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Branching processes in varying environment

A branching process in varying environment (BPVE) (Xn)nen, is defined as,

Xn—1
X0:17 Xn:Z§n,ja nEN7
j=1

where {{,}njen are nonnegative independent random variables such that for
each n {¢n}jen are identically distributed; let £, denote a generic copy.
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@ Church, Fearn (1970s)
@ Kersting (2020)

@ Bhattacharya and Perlman, Cardona-Tobén and Palau, ...
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Nearly degenerate branching processes

Let f,(s) = E(s%") be the generating function (g.f.) of the offspring distribution
in the nth generation and let 7, := /(1) = E(&,).
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Nearly degenerate branching processes

Let f,(s) = E(s%") be the generating function (g.f.) of the offspring distribution
in the nth generation and let 7, := /(1) = E(&,).

The process (Xn)nen is nearly degenerate if

(C1) fr< 1, limpyoe fn=1,300 (1 = fn) = o0,
(or more generally limp_o fr =1, Y2 (1 = fn)4 = o0,
Yoy (fa = 1)1 < o0)
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’

(C2) limp_soo ’~’<;> = v €[0,00),

1—fp
; Q) B
(imy_sofp<ct 77, = v € [0,00), and =7, s bounded)
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Let f,(s) = E(s%") be the generating function (g.f.) of the offspring distribution
in the nth generation and let 7, := /(1) = E(&,).

The process (Xn)nen is nearly degenerate if
(C1) fr< 1, limpyoofn=1,300,(1 1) =00
(or more generally limp_o fr =1, Y2 (1 = fn)4 = o0,
Yoy (fa = 1)1 < o0)
(C2) I|m,Hoof O [0, o),

1—fa
(tim, 7,01 25 = v €[0,00), and L (1)| is bounded)

[1—F
(C3) if v > 0, then limp_s0 1’”9) 0.

77(4 ( f (1
lim o n i n
(iMoo foet =7 Oad|1 v~ is bounded)
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Nearly degenerate branching processes

(C1) ?n< 1, Iimng)oo?n: 1,2;“;1(1 _?n):OO
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Nearly degenerate branching processes

(C1) ?n< 1, Iimng)oo?n: 1,2;“;1(1 _?n):OO

Xn—1
Xo=1, X,= Zgn’,, neN
=

Thus,
E(s) = fiofo--0fa(s) = fonls)
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Nearly degenerate branching processes

(C1) ?n< 1, Iimn‘)oo?n: 1,2;“;1(1 _?n):OO

Xn—1
Xo=1, Xp=> &, neN

Thus,
E(s) = fiofo--0fa(s) = fonls)
and
E(Xy) = E(¢1)E( HHO asn=oe
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Nearly degenerate branching processes

(C1) ?n< 1, Iimn‘)oo?n: 1,2;“;1(1 _?n):OO

Xn—1
Xo=1, Xp=> &, neN

Thus,
E(s) = fiofo--0fa(s) = fonls)

and
E(Xn) = E(&)E( Hf—>0 as n — oo,

hence (X,)nen dies out a.s.
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Yaglom-type limit theorems

Theorem (Kevei & K [1, Theorem 1])

Letf, = fi(1), fo.n = [11_4 fi = E(Xn) and suppose that
(C1) frn<1,limpseofn=1,300,(1 — ) = oo,
(C2) limp_eo q’;/_(;j =v € [0,00),
(C3) ifv >0, thenlim, o 28 = 0.

Then

L(Xp| Xn > 0) L2, Geom (L> , asn-— oo.

2+ v
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Example (Linear fractional offspring distribution)

Let P(¢ = k) = a(1 — p)*'p, P(¢ =0) =1 — abe the probability distribution
of a linear fractional variable.
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Example (Linear fractional offspring distribution)

Let P(¢ = k) = a(1 — p)*'p, P(¢ =0) =1 — abe the probability distribution
of a linear fractional variable. Then

1-s - a 2a(1 — p)
fs)=1—-a—7——+—, f==, f'(1)=—5—
(s) 1—(1—-p)s p (1) p?

