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Multiple testing problem



Multiple testing problem

Multiple comparisons problem:
e Several hypotheses are tested simultaneously, e.g., searching for
differences in many features at the same time between two groups
e Application in biochemistry, genetics, plant sciences, ...
e In some studies thousands (or even millions) of tests are performed

e For a single test, each null hypothesis is rejected if the corresponding
p-value is below a fixed significance level a

e For n tests, na of them would be rejected even if null is true (even
if the tested groups are identical)
e In gene studies, n > 20000 and at o« = 0.05 =
> 1000 tests may be incorrectly rejected
(> 1000 genes may be incorrectly identified as informative)
e Family-Wise Error Rate (FWER):
the probability of at least one incorrect rejection ff(z7sgi%'{li§rr




Multiple testing problem

e False Discovery Rate (FDR):
expected proportion of falsely rejected hypotheses among the set of
rejected hypotheses (if there is at least one rejection, otherwise 0)

Benjamini-Hochberg (B—H) procedure:
e Based on ordered p-values: p1.n < po.n < ... < Pan
e Rejects the null hypothesis for the tests corresponding to
Pi:ns P2:ns - - - » Pk:ny Where k is the largest integer such that
k
Pk:n S —Q
n
e If the raw p-values are iid with marginal distribution 2/ (0, 1), then
the B—H procedure has an FDR equal to o

e Benjamini and Hochberg (1995) is among the Top 100 most cited
scientific papers (Van Noorden et al. (2014))
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Multiple testing problem

Benjamini—Yekutieli (B-Y) procedure:

e Rejects the null hypothesis for the tests corresponding to
Pl:n, P2:ns - - - » Pk:ny Where k is the largest integer such that

< —
Pk:n > nc(n)a

e If the p-values are iid, the c(n) = 1, while in the case of arbitrary
dependence Benjamini and Yekutieli (2001) suggest the n-th
harmonic number, i.e.,

n

1 1
C(I"I) = 27 ~ |og(n) + % +77

i=1

where v =~ 0.5772 is the Euler’s constant
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Figure 1: B-H and B-Y procedures applied to a set of n = 100 ordered /81y
p-values, using a FDR control level of o = 0.05. SUMMIT




Example (zoomed in)
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Figure 2: B-H and B-Y procedures applied to a set of n = 100 ordered
p-values, using a FDR control level of o = 0.05.
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Multiple testing problem

e False Discovery Rate:
%4
FDR=E {1{R>O}R} ,

where V/ is the number of true null hypotheses rejected and R is the
total number of hypotheses rejected

R—-V
P =[E
ower (n—N)’

e Average Power:

with \/ being the number of true null hypotheses among all n tests

e In case of iid and true null p-values following /(0. 1), the FDR of
N

B—H procedure converges to —a, Benjamini and Hochberg (1995)
n

. N o
e The FDR of B=Y procedure is less than —c«, Benjamini and
n

A

Yekutieli (2001) SUMMIT




Block structure dependency



o Let X = (X.(” XD X and Vi = (YD, v@ Y.(”)> be
observations for the /-th individual, e.g. before and after treatment,
or control and treatment groups of paired individuals, i =1,..., m,

over n features, e.g. gene expression levels

e Then, (Xl(j), Yl(j)) , <X2(j), Yz(j)) ey (X,,(q")7 Y,,({)) is a paired sample
for the j-th feature over m individuals, where j =1,2,...,n
e X = {X,-(j)}’m ’ and Y = {Xi(j)}m’ ’ are the observation

i=1,j=1 i=1,j=1
matrices in the control and treatment groups, respectively
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Model description

Assumptions:
° Xl,Xg, .. ,)_(m and \71, \72, R \7,,7 are iid in each group

o X: ~ N(jiix,X) and Y: ~ N(fy,X), where X is n by n covariance
block matrix such that

Ay O 0
> _ 0 A, 0
0 0 Ay
with A; = Ay = -+ = Ax = A being s by s matrices (s = [n/k])

Motivation:

e Kim et al. (2016):
Different blocks correspond to different gene regulatory pathways
and model the assumption that groups of genes in the same path-
way are biologically or functionally correlated and interacting with
each other, whereas genes in different pathways are uncorrelated.
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Block structure

e Chi et al. (2025):

One of the main challenges is that there are many definitions of

what it means to be dependent. .

.. The multitude of possibilities

is daunting, perhaps explaining the lack of progress.

