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Outline of the talk

@ Multi-type Galton—Watson processes with immigration.
@ Classification and some existing convergence results.
© Main results.

@ If time permits, some ingredients of the proofs.
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Multi-type Galton—Watson processes with immigration
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where

o {&kj,ek i k,j € N} are independent Z-valued random
variables,

o {& ) k,j € N} are identically distributed,
o {ek : k € N} are identically distributed.



Multi-type Galton—Watson process with immigration (GWI process)
Let pe N, Xg =0 € RP, and

p Xk—1,i
xk:Z Z €k7j7,'+€k, k e N,
i=1 j=1
where
Xk 1 Ekj,il Ek,1
Xe=1 1|, S = : ; k= | 1 |
Xk,p Ek j,ip Efnge
and

° {&)iek:k,jeN,ie{l,...,p}} are independent
ZF -valued random variables,

o {& )i k,j € N} are identically distributed for i € {1,..., p},
o {&k : k € N} are identically distributed.
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For notational convenience, let € and &;, i € {1,..., p} be random
vectors with € 2 &1 and &; 2 €11 1 €{L,...,p}.
Introduce the notation
A= [E(&;) ... E(&,)] e RYP, b=E(e) e R,
vi == Var(&; ;) € Ry, ie{l,...,p}.

A and b are called the offspring mean matrix and immigration
mean vector, respectively.



For notational convenience, let € and &;, i € {1,..., p} be random
: D D .
vectors with e =¢e1 and §; = &4, i € {1,...,p}.

Introduce the notation
A= [E(&;) ... E(&,)] e RYP, b=E(e) e R,
vi == Var(&; ;) € Ry, ie{l,...,p}.

A and b are called the offspring mean matrix and immigration
mean vector, respectively.

One may show that

k
E(X)|Xk-1) =AXi1+b,  E(X,)=> Ab, kel
j=1
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A GWI process (X )kez, with offspring mean matrix A is
e subcritical if p(A) < 1,
e critical if p(A) =1,
@ supercritical if o(A) > 1.



Classification and some existing results

A GWI process (X )kez, with offspring mean matrix A is
@ subcritical if p(A) < 1,
e critical if p(A) =1,
@ supercritical if o(A) > 1.

Wei and Winnicki (1989)

Let (Xk)kez, be a critical (E(§) = 1) single-type GWI process
such that E(£2) < oo and E(£2) < co. Then

= D
(n IXLntJ)teRJr — (Xt)teR+ as n — 0o,

where the limit process (X;):cr, is a squared Bessel process,
the pathwise unique strong solution of the SDE

dX, = E(e)dt + \/Var(§) X dW,,  teR,, A =0,

where (W;)¢cr, is a standard Wiener process.




Reducible matrices

A matrix A € R is reducible if there exists a permutation
matrix P € R} P such that
R O
_1 _
PAP~ " = [S T] .
A GWI process (X )kez, with offspring mean matrix A is
@ decomposable if A is reducible,

@ indecomposable if A is irreducible.



Reducible matrices

A matrix A € REFXP is reducible if there exists a permutation
matrix P € R} P such that
R 0
-1 _
PAP™ " = [S T] :
A GWI process (X )kez, with offspring mean matrix A is
@ decomposable if A is reducible,

@ indecomposable if A is irreducible.

Functional limit theorems are known in the critical indecomposable
case (see Ispany and Pap (2014), Danka and Pap (2016)).



For all (reducible) A € RE™P, there exist N € {1,...,p} and a
permutation matrix P € RE*P such that PAP ™! is block
triangular, and all submatrices A; ;, i € {1,..., N} on its main
diagonal are irreducible.



For all (reducible) A € RE™P, there exist N € {1,...,p} and a
permutation matrix P € RE*P such that PAP ™! is block
triangular, and all submatrices A; ;, i € {1,..., N} on its main
diagonal are irreducible.

A171 0 e 0
A A . 0

e I *)
A/\/71 AN72 . AN,N

where A;; € RY™ P i je {1,...,N}, with p; € {1,...,p},
i€{l,...,N} such that py + -+ py = p.



