—1) means that the new element x,, for U, is appended to each subset
of p(n—1), and p(n — 1) means p (n — 1) without the empty set, i.e., p (n — 1)\0.
Theorem 3. Letn € N and U, = {xpn,Tn-1,..., 22,21} be a given set and R be a total
order relation such that x, < Tp_1 < -+ < xo < x1. Let the sequence p (n) of all subsets
of Uy, be obtained according to formula (1). Then the subsets of p (n) are in lexicographic
order.

In [4], recursive definitions are also given for: (a) the sequence ¢ (n) of characteristic
vectors corresponding to the subsets of p (n), and (b) the sequence s (n) of serial numbers
corresponding to the characteristic vectors of ¢ (n). Thus:

0, ifn=0,
(2) c(n) = {0n7(17c(n_1))7(0’5(n_1)), if n >0,

where 0" denotes the zero vector with n coordinates, (1,c¢(n — 1)) denotes all vectors of
¢(n—1) prefixed by 1, and (0,¢(n — 1)) denotes all vectors of ¢ (n — 1) except the vector

1Such as alphabetical order, index order, ASCII, Unicode, etc.
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0" ! prefixed by 0. And for the sequence s (n):

0, if n =0,
®) s(n) {o, 21 4 5(n—1)),5(n—1), ifn>0,
where 27! 4 s (n — 1) means that the integer 2"~ ! is added to each term of s(n — 1)
and §(n — 1) means s (n — 1) without the term 0. Therefore:
Theorem 4. The thus defined sequences c¢(n) and s(n) determine an ordering of the
characteristic vectors and their serial numbers such that the corresponding subsets of U,
(resp. of p(n)) are in lexicographic order.
Example 5. Let Us = {«,y, z}. Following the given definitions, we construct the corre-
sponding subsets and sequences as follows:

e Uy =10. Then p(0) = 0; ¢(0) = (), and s (0)

e Uy = {=}. Then p(1) = 0, {z}: (1) = (0), (1

o Uy = {y,2}. Then p(2) =0, {y},{y. 2}, {z};
s$(2)=0,2,3,1.

e Us = {2,,2}. Then p(3) = 0, {z}, {@,u} {0,y =}, {, 2 {uh {v. 2, {2
¢(3) =(0,0,0), (1,0,0), (1,1,0), (1,1,1), (1,0,1), (0,1,0), (0,1,1), (0, 0,1), and
$(3)=0,4,6,7,5,2,3, 1.

Based on these definitions and statements, the following algorithm was created. It
sequentially generates the sequences s (1),s(2),..., s(n) for a given input n and imple-
ments formula (3) by performing two main steps. The first step is called copy—it
copies the terms of 5(i — 1) into the same array s after the element with index len,
which is the length of s (i — 1) = 2"~!. The second step is called increase and shift—it
increases all terms of s (i — 1) by 2°~! and shifts them to the right by 1 position in the
array s. In doing so, s[0] retains its value 0. Here is its code in the C programming
language.

0.
), and s (1) =0, 1.
( ):( ) (170)’(1a1)7 (0’ 1)7 and

Algorithm 1: Computes the sequence s (n) for a given input n > 0

const int num = 26; // maz. |U|/ — according to the English alphabet
const int max len = 1 << num; // maz. [P(U)/=2"{26}
int s[max len|; // to store s(n)
void Gen_ Subsets Lex (int n) { // 0 < n <= num

s[0]= 0; s[l]= 1; // initialization: s(1)

int len= 2; // current length

for (int i= 2; i <= n; i++) { // main loop — generation of s(i)

for (int j= 1; j < len; j++) { // I step: copy s(i—1)
slj + len]= s[jl;

}

for (int j= len; j > 0; j——) { // II step: increase the
s[ji]= s[j—1] + len; // terms of s(i—1) by 2°{i—1}

} // and shift them right by 1

len *x= 2;

The results of the algorithm execution for n < 5 are shown in Table 1 in the form of
an irregular triangle T'(n, k).
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Table 1: The sequences s (n), computed by Algorithm 1, for n =0,1,...,5.

