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Overview

e Creeping flow around and through porous particles
e Governing equations in the primitive variables
o Steady axisymmetric flow around spheroidal particles

e General solutions of the Stokes and Brinkman PDE’s In

the spheroidal stream function formulation

e Application: BV solutions to axisymmetric flow around

porous or rigid spheroidal particles

e Numerical solution of the present problem by using a

boundary integral equation formulation
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e Creeping flow around and through porous particles

= Chemical and biological processes

= Industrial and engineering applications
— Flow of fluids through porous beds (fixed or fluidized),
— Sedimentation of fine particulate suspensions,
— Modeling of polymer macromolecule coils in a solvent,
— Catalytic reactions, where porous pellets are used,

— Floc settling processes, etc.

e Governing equations in the primitive variables

Stokes: AV = gradp (1)
M., _

Brinkman: 'UAV_IV = gradp (2)

Continuity: divv=0 (3)

A =CONSt _  gynamic viscosity
K=const . permeability
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e Axisymmetric flow around spheroidal particles
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Fig. 2 Porous prolate spheroidal shell
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e Stream function formulation

= Axisymmetric flow:

v,=0, J/cp=0 V=Ve, +V.e,
- 1 oW
r cz\/Tz—é'Z\/Tz—l oL

v, = -1 oY
c2\ri-¢2f1-¢2 or
= Elimination of pressure:
Stokes: E*Y =0
Brinkman: E4\P — KZEZ“P =0

Pressure: Ap =0

¥=¥(z¢),  p=p(rd) K=

Cz(z_zl_é/ 2)[(72_1)6)—2

= Boundary and far-field conditions:

E*=

Wi d=vi(md] W(m9-vi(nd

p(7,9=p""(5,9] pUz.9=p"" (7.9

limv'? = ¢ limvY = 1 ¢

T—>0 > é’
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e General solutions of the Brinkman equation:

P, = i{[alnen )+ ,H, (7)]G, () +[ c.,G,

n=0

E‘Y - K?E*¥Y =0

(EZ—KZ)EZT:O,

Y=Y 1+,

EZ(EZT—

szp)zo

E°Y, - K,

E°¥,=0|

()+du¢b(fﬂkh(§»

(11)
(12)

(13)

(14)

(15a)

(15b)

(16a)

(16b)

G, (x), H,(

n

and degree -1

Symmetry reasons and regularity on the x,-axis:
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= Eigenvalue problem: Find the eigenvalues 4 for which the equation
1-¢2)Z20+(9°¢*+4)Z, =0
é/ 2 g g 2 (19)

has eigensolutions bounded in the interval 0 < £<1 and, additionally, Z, (1)=0.

Ansatz: ZZ(g): Z aka(é/) (20)

k=2,4,...

) (i) )
Recursive formulas for @, obtained. (Details must be omitted here):

2-7 ¢’ [12-2 _q2y4]a4_4qz
a,=1| &= S a; = 5
2 , q2a4 , qu[6
a z[(k—Z)(k—?,)_,{ _q27/k—2:|ak—2_q2ﬁk_4ak_4
k 9’ . k=8,10,... 1)
(k=3)(k-2) , _ (k+1)(k+2) k2 _ 2k 3

T 2k=a2k-D T T (2k—1)(2k+1) ¢ T 2K+ D)(2k —9) KT 4O

= Analytical calculation of the eigenvalues 4, =4,(Q), n=2,4,---:

m/2-1 _
lima, = lim 37 5,,(2)2 =0 m=2,4,..
N/2-1
|
Pz (4)= ZO: Sin ()4 (22)
1=
Recursive expressions for Sin (Q) derived (not shown here).
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Example q=1:
R(1)=C,(1-18)

P,(2)=C, (2 -1.795305590)( 2 ~11.538027742)
P, (1) =C, (4 —1.795304587)( 1 —11.534818696) (4 — 29.516030563)
P,(4)=C,(A-1.795304587)(1 —11.534818451)( 1 — 29.513713150)( 1 — 55.509104988), etc.

