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The Overlap Coefficient (OVL)

@ Measures similarity between two distributions:
OVL = /min(fl(x), fa(x)) dx

@ Ranges from 0 (no overlap) to 1 (identical)
@ Common in diagnostic testing, bioequivalence, similarity metrics

@ Not directional: unlike AUC, it captures general similarity
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Overlap Coefficients - Theoretical Formulations

Matusita / Weitzman Overlap Coefficient:
OVL(fi, ) = /min(fl(x),fQ(x))dx

Czekanowski / Sgrensen-Dice Coefficient:

2 [ min(fi(x), 2(x)) dx
C(h,R) = J A(x)dx + [ f(x) dx

Note: If fi and f, are PDFs (i.e., integrate to 1), then:

C(f, 2) = OVL(f, f2)
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Morisita Index and Comparison

Morisita Overlap Index:

2ff1 )dX
[ 2 (x dx+ff2(x

Cu(h, f2) =

Comparison of Theoretical Overlap Indices:

Coefficient Symmetric Range Equals OVL for PDFs?
OVL (Matusita/Weitzman) Yes [0, 1] —
Czekanowski/Sgrensen-Dice Yes [0, 1] Yes
Morisita Yes [0, 1] No
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Abstract

The overlap coefficient (OV L) measures the similarity between two distributions through the overlapping
area of their distribution functions. Given its intutive description and ease of visual representation by the
straightforward depiction of the amount of overlap between the two corresponding histograms based on
samples of measurements from each one of the two distributions, the development of accurate methods for
confidence interval construction can be useful for applied researchers. The overlap coefficient has received
scant attention in the literature since it lacks readily available software for its implementation, while
inferential procedures that can cover the whole range of distributional scenarios for the two underlying
distributions are missing. Such methods, both parametric and non-parametric are developed in this article,
while R-code is provided for their implementation. Parametric approaches based on the binormal model
show better performance and are appropriate for use in a wide range of distributional scenarios. Methods
are assessed through a large simulation study and are llustrated using a dataset from a study on human
immunodeficiency virus-related cognitive function assessment.

Nakas et al Covariate-Specific OVL



Estimation of OVL

Let Xi1, X12, ..., X1n, and Xp1, X22, .., X2, drawn from independent
N(p1,0%2) and N(uz,03) respectively.

OVL— 146 (Tl o (X=r) ¢ (i), o2t
g1 (%]

01 02
; 2 2
assuming oy < 05, where

o2
(1103 — p20F) — J1‘72\/(Ml - ,U2)2 + (02 — 03) log <J§)
2

(03 — i)

X1 =

2
g
(1103 — p20) + ”1"2\/(u1 —p2)” + (0f — 03) log <0§)
2

(03 — i)

where ® is the cumulative distribution function of a N(0,1).

X =
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o-method Cls for OVL

Denote with OVL when plugging-in the MLEs.
Since i1 ,lip, 01, 07 are all independent, using the delta method, we obtain

__ aovLN2 aovLN2 dovLN2 aovLN2
Var (OVL) = ( ) Var (fi1) + ( ) Var (fi2) + ( ) Var (1) + ( ) Var (53) ,
Opt Oa doy o3

where the derivatives are evaluated using the MLEs

The §-method Cls are
6\\/L + 21—« /2 Var (6\\/L>
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The Box-Cox transformation

In the binormal framework:

X

A Ui
O
log(Xjj) A=0

The MLE of the common transformation parameter A can be obtained by
maximizing the profile likelihood function given by

s, (Sl Y s (- E)
) = —tog 2V TR ) g (TSR ) (5 o X+ 0 log ) + K

n n2

where k is constant.
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0-BC and §-BC-\ Cls for OVL

There are two possible ways to proceed:

@ 5-BC: act as if )\ is known, and then use its estimated value to
transform the observations and compute the confidence intervals.

@ 0-BC-A: Take into account the variability of the estimated A by
analyzing the full likelihood function. We plug-in ¥(*), an estimator
of the covariance matrix of the estimated parameter vector

A A A A
(10,159,090

57 (BC) o= (BC) o= (BC) = (BC)
— VL VL VL VL ~
Vary, (OVL(BC)) ~ <‘90 90 90 90 > s

) ) )

om1 O 9oy 903

(85W_(BC) aoviBO) 5oV (EC) aéﬁ(Bc))t

Op J7 Doy dop
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The Logit scale

One can switch to the logit scale,
logit (O/\VL) + zla/2\/Var (/ogit <O/\\/L>>,

where logit (O/\\/I_> = log (O/\VL/ (1 — O/\\/L>> and
Var (Iogit (5\\/L)> = Var (6\\/I_> / (O/\\/I_ (1 - O/\\/L>>2

Transforming back to the original scale, confidence intervals for OVL can
be obtained that are properly bounded in [0, 1].