T(n,k), for k=
.1, 2 3, 4,5 6, 7T, ...

1
2, 3, 1
4, 6, 7, 5, 2, 3, 1

8,12, 14, 15,13, 10,11, 9, 4, 6, 7, 5, 2, 3, 1

, 16, 24, 28, 30, 31, 29, 26, 27, 25, 20, 22, 23, 21, 18, 19, 17, 8, 12, 14, 15,
13,10,11,9,4,6,7,5,2,3, 1

0
0
0
0
0
0
0

[SLITGNJCRN O ) B

The time complexity and space complexity of the Algorithm 1 are of the type ©(2"),
which is exponential with respect to the size of the input, but linear with respect to the
size of the output. So it is a Constant Amortized Time (CAT) algorithm [12]. All of this
was used in the creation of the sequence A356120 in the OEIS [10].

3 Successor and predecessor functions

Algorithms for computing the successor and predecessor of a given subset are discussed
in [9, 14, 2, 3, 5]. Starting from a given subset A C U,, and using them, one can generate
all or some of all subsets of a given set U, in lexicographic order.

Once the sequence s (n) is generated, it is trivial to compute the successor or prede-
cessor of its kth term, as well as to rank this term or unrank the corresponding integer.
So we will derive the four basic functions in the case when s(n) is not available,
but using its properties presented above. Here we mean the successor/predecessor of
a given term of s(n). If we need a true subset, we need to start with a given subset
and go through its characteristic vector, its serial number (which is a term of s (n)), its
successor /predecessor, and back to its corresponding subset.

3.1 Successor function

Given integers n and t, where ¢ is a term of s (n), i.e., 0 < ¢ < 2". We want to derive
a recurrence formula for the successor (or next term) of ¢ in the sequence s (n). So, if
t =1, it is the last term of s(n) and has no successor. Otherwise, we reason as follows:

1) If t < 2"7% then t is the result of the first step (copy) of Algorithm 1 and hence
its successor is the same as for the sequence s (n — 1).

2) If 271 <t < 2", then ¢ is the result of the second step of the algorithm. To obtain
its successor, we get the successor of t — 2"~ ! for the sequence s (n—1) and then increase
it by 2771,

It remains to consider the boundary conditions. When on the ith iteration of the main
loop: (1) t = 0 occurs, then ¢ it is followed by 2°~'—see Table 1. And (2) t = 2"t +1
occurs (concerns the terms where the two subsequences are concatenated), the next term
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is 272, Thus we obtain the formula:

on—l if ¢t =0,

on=2 jft=2""1 41,

succ(n —1,t), if t < 2771,

2" suce(n — 1,¢ — 2", if ¢ > 2n L

Equality (4) implies the correctness of the following algorithm, which computes the suc-
cessor of t.

(4) suce (n,t) =

Algorithm 2: Recurfive function for computing the successor of ¢ in the sequence s (n)

int successor_rec (int n, int t) { // t >= 1 in the first call
int hlen=1 << (n — 1); // = 2°{n—1} = half the length of s(n)

if (0 = t) return hlen;

if (t = hlen + 1) return hlen >> 1; // i.e. hlen/2;
if (t < hlen) return successor rec (n — 1, t);

else return hlen + successor _rec (n — 1, t — hlen);

The time complexity of this algorithm is O(n), since the value of n decreases by 1
in each recursive call, and the value of ¢ decreases by 2"~ when 2"~! < ¢t < 2". Thus,
the value of t is remains correct, i.e., in the interval [0,2"_1]. We note that a small
optimization is possible if we pass hlen as a parameter, instead of n.

Here is the code of the non-recursive version of the same function. It again implements
formula (4) with the same time complexity O(n).