Dk—ﬁ.
\

=100

-150

0 50 100 150 200 250

Fig. 3 The first three eigenvalues

e General solution of the r-dependent equation:
(1-¢3)T)+(9?¢? +2)T, =0

Two linearly independent solutions as series expansions in terms of (r— Ty ) , Where

in the case of one-layer porous shell 7, = (Ta + 7, )/21

© |
f, (T):Zam (T_TM), 1<z, <7<t (23)

= A |
gn(T):anJ(T_TM) , 7, <7<7,<® (24)
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» Recursive formulas for the series coefficients 4,, and b,, derived (not shown):

o Complete general solution of ‘I’(i)(r,cf), regular in the porous shell regions:

9= 3 {A¢i>ek<r>+ss>Hk<r>+ > [c:>fn<i><r>+D§i>gs><r)]aﬁi>k}ek<s>

k=24, n=24,

1=2,3

If porous core region or single porous spheroid, then B =0 and the second term of the
above equation shall be replaced by the one general solution of E*¥,-K*¥, =0 that is
regular on the x,-axis.

e General solutions of the Stokes equation E*¥(z,¢)=0
(New Results)

Carrying out a limiting analysis of the general solution to the Brinkman equation when
q — 0, we were able to produce the following very simple complete general solution of
the Stokes equation for axisymmetric flow in spheroidal coordinates:

+

(7,¢ :2{[( B! (¢ +§2))Gn(2')+(A(]3) +BO(? +§2))Hn(r)}6n (&)

+[(A§2) +B? (T +§2))Gn (z')+( 4 4 B (Tz +§z)) H, (Z'):| H, (;)}

>

A consequence of the above is the following statement that turns out to be valid both in
spheroidal and spherical coordinates:

If E*¥,(7,£)=0,then E*(R*¥,(7,£))=0| @7)

where R=4/72+¢? -1 is the distance from the origin.

The complete, in the ¢ -dependence regular on the x,-axis, general solution spectrum of

the Stokes stream function, that we derived from the above general solution and that is
very useful in solving BVP to axisymetric Stokes flow in the spheroidal geometry, is the
following:
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PV (7,£)=CYG, ()G, ()

¥ (7,¢)=-D{G,(r)G, (<)

¥ (r,¢)=-3DYG,(7)G, (¢)-2C[ 26, (7)+3G, (7) ][ 2G,(£)+3G, (¢) ]
‘Pnl)(r,g):—%n(n+1) DYG, ., (7)G,.,(¢)

—cW {(n ~1)(n+2)/2(2n+1)°[n?G, (¢)G, () +(n+1)° G,., (7)G,., (¢)
+n(n+1)(G, ()G, (¢)+G,(2)G,. ()]}, n=34.

(28)
‘”(f ¢)=Cy (H,(7)+6,(7))G,(¢)-$D5G, ()
¥ (7.¢)=-D"H (r)Gz(é)—iC“)G (¢)-+CG,(¢)
¥ (7,£)=-3DYH, (7)G,(¢) -2 [2H )+3H,(7) ][ 2G,(¢)+3G, ()]

¢ (7,¢) = ——n(n+1)D M, (7)G,.(¢)
~CP{(n-1)(n+2)/2(2n+1)°[n* H,(7)G, (£)+(n+1) H,,(7)G,.. ()

+n(n+1)(Hn+2(r)Gn(§)+Hn(r)sz(g“))]}, n=34,...

e General solution of the Laplace equation for the pressure

The Laplace equation Ap =0 for the pressure, which is valid both in the porous and in

the free-fluid regions, is completely separable in the spheroidal coordinate systems.
Thus, the general solution for the pressure reads:

p(7:6)= L {[AR () 8RR (R DRMIREN e

where P, (X) Q. (X) are the Legendre functions of the first and second kind,
respectively, and of order n.
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e Application: Porous prolate spheroidal shell (with
porous, cavity or solid core) in uniform far-field flow

=  Boundary conditions:

These comprise:

— continuity of velocity, pressure and tangential stresses across the interfaces S, and
S, » which separate the flow regions (1), (2) and (3), and may be expressed via the
stream function and the pressure as follows:

¥ (7,,¢) =P (r,.¢) (30a)
pY (7..¢)=p? (7..¢) (30b)
7,,¢) =V (,.0) (30a)

pY(7,,¢)=p? (,,¢) (30b)

— Far-field conditions:

limv! =g limy = y1-¢7 (31)

— Regularity of velocity and pressure in the entire flow field in both variables.
= System of 4N linear algebraic equations with as many unknowns:

BY, DM, A® B? . c? D? AY Cl¥ k=24,... N

k 1

N - Truncation order

. Total drag force acting on the shell

27 50
Fo =- EN D; (32)
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¢ Computed results

1
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Fig. 4 Drag force Fy versus shell-medium permeability K, for the case of one-

layer porous prolate spheroidal shell with porous core of a given permeability k; =1.
Varying parameters are the semifocal distance ¢ and the inner minor semiaxes a, of the
shell.

Curves1,2and3: a,=0.6, c=5, 3, and 1;

Curves 3 and 5: a, =0.8 and 0.1.

30
25

209

F
D
15
10
5 3
0 2 4 5] 8 10
k

Fig. 5 The same as in Fig. 4, but for a shell with cavity inside region (k; = o).
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Fig. 6 The same as in Fig. 4, but for a shell with a solid core (k; =0).

0 ; R : 10
Fig. 7 Drag force Fy against permeability k for a porous prolate spheroid;

varying parameter is the semifocal distance ¢=0; 1, 2; 3; 5.
Blue points: Numerical solution.
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€ Numerical solution by implementing an integral
equation formulation for porous bodies of

arbitrary shape

ov(x) op(x)

Stokes: = , Q
OKeS y7; 8Xi8Xj ox Xxefl, (1)
2
Brinkman: V(X)—ﬁvi=ap(x), X e )
OX0X; Kk OX; '
. oV, ( X
Continuity: J (3)

OX.

Integral representation formulas to (1) and (2) are well known (Ladyzhenskaya
(1963), Higdon and Kojima (1981)).

Taking the limit of those formulas as the point X from Q, or Q, approaches a
point & on the porous body surface S , the following boundary integral equations for
the velocity V and the surface force f are obtained:

N[~

Vi (5):V?(§)+IKU ($.¥)v, (y)dSy—.fLij (&y)fi(y)ds,,

N[~

vi(£)= _J Ke; (£ y)v;(y)ds, +ILBij (£&.y) f;(y)ds,

S

3 (Xi - yi)(xj _yj)(xk - yk) n, (y)

Kij (X, y) = Az r5
O Xi — Y, xj — Y,
L (X, y):%[%+( y)r<3 y )]
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R e~

+

e‘R(6+6R+2R2)—6 é}k(xj_yj)+§ij(xk_yk)+5jk(xi_yi) 5(Xi_yi)(xj_yj)(xk_yk) ( )
47R? N Y

|_mwky%:i;{@j(K—WXM—YQ}+9RU*RF1®% %&—%XM—W)}

477R2 r r3

r=x-y|  R=rj—

e Numerical approximation:

B (6) - (£ )] ), $0(6) ] 9,

AS,, AS,,

%Vi (g(m)) — _ivj (é(l)) I KBij (q’:(m), y)dSy +g fj (5(')) I LBij (‘):(m)’ y)dsy

1=1

m=1N

To avoid difficulties with the apparent singularities of the Brinkman kernels for
small values of R, the kernel decompositions as described by Richardson and Power

(1997) have been used:

Ke, (X,Y) -K, (X’Y) + Dij (x,y) , Le, (x,y) -L, (x,y)+ Cij (x,y)

] ] ] ]

Rigid body analogy has been used to avoid any numerical integration of the
double kernel potential at the singular element. Youngren and Acrivos approach has
been used for the numerical integration of the weak singular kernel of the single-layer
potential at the singular point.

Fig. 7 shows excellent agreement between the numerically and analytically
calculated drag force acting on a porous prolate spheroid in uniform far-field flow.
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