We get “L-4", “L-0-BC" and “L-6-BC-\"
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Bootstrap Cls

BC-AN: Another possibility is to consider a parametric bootstrap approach
to estimate the variance of the OVL estimator:

1.- Sample with replacement from Xj and X5

2.- Box-Cox transformation for each bootstrap sample

3.- For i = 1,2, calculate zi; and 7;

4.- Calculate OVL

5.- Repeat 1-4 B times.
Then, based on the B bootstrapped values of 6\\/1_ 5\\/Lz derive the
bootstrap estimate of the variance Varg (O/\\/I_)

OVL + z1_o/24/ Vars (O/\\/L)

o L-BC-AN: logit scale and back-transformed
o BC-PB: Bootstrap percentile Cl
o BC-bias: Bias corrected bootstrap Cl
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Non-parametric approaches

The normality assumption may not be satisfied even after applying the

Box-Cox transformation. Kernel-based approaches were considered. The
density estimator for fx, (x) is given by

> 1 ~1, (x—Xq
fxl(X)_anhK( 1>

h

i=1

where K is a kernel function and the bandwidth is given by

1/5
4 B
h= <3> Snl 1/5,

with
2
1 n n X
= § Xin _E Zym
ng —14 o~ m
i=1 j=1

Define fXQ(x) analogously and proceed via bootstrap to estimate the

) . . — (K
variance. We denote this estimator OVL( ).
C.T. Nakas et al.
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Basic kernel approach

K-NSR: Confidence intervals for OVL can be obtained via the following

steps:

1.- Draw bootstrap samples of sizes n; and ny with replacement from X;
and Xy, respectively. Denote these by Xi, and Xjp.

2.- Obtain the kernel based OVL estimates, denoted by O/\\/LE,K), for the
current (b*") boostrap samples X1, and Xap.
3.- Repeat Steps 1-2 B times and derive the boostrap-based estimate of
the variance of O/\\/L(K) by calculating
(OVL( )) - LyE <0A\/L§,K)

—— (K
the mean of the B terms OVLE, ) (b=1,...,B).

4.- Construct the two-sided 100(1 — )% confidence interval of OVL via

==(K) == (K)
OVL £z _404/Var| OVL

—(K) —(K) _
— OVL where OVL is
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Other kernel-based variants

@ K-CV: Same but considering the univariate smoothed cross-validation
bandwidth selector.

@ Working on the logit scale again, the different approaches are
“L-K-NSR"or “L-K-CV"depending on the bandwidth.

@ Finally, the bootstrap estimates 5\7LZ can also be used to obtain
bootstrap percentile-based confidence intervals (“K-NSR-PB") and
("K-CV-PB").

In all these cases we have considered two different kernel functions K: the
Gaussian and the Epanechnikov kernels (and preferred the latter).
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Method overview 1/3

5 OVL+2_op/Var (m) Parametric approach using the delta method
———(BC; ——(BC
5-BC VL 2y _o)n[Var (OVL( )) Parametric approach using the delta method

after the Box-Cox
Parametric approach using the delta method

———(BC ———(BC,
B ¢ )) after the Box-Cox transformation taking into account

5-BC-A OVL" ") t21_a/oy[Vara (OVL

the variability of the estimated ion parameter

<ap (109it (GVE) 21 /2 [Var (100it(5VE)) )

L-6 ic approach using the delta method
1+Pmr(lngzt (ovL) 21 ay2 \/Var (lng\t (ov L) ))
after switching to a logit scale and then ing back
Parametric approach using the delta method
ezp (log\t (Eﬁ(ﬁc) ) t21_q/z/Var (lagd (672“"‘:7 ) ))
L-6-BC after the Box-Cox transformation

1tezp (lugzl (m<BC)) £21_a/2 \/vM (logll (ﬁ(sc’> ))

after switching to a logit scale and then transforming back
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Method overview 2/3

,z,,(mg,t(m“*”’)iz,_ﬂ,; vm(wgzt(m“m)))