)
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Example (Linear fractional offspring distribution)
Let P(¢ = k) = a(1 — p)~'p, P(¢ =0) =1 — abe the probability distribution
of a linear fractional variable. Then

1-—s - a
fs)=1—-a—————, f=—,
%) 1-(1-p)s p
hence
1 1

1—1(s) ~ 7(1-s)

/ 23(1—,0)
() = =2,
1f7(1)
2 7
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Example (Linear fractional offspring distribution)
Let P(¢ = k) = a(1 — p)~'p, P(¢ =0) =1 — abe the probability distribution
of a linear fractional variable. Then

1-s - a 2a(1 — p)
fs)=1-a—-——, f==, f'(1)=—5—",
© 1-(1-p)s pr TV P
hence
1 . 1 o 1f”(1)
1—1f(s) f1-s) 2 7’
and with fiiq o fiip 0 0 fy(8) =: fj n(S)
1 B 1 B 1 11‘1”(1)
1—fon(s)  T-A(An(S)  F(1-Fa(s) 2 7
1 3 1 1 (1)
1— fO,n(s) ?O,n(1 = S) 2 k—1 ?k?o,k
fon 1 1e~- /(1) 1 v
1—fo’n(s)_1—s+§ Fion i T 1-s"2

k=1
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Proof of the general case - shape function

For a g.f. f, with mean f and /(1) < oo, define the shape function as

1 1 (1)
w(s) = 1 e 18 0<s<1, )= 27
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Proof of the general case - shape function

For a g.f. f, with mean f and /(1) < oo, define the shape function as
1 1 (1)

S) = — = 5 0 S S < 17 1 = —\n °

) =71 " Ha—s) A0 =5

Let ¢, be the shape function of ;. By definition of f; ,, iteration gives

1 1 (pk fk n(S
= = +¢in(S), ;i
1—1fn(S)  fin(1-5) e jnls ;1 fik—1
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Functional limit theorems for BPVEs

Theorem (Kevei & K [2, Theorem 1])
For a BPVE (X;)nen Satisfying conditions

C1) fa=1-1n>2,

(C2) limpsee H0 = € [0, 00),
1

(C3) ifv > 0, then limp_,eo = <f) 0,

forevery0 <e <1,
L((Xint) )21 Xn > 0) 25 L((Z(log 1))212(0) > 0),

where (Z(t))i>105 IS @ simple birth and death process with initial distribution
Z(loge) ~ Geom(32;), birth rate A = % and death rate p =1+ %.

The distribution Geom(-) is the extremal quasi-stationary distribution of the
birth-and-death process Z: E.[s?(9)|Z(0) > 0] = E.(s?(°&9)).
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-1
For a € [0,1], v > 0, introduce the notation hs(s) =1 —a (1%5 +5(1 - a)) .
Put p = 52, g = 1 — p and define the generating function

__ps_t'(1=h(0) _
~1-sqg 1-m(0)gs

9:(s) Y pg (1 - hy(0)")s”.

x=1

Note that t~'(1 — f(0)) = 25 — p,as t 0.
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1

For a € [0,1], v > 0, introduce the notation hs(s) =1 —a (% 5(1— a))
Put p = 52, g = 1 — p and define the generating function

ps t71(1 — h(0))
1—sq 1-h(0)gs

ai(s) = qux "t (1 = hi(0)*)s"

Note that t~'(1 — f(0)) = 25 — p,as t 0.
Let U(t) = Z(log 1).

For0 < u< t<1,xy €N the g.f. of the conditional transition probabilities is

(hyst(8))* — (hyst(he(0)s))*

e el

E [sYO]U(u) = %, U(1) > 0] =

The family of laws with g.£'s (9t)tc(0,1] IS an entrance law for the transition g.f.’s
Ku.tx, that is, fore € (0,1] and forany t € [, 1],

E. [s“O1U(1) > 0] = ().
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Corollary

There exists a cadlag Markov process (U(t))te(OJ] such that its transition
probabilities are given by the generating functions

Kutx(8) = E[sYO|U(u) = x],

and E(sU0) = gy(s) for each t € (0,1].
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Corollary

There exists a cadlag Markov process (U(t))te(OJ] such that its transition
probabilities are given by the generating functions

Kutx(8) = E[sYO|U(u) = x],

and E(sY0) = g,(s) for each t € (0,1].