Algorithm 3: Function for computing the successor of ¢ in s (n)

int successor (int n, int t) {
int hlen= 1 << (n—1); int succ= 0;
while (t >= 0) {
if (0 = t) { succ += hlen; break; }
if (t >= hlen) {

if (t = hlen+1) { succ += hlen >> 1; break; }
else { succ += hlen; t —= hlen; }

}

hlen >>= 1;

}

return succ;

}

3.2 Predecessor function

Now, for given integers n € Nt and ¢, 0 < t < 2", we want to derive a recurrence
formula for the predecessor (or previous term) of ¢ in the sequence s (n). If ¢ = 0, this
is the first term of s (n) and has no predecessor. Otherwise, we reason analogously:

1) If t < 2"7! then t is the result of the first step of the Algorithm 1 and therefore
its predecessor is the same as in the sequence s (n — 1).

2) If t > 2”1, then t is the result of the second step of the algorithm. Therefore, its
predecessor is like that in the sequence s (n — 1), i.e., that of ¢ — 2"~1 but increased by
2nt,
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Boundary conditions—when on the i iteration of the main loop: (1) t = 2i=1 oceurs,
then its predecessor is 0, see Table 1. And (2) t = 2~ 2 occurs (concerns the terms where
the two subsequences are concatenated), then its predecessor is 2°~! +1. Thus we obtain
a formula analogous to (4), the difference being in the boundary conditions.

0, if t =271,

2n=l 41, ift =272,

pred(n —1,t), if t <2771,

2" Lopred(n — 1, — 2771, if ¢ > 2",

Here is the code of a recursive function that implements formula (5) for given param-
eters n € NT and ¢,0 < t < 2". We present the slightly optimized version (as noted
above) that uses the parameter hlen instead of n and therefore, on the first call, the
value of the argument corresponding to hlen should be 2"~ 1.

(5) pred (n,t) =

Algorithm 4: Recursive function for computing the predecessor of ¢ in s (n)

int predecessor rec (int hlen, int t) {
if (t = hlen) return O0;
if (t = hlen/2) return hlen + 1;
if (t < hlen) return predecessor rec (hlen >> 1, t);
else return hlen + predecessor rec (hlen >> 1, t — hlen);

Formula (5) implies the correctness of this algorithm. Its time complexity is O(n)
with the same arguments as for the Algorithm 2. And here is the non-recursive version.

Algorithm 5: Function for computing the predecessor of ¢ in s (n)

int predecessor (int n, int t) {
int hlen=1 << (n — 1);
int p= 0; // predecessor
while (t > 0) {
if (t = hlen/2) { p += hlen + 1; break; }
if (t >= hlen) {
if (t = hlen) break;
else { p += hlen; t —= hlen; }

}

hlen >>= 1;
}
return p;

4 Ranking and unranking functions

After an extensive search, we found only one source [2], where ranking and unranking
functions are mentioned, but referring to reverse lexicographic order of subsets. There
are no algorithms, explanations, correctness, etc., just their code (in the C++ language)
is presented in less than a page. Both functions are related to the sequence A108918 in
the OEIS, called “Reversed binary words in reversed lexicographic order” [10].
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4.1 Ranking function

The ordinal (or sequential) number of a subset is the position of that subset in the
sequence p (n)—it is the same as the position of its characteristic vector in ¢ (n), or the
position of its serial number in s(n). The ordinal number is an integer, which is the
result of the corresponding ranking function applied to it. Note that it changes depend-
ing on the selected order of the subsets, while the serial number of the corresponding
characteristic vector is unique, like the serial number of a device.

Let n € N* and t,0 <t < 2", be an arbitrary term of s (n). We want to compute the
ordinal number of ¢ in s (n), which is its rank, denoted by r, or more precisely by r (n, t).
So, we are looking for r, 0 < r < 2", such that s (n,r) = t. Our reasons are analogous to
the previous ones: if ¢ = 0, then » = 0, otherwise there are two possibilities for ¢:

1) If t < 2”7, then ¢ is the result of the first step (copy) of Algorithm 1. Then its
rank in the sequence s(n — 1) is r — 2”71, and then s(n,r) =t = s(n — 1,7 — 2"},
Hence r (n,t) = 2"! plus the rank of ¢ in s (n — 1), which is 7 (n,t) = 2" 47 (n—1,1).