Parametric approach using the delta method after the

L-5-BC-A Box-Cox ion in the logit scale and back-transformed
1+m,,(zog.e(o’ﬁ“?")> 20 \/vm (zog“(o’ﬁ“?") ) ))
the variability of the estimated ion parameter
——(BC) .
BC-AN OVL" " £ 2_opy[Vars Parametric approach
using a bootstrap-based approach to estimate the variance
BC-PB (OVL{ —a/2),OVE(ay2) Parametric approach using a bootstrap percentile approach
BC-bias

(OVL(4,),0VL(4,))
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Method overview 3/3

zzx:(luynt(O/‘/\L(Bc)) 421 _ay2[Vars (z«;me (ﬁﬁ(sc’) ))
L-BC-AN BC-AN procedure carried out in the logit scale and back-transformed
Hm((,w(m@m)iz,,m\/vu,s [CED))
— (K (K
KNSR OVI" 210y [Var (owf )> Kernel approach estimating the variance via bootstrap
K-CV
ezp(logn(m<“>)ﬂ,,u/, vEr(log.t(mm)))
L-K-NSR . Kemel approach estimating the variance via bootstrap
W,m,(xngn(m“")i,,,u/”/v”(xugn(mf“)))
LK-CV in the logit scale and back
e ()
K-NSR-PB (OVL{) ,OVIE) Kemel approach using a bootstrap percentile approach
K-CV-PB

Nakas et al Covariate-Specific OV



Some simulations results

All parametric simulations considered...

L-BC-AN ° cun)»[[l«l
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lllustration

Myoinositol (MI) over creatine (Cr) measured via proton MRS was used
from a published study involving 39 neurologically asymptomatic (NAS)
HIV+ patients and 37 HIV- controls (NEG), as a biomarker for dementia.

Histograms for the original data.

Histograms after BC transform

Vales

95% CI
Method | Point Estimate | LC UC | Width
L-5-BC-A 05751 04390 07313 | 02923
L-BC-AN 05934 04360 07337 | 02977

. Nakas et al.
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ROC analysis?

Nakas, C.T., Bantis, L.E., & Gatsonis, C.A. (2023). ROC Analysis for
Classification and Prediction in Practice (1st ed.). Chapman and
Hall/CRC. https://doi.org/10.1201/9780429170140
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Why Covariate Adjustment?

e OVL is often affected by patient characteristics (e.g. age) since
covariates may significantly influence distributional overlap.

@ Ignoring covariates can mask heterogeneity.

o Need to estimate OVL(z): overlap conditional on covariates using
linear regression with a possible Box-Cox transformation.

@ We develop procedures for Cl calculation for OVL(z).
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Main reference #2

Accepted in Journal of Biopharmaceutical Statistics

Confidence intervals for the covariate-specific overlap
coefficient (OVL)

M. Carmen Pardo!?, Alba M. Franco-Pereiral>} Benjamin Reiser®and Christos T. Nakas*®
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Model Framework

Linear regression framework: X; = 8727 + ¢
Conditional densities f;(x|z), f2(x|z)
Box-Cox transformation to normalize data if needed

OVL(z): overlap between conditional densities
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Basic model components

np
o Let {(ZB;’XB,-)},-:l and {(zp,, xp;)}°; be two independent random
samples of test outcomes and covariates from non-diseased and
diseased groups of size np and np, respectively.

t t
@ Where 25, = <25;,1’ ...,zﬁf’pl) and zp, = <ZD,-71a ...,le.ypz) be
pi-dimensional and py-dimensional vectors of covariates, respectively.

@ Assume that the (possibly transformed) non-diseased and diseased
marker values can be described as linear functions of the explanatory
variables.

Xp = ZpPp+ep:
Xp = ZpBp+ep,

t t
@ where X5 = (XEI, "‘7X5n5) , Xp = (XD17 ...,anD) and B85 and Bp
are the parameters’ column vectors of size p; and pp, respectively.
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OVL(z) estimation 1/2

The covariate adjusted OVL for a vector of covariates Z =z of dimension
p is given by

OVL() =140 (“ﬂ) o (2D ( @ —ﬁ;z>+¢ (2t=2b2)

__ 5 op

assuming that cr25 < og, where:

x1(z) =

D

and

x2(z) =

(8203 — Bpze2) + %"”\} (82— 852) "+ (75— b) s Cé)
D
(5 —3) |
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OVL(z) estimation 2/2