Foster and Ney (1978)

Let (Xk)kez, be a critical decomposable p-type GWI process
whose offspring mean matrix has the form (x) such that
o(Aij)=1ie{1,..., N} (strongly critical), and Ajy1; # 0,
i€{l,...,N—1}. If certain second order moment conditions are
satisfied, then there exists a random vector X’ such that

n_1X,,,1
D
: — X as n — oo.
n_NX,,,N



Main results

Barczy and Bezddny (2025+)

Let (Xk)kez, be a critical decomposable 3-type GWI process, with
E(|[e|]?) < oo, E(]|€;]|?) < oo, i € {1,2,3}, and with offspring
mean matrix

1 0 O
A= a1 1 0 ER?,_X?’.
a3l azp 1

We can distinguish four cases, depending on the form of A.



Main results

Barczy and Bezddny (2025+)

Let (Xk)kez, be a critical decomposable 3-type GWI process, with
E(|[e|]?) < oo, E(]|€;]|?) < oo, i € {1,2,3}, and with offspring
mean matrix

1 0 O
A= a1 1 0 ER?,_X?’.
a1 as2 1

We can distinguish four cases, depending on the form of A.

These four cases may be represented in matrix form as

100 1 00 1 00 1 0 0
010/, [0 10, [++ 10, [++ 1 o0
00 1], |[++ + 1], [++ 0 1], + o+ 1,



Q Ifay; =az;=a3p=0 E(|e]*) < oo and E(]|;]|*) < oo,
i € {1,2,3}, then

- D
(n 1XLntJ)t€R+ — (Xt)rer, as n — oo,

where (X¢)per, = (X1, Xe2, Xt73]T)teR+ is the pathwise
unique strong solution of the SDE
dXt,l = by dt + VleJ,rl th71,
dXtQ = bydt + Vgxt—z th’Q, te Ry,
dXt,;:, = bzdt + 4/ V3X:3 th73,
with initial value [X;1, Xe2, Xr3]T =0 € R, where

(We.i)ter,, i € {1,2,3} are independent standard Wiener
processes.



Q Ifap1 =0< a3y, E(Jle||*) < oo, E(JI&]|*) < 00, i € {1,2},
and E(||&;]|?) < oo, then

=i
= Xint) 1 X1
n~1X —>D X,
Lnt],2 t,2 as n — 090,
-2
n Xl_an 3 teR4 Xt’3 teR4

where ([th, Xt 2, Xt,3]T)
solution of the SDE

teR, is the pathwise unique strong
dXt,l = by dt + V1Xt—3—1 dWLl,
dXtQ = bydt + V2Xt<1>2 th,2, t € Ry,
dX; 3 = (a31X1 + a3 Xt 2) dt,

with initial value [Xp 1, X2, X03]" =0 € R3, where

(Wki)eer, . i € {1,2} are independent standard Wiener
processes.



© Ifa32 =0 < min{az1,a31}, E(Jl€]|?) < oo and
E(||€:]1?) < oo, i € {1,2,3}, then

-1
" Xint| 1 X1
n—2X —>D X,
|nt],2 t2 as n — 0o,
-2
N Xint) 3l / yem, 3]/ tem,

where ([Xhl, Xt 2, Xt73]T)
solution of the SDE

teR, 1S the pathwise unique strong

dXt,l = by dt + VlXt—t_l dWLl’
dXt,2 = 3271Xt71 dt7 t e ]R_i_7
dXt73 = a371Xt71 dt,

with initial value [Xp 1, X2, X03]" =0 € R3, where
(Wt,l)t€R+, is a standard Wiener processes.



Q If 0 < min{ax1,a32}, E(||e]|?) < oo and E(||€;?) < oo,
i €{1,2,3}, then

-1
" Xint) 1 X1
n—2X —>D X,
|nt],2 t2 as n — 0o,
-3
N Xint) 31/ yem, 3]/ tem,

where ([Xhl, Xt 2, Xt73]T)
solution of the SDE

teR, 1S the pathwise unique strong

dXt,l = by dt + VlXt—t_l dWLl’
dXt,2 = 3271Xt71 dt7 t e ]R_i_7
dXt73 = a372Xt72 dt,

with initial value [Xp 1, X2, X03]" =0 € R3, where
(Wt,l)t€R+, is a standard Wiener processes.