2) If t > 2"~ then t is the result of the second step of the algorithm. Hence the
integer 2" ! is added to the element with rank (r — 1) in s(n — 1), and thus the result
is t. Then s(n,r) =t = s(n—1,r —1) +2""!, whence r(n,t) is 1 plus the rank of
(t—2""Yin s(n—1), whichis 7 (n,t) = 1+ (n—1,t — 2" 1).

Therefore, the recursive definition of r for given parameters n and t is:

0, ift =0,
(6) r(n,t) =< r(n—1,t)+2" 1 ift <2t
L+7r(n—1,t—2""1), ift>2"1,

Here is the code of the ranking function that implements formula (6) and therefore

this function is correct.

Algorithm 6: Recursive ranking function for the sequence s (n)
int rank term rec (int n, int t) {
if (0 = t) return O0;
int hlen = 1 << (n—1);
if (t < hlen) return hlen + rank term rec (n — 1, t);
else return 1 + rank term rec (n — 1, t — hlen);

The time complexity of Algorithm 6 is again O(n) for the same reasons as the previous
functions. The small optimization by passing hlen as a parameter instead of n is obvious.
And here is the C code of the non-recursive ranking function.

Algorithm 7: Ranking function for the sequence s (n)
int rank term (int n, int t) {
int hlen= 1 << (n—1); int r= 0;
while (t) {
if (t < hlen) r += hlen;
else { r++; t —= hlen; }
hlen >>= 1;

}

return r;
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4.2 Unranking function

Now we need to solve the inverse problem of the ranking problem: for given integers n
and r, 0 < r < 2", find the element ¢ of s (n) with rank r, i.e., such that s (n,r) = ¢. The
reasons are analogous to those for deriving formula (6). If » = 0, then ¢ = 0, otherwise:

1) If r < 277! then t is the result of the second step of Algorithm 1, i.e., the integer
2"~! is added to the element with rank (r — 1) in s (n — 1). Therefore, s (n,r) =t =
2"l 4 s(n—1,7r—1).

2) If r > 2"~ then t is simply copied from s (n — 1) to position 7 after executing the
first step of the algorithm. Hence the rank of ¢ in s (n—1)is r — 2" ie., s(n,r) =t =
s(n—1,r—2""1).

So, the recursive definition of ¢ as a function of the parameters n and r is:

0, if r =0,
(7) t(n,r)=<t(n—1,r—1)42""1 ifr<2nl
t(n—1,r =271, ifr>2nt
The following two algorithms implement formula (7), which determines their correct-

ness. Here is the C code of a recursive and a non-recursive function that unranks the
integer r in a term ¢ of s(n). On the first call of the recursive function, the value of the

argument corresponding to hlen must be 2" 1.

Algorithm 8: Recursive unranking function for the sequence s (n)

int unrank rec (int hlen, int r) {
if (r <= hlen) {

if (0 = r) return 0;

else return hlen + unrank rec (hlen/2,r — 1);
}
else return unrank rec (hlen/2, r — hlen);

Algorithm 9: Unranking function for the sequence s (n)
int unrank (int n, int r) {

int hlen= 1 << (n—1);
int t = 0;
while (r) {

if (r <= hlen) { t += hlen; r—j }

else r —= hlen;

hlen >>= 1;

}

return t;

Obviously, the time complexity the last two algorithms is O(n).

5 Conclusions

Here we have considered a different approach to generating subsets of a given set in
lexicographic order, which has advantages and disadvantages compared to the usual ap-
proach [6]. This approach presents a new perspective on such generation and helped us to
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derive alternative successor and predecessor functions, as well as to derive original rank-
ing and unranking functions for the lexicographic order. These four basic functions run in
linear time O(n) and are easy to understand. In addition to the various applications (e.g.
those in [14]), ranking and unranking functions can be useful in compact representation
of subsets, in generating random subsets, etc. We now consider the next step—using the
presented ranking and unranking functions to derive other similar functions that operate
directly on the subsets themselves, without going through their characteristic vectors.

The proposed approach can be applied to the generation of other combinatorial objects
and to the derivation of their four basic functions.
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