OVL (z) is estimated by plugging-in the relevant estimates for the

2 2 . . . . . .
unknown BE,BD,UB, op in the formulae given in the previous slide:

~ -1 ~ _
Bo=(2525) Z5%p  Bo=(ZbZo) ' ZbXo:

L (x%x5 - B%z%xﬁ) - (foxD - B;zgxp) |

b np —p np —p
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Confidence Intervals for OVL(z)

@ Delta method: analytic variance (complex)
@ Bootstrap methods:

PB (percentile)

Bias-corrected (bias)

Logit + AN using bootstrap variance estimate (L-AN, LD-AN)
Box-Cox extensions (L-BC-AN, LD-BC-AN, BC-PB, BC-bias)

o Logit transformation helps bound Cl in [0,1]
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Basic bootstrap Cls for OVL(z)

Method L-AN:
o Compute Btﬁ, ,@tD, 825, 320 from the original sample to calculate
OVL (z)
e Sample with replacement from (X5, Z5) and (Xp, Zp) and calculate

o —

OVL (z) for the bootstrap sample.
@ Repeat B times. Then, based on the B bootstrapped values 5\7Lb(z),
derive the bootstrap estimate of Varg (OVL (z)) .

o Construct the two-sided 100(1 — «)% confidence interval of OVL (z)
switching to the logit scale and then transforming back to the original

scale, through

logit (OVLTZ)) + zla/z\/Var (/ogit (OVLTZ)))
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Bootstrap Cl variants

Alternatives:
@ LD-AN: Estimate the variance of the logit of OVL using the bootstrap
estimate of logit OVL directly.
@ The bootstrap estimates, 6\\/Lb(z) can also be used to obtain
bootstrap percentile confidence intervals (‘PB’) as well as the bias
corrected bootstrap confidence interval (‘bias’).
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Box-Cox variants

Box-Cox transformation:

) A
M A#£0 M A£0
NMEYp. By x|z = A
D
Iog(xg‘) lz) A=0 Iog(x(DA) lz) A=0

where the maximum likelihood estimate of the common transformation parameter A can be
obtained by maximizing the log-profile likelihood function given by

ni

1A = Z 7% (log 2757) — %Z ((X,'E.)\) - EfL’)Z /3?) +(A-1) Zilogxis_)‘):|

ie{D.0} j=1 j=1
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Notes on the Box-Cox

@ When the Box-Cox transformation is used for the regression model,
we add a step 0 in the bootstrap algorithm using the transformation
first on the original sample data.

@ To obtain the bootstrapped estimates and compute the variance, we
need to carry out a Box-Cox transformation between steps 2 and 3.
Specifically, after sampling with replacement from the original sample,
we apply the BC transformation.

@ Methods denoted by L-BC-AN, LD-BC-AN, BC-PB and BC-bias then
arise.

@ The Box-Cox transformation leads to a nonlinear relationship between
the marker of interest and the covariates.
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Simulation Study Design

@ Scenarios: Normal, LogNormal, PowerNormal
@ Sample sizes: 50, 100, 200, 500
@ Metrics: Coverage probability, Cl width

@ Methods compared: PB, bias, L-AN, LD-AN, L-BC-AN, LD-BC-AN,
BC-PB, BC-bias
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Key Result: LD-BC-AN Performs Best overall

o LD-BC-AN: stable, accurate, and robust

@ Box-Cox adds robustness with minimal cost under normality

@ PB often undercovers; logit-based methods superior

Normal, coverages Combined coverages
o] o oo opff | B H ,,,,,, |
] o }m L LD-BC-AN o @ ® oo
BC-bias -| @ q m‘“
gl D | oo [ |
R I
] I
cerfJH

= R

g g 3 :
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Real Data: Glucose as a Diabetes marker adjusted for Age

@ 286 subjects (198 non-diseased, 88 diseased)

@ Post-prandial glucose as marker for diabetes
@ Age as covariate

Histograms betore BC
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OVL(Age): Covariate-Specific Insight

@ Better discrimination in younger subjects
@ Age-adjusted OVL provides meaningful stratified insight

e |
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Introduced inference for covariate-specific OVL
Logit 4+ bootstrap-based methods work best
Box-Cox transformation improves flexibility
LD-BC-AN is a recommended method

Future steps: Incorporate into R package (‘OVL.CI")
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Thank You

Questions?

cnakas@uth.gr
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