@ In case (2), for all t € R, we have
t
X3 = / (a3,1Xs1 + a3 X5 2) ds.
0
@ In case (3), for all t € R, we have
t
Xeop = 32,1/ Xs1ds,
0
t
Xz = 33,1/ Xs1ds.
0
@ In case (4), for all t € R, we have

t
Xip = 32,1/ Xs,1ds,
0

t t S
Xt73 = 33,2/ ng ds = 33723271/ (/ an dr) ds.
0 0 0



Ingredients for the proofs

Let (Fk)kez, be the natural filtration of (X )kez,. Defining
My = Xy —E(Xy | Fr—1) = Xi — AXy_1 — b, k €N,

we arrive at K
Xe=Y A (Mj+b), kel
j=1



Ingredients for the proofs

Let (Fk)kez, be the natural filtration of (X )kez,. Defining
My = Xy — E(Xy | Fk-1) = Xk = AXy_1—b, k€N,

we arrive at K
Xe=Y A (Mj+b), kel
j=1

In particular, one can show that
(0)
X
Xy = 32’1XI£}1) + XIE?Z) , keZy,
33221 X¢7 + 231X0] + 32X + X\
where for / € {1,2,3} and m € {0, 1,2},
K/ y
XIET) = Z ( > (M;; + bi), keZy.

. m
Jj=1



Sketch of the proof for case (2):

@ Using a result of Ispany and Pap, we prove

<n_1 [XL’”J’I}> N <{Xt’1]> as n — oo.
Xint]2 teR, Ar2 teR,



Ispany and Pap (2010)

Let 3: Ry x RY - RY and v : R, x RY — RY*" be continuous
functions. Assume that uniqueness in the sense of probability law
holds for the SDE

dU, = B(t,U:) dt +(t,Us) AWy, t € Ry,

with initial value Uy = ug for all ug € RY, where (W;)icr. is an
r-dimensional standard Wiener process. Let (U4;)¢cr, be a solution
of this SDE with initial value Uo = 0 € RY. For each n € N, let
(US("))kGZ+ be a sequence of square-integrable d-dimensional

random vectors adapted to a filtration (.7-",97));(62+ (that is, Ui") is
.F,E")—measurable and IE(||U§<")||2) < 00). Let

Lnt]
u” =3"ul",  teRy, neN
k=0



Suppose that Ll(()") = Uén) P, 0as n— oo and that for each
T >0,

|nt]
0 s [ 1A - g ptedyas| 0
n — oQ,
|nt]
(ii) . kZIVar(U(k")IF,Eﬁ)l)—fotv(s,uﬁ"))v(s,uﬁ"))Tds
te(o, =

P
—— 0 as n — oo,
(iii) LEJE (HU(H)H2 ‘.7: ) L5 0as n— oo for all
= & (U )>03 17 k-1

0 > 0.
Then U™ 25 1 as n — co.



@ Using a version of the continuous mapping theorem, we prove

n_iX\_ntj,l X
n{)XL”fJ 2 O 2, X2

_2 1 1

m 2 (a3aX() 1 + a32X()) ) R, 3]/ rem,

as n — 0.



For d € N, D(R,RY) denotes the set of cadlag functions from
R, to RY. For functions f € D(R;,R9) and f, € D(Ry,RY),

) ] .
n e N, we write f, — f as n — oo if

sup ||fa(t) — f(t)]| — 0 as n— oo for all T > 0.
te[0,T]

A version of the continuous mapping theorem

Let d, g € N. Let (Uy)ecr, and (U")ier,, n € N, be R-valued
stochastic processes with cadlag paths such that U™ 2oy as

n — oco. Let & : D(R;,RY) — D(R,,RY) and

®, : D(R;,RY) — D(R,,R9), n € N, be measurable mappings
such that there exists C € B(D(Ry,R?)) so that P(UU € C) =1
and forall f € C, f, € D(R+,]Rd), neN, if f, M fasn— 0,
then ®,(f,) =% ®(f) as n — 0o. Then O,UM) 25 dU) as

n — 0.



© We show that the remaining terms disappear in the limit using
a kind of Slutsky's lemma for stochastic processes with
trajectories in D(R,, RY).



Jacod and Shiryaev (2003)

Let d € N. Let (y&”))teR+, n €N, (Y¢)ter,, and (Zgn))tERer
n € N, be R%valued stochastic processes with cadlag paths on a

probability space (£, A, P). Suppose that Y 2, Yasn— o0
and

lim ]P( sup |27 > 5) —0 forall T>0ande>0.
=29 t€[0,T]

Then Y™ + 20 Py y a5 n - 0.
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