Parameterization of the block structure (examples):

1 0
a-ne-|
0571 0572
or
0
0 (s=1)0
2 2s—4

{12 =2 -}

with parameter ¢ € (0, 1)

95—1
s—2 L .NS
0 — {9\’*]\}
e A=A
1
le=9r . ]
2s—4 2
L (s—1)6
0 2s—4
s6
2s5s—4 : 1
S
A
ij=1 SUMMIT




Paired t-test

Student’s t-tests for paired samples:
.H.(J), () H.U) U)f = 1.2 h
oty =py vs Hitpy' # py/, for j=1,2... n, where
Ax = (M§)7M§?)7--~,u§?)) and [y = (M(yl),ﬂ(yz),---,u(y”))
e Matrix of differences, D = {X/(j) — Yi(j)}mm = {Di(j)}m’n
i=1,j=1 i=1,j=1
e Average difference for each feature (gene)

o 1 Z . .
DJ:EZ(XI.(J)—YI.(J)), for j=1,2,....n,
i=1

e Student's t-statistic foieach feature

. D
T,(,{)Z\/(TU)JNt(m—IL for j=1,2,...,n,
N \2
(i Zrn;l (DI(J) - Dj) [Ty
(J) TN
where 65 = SUMMIT
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Joint asymptotic distribution

Theorem (Nikolov et al. (2025))

Under Hy and an arbitrary covariance (dependence) matrix X, the joint

distribution of T,(,,l), T,S,Z ), ey T,(,,") is asymptotically normal with
e T
(2) ) =
Tm™ | 4, T ~N(0,Z),asm—>oo.
T i
e Use this dependence structure to the p-values and improve

the performance of the B-H method

° . reject all test rejected by B—H procedure
with the tests corresponding to the block with
divergence from

)
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Kolmogorov-Smirnov measure

p-values in a block with true Hy p-values in a block with true H;

S% [ ] ] 7

)

Density
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Density
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Kolmogorov-Smirnov distance:

D= eloA] (ﬁ"(x) B ) ’

where F,(x) is the edf of the raw p-values in a block R
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Block structure estimation

Estimation of the parameter 0:
e Under true null hypotheses, X; — Y; ~ N(0,2%), for i=1,2,...,m
e Let C be the sample estimation of the covariance matrix X

e Frobenius norm estimation of 9:

n

0= rgmlnHA (A:HF:argmin 25,2 (A(G)—é),

0€(0,1) 0c(0.1) \ 3

where s;(M) is i-th singular value of the matrix M

e [Vlax norm estimation of 6:

0= argmlnHA (A:H = arg min (m_ax{A(Q)—é} >
6€(0,1) M 6€(0,1) i ij

Other matrix norms — L, ; (sum of Euclidean norms),
Trace norm (Schatten 1-norm), Spectral norm (Schatten oco-norm)
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Simulation study




Simulations setup

Parameter values:
e n € {100,1000} — number of features (genes)
e m € {20,50, 100, 150,200} — number of individuals (sample size)

e k =10 — number of blocks (one block for the alternative, i.e. the
proportion of true null hypotheses is 0.90)

ux =0 and py = 0.5 — location of null and alternative
e 0 = 0.80 — correlation coefficient in the block matrices
A*(0) and A’(0) — block structure

e o = 0.05 — significance level in the FDR procedures

e 1000 — number of trials in each simulation

Results:

e FDR and Power of B-H, B-Y and Block B-H
(Mean and SD of the results in each trial)

{(, n el!l irr
sUMMIT

e Estimations 6 and 6 Frobenius and Max norms, respectively
(Mean, SD, MSE and Average Time of the results in each trial)




Simulation results (n = 100, A’(0))
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Simulation results (n = 100, A*(¢))
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Simulation results (n = 10
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Simulation results (n = 10

Mean of FDR

Mean of Power

0.204

o
=)

0.104

o
=)
o

0.004

200

1.00

0.754

0.50 4

0.254

0.004

200

Method
== B-H
— B-Y
== Block B-H

Method
== B-H
= B-Y
== Block B-H

SD of FDR

SD of Power

0.34

0.2

0.1+

0.04

0.154

0.104

0.054

0.004

" 20



Simulation results (n = 100, A’(0))
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Simulation results (n = 100, A*(0))
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Simulation results (n = 1000, A’'(9))
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Simulation

results (n =1
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Summary




Conclusion

Future work:

Procedure for controlling the FDR by using the block structure in
the joint distribution of the raw p-values

Study the performance of the B-H procedures under block
dependency (convergence rate)

Improve the Block B=H procedure by introducing some critical value
for the K-S distance D"

Adjust the block structure estimation in case the ordering in each
block (pathway) is unknown

Study the properties of the block estimation for 6 (bias, consistency)
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