For a nearly degenerate BPVE (Xp)nen,

L((X(2))i11Xn > 0) 2 L((Z(~ log 1))e>1]Z(0) > 0), asn — co.
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Branching processes in varying environment with

immigration

A branching process in varying environment with immigration (BPVEI)
(Yn)nen, is defined as follows. Let

Yn—1
YOZO, and Yn: Zé‘n)/‘i_En, nEN,
j=1

where {&n, &nj, €n}njen are non-negative, independent random variables such
that {&s, &nj}jen are identically distributed.
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Branching processes in varying environment with
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A branching process in varying environment with immigration (BPVEI)
(Yn)nen, is defined as follows. Let

Yn—1
YOZO, and Yn: Zé‘n)/‘i_En, nEN,
j=1

where {&n, &nj, €n}njen are non-negative, independent random variables such
that {&s, &nj}jen are identically distributed.

@ Gyorfi, Ispany, Pap, Varga (2007) - INAR
@ Kevei (2011)
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Nearly degenerate BPVEIs

For n, k € N we define

mn7k == E[En(gn_ 1)"(€n_k+1)].
Recall that
(C1) fp=1-1n>2,
(C2) limp o :n”_(;’ = v € [0,00),

(C3) if v > 0, then lim,_,o ’14”(?1) -0,
and introduce the conditions

(C4) limpsoo s = A, k=1,2,..

<1 )
(C4) limposoo s = Mo k=1,2,... and limsup, . A<,

.,Kand \x =0, or

Kata Kubatovics (University of Szeged) Nearly degenerate BPVEs ISCPS 27 July 2025 12/15



Theorem (Kevei & K [1, Theorem 2 & 3] [2, Theorem 5])

Suppose that the BPVEI (Y,)nen Satisfies conditions (C1°), (C2), (C3) and
(C4) or (C4’). Then, forany 0 < e <1,

LYot )ize) — L(W(log 1)), asn— o,

where (W(u))u>10g = IS @ continuous time branching process with immigration
with initial distribution having g.f.

— Y 5 (1 - k=1 v g qyi
log gy(s) = { L=t (Iog (1+50-9) +Xi5 m(s—1) ), v >0,

p %(3*1)1(, v=0,

with offspring and immigration rates o =1 +v, B =Y r_,(—1) ")\, and

f(e)=(1+0)" (1+5+38), h(s)=1+5"" S (s — 1)K,
k=1

g.f’s, where k = K — 1 (C4) or k = oo (C4).
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The limiting process

Let (W(t)):>—w denote the resulting continuous time branching process with
immigration on the time interval t € [-w, o), w > 0, and introduce the
notation G(s, t) = E(sW(+9)|W(u) = 0), t > 0, s € [0, 1]. Then G(s, t)
satisfies the Kolmogorov forward equation

3, %,
&G(S, )= a(s)gG(s, B+ b(s)G(s, 1)

with boundary condition G(s,0) = 1, where

a(s) = a(f(s) —s), b(s)=p(h(s)-1).
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The limiting process

Let (W(t)):>—w denote the resulting continuous time branching process with
immigration on the time interval t € [-w, o), w > 0, and introduce the
notation G(s, t) = E(sW(+9)|W(u) = 0), t > 0, s € [0, 1]. Then G(s, t)
satisfies the Kolmogorov forward equation

3, %,
&G(s, )= a(s)gG(s, B+ b(s)G(s, 1)

with boundary condition G(s,0) = 1, where

a(s) = a(f(s) —s), b(s)=p(h(s)-1).

Under the assumptions of the previous theorem,

L((Yiz))iz1) —> L(W(~log)=1), asn— oo.
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Thank you for your attention!
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