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1 Introduction

Polysplines have been introduced by the first author as a multivariate analog
of splines in one variable, see e.g. [9]. In the monograph [10] applications of
polysplines to Multiresolutional Analysis and Wavelet Analysis in the spirit of
the work of Chui (see [5]) have been given. In this paper an interpolation result
for cardinal polysplines on annuli (defined below) will be presented which is
motivated by the work of I. Schoenberg on cardinal spline interpolation, see
[19].

Let p and n be natural numbers which are fixed throughout the paper and let
R" be the n-dimenisonal euclidean space and Z the set of all integers. As in
[11],[12],[13] a function S : R™ \ {0} — C is called a cardinal polyspline of
order p on annuli if S is (2p — 2)-times continuously differentiable and the
restriction of S to each open annulus

Aj = {x eER": ¢ < 2| < ej“}

is a polyharmonic function of order p for j € Z. Recall that a function f defined
on an open set U in R™ is polyharmonic of order p if f is 2p—times continuously
differentiable and APf (z) = 0 for all x € U where A is the Laplace operator
and AP its p—th iterate. It is well known that a polyharmonic function is real
analytic, hence infinitely differentiable. Hence after differentiating a polyspline
(2p — 2) times one may have discontinuities only on the spheres ¢/S"~1 =
{e/y :y € S"" '} with j € Z, where

S = {y e R : Jy| = 1}

is the unit sphere. So one may see the spheres e/S"™!, j € Z, as the multivariate
analog of the notion of the knots j € Z of a cardinal spline in the univariate
case. Later it will become clear why these radii are of the form ¢/, j € Z.

Schoenberg’s famous interpolation theorem for cardinal splines of odd degree
says that for data given on the knots j € Z of polynomial growth in j € Z there
exists a cardinal spline interpolating the data which is of the same polynomial
growth on the real line, see [19, p. 34]. The aim of this paper is to present an
analog of Schoenberg’s result for polysplines in the following way: the data are
given by functions d; : ¢/S"™! — C for j € Z and we want to find a polyspline
S :R"\ {0} — C which interpolates the data, i.e. that

S(y)=d;(y) forally € /S" ! and j € Z, (1)

and which has a similar growth as the data. Clearly we have to assume that



the data functions d; are at least (2p — 2) times continuously differentiable.
It turns out that the results are naturally formulated in the context of the
Sobolev spaces H*! (S"~!) for appropriate s > 0, for details see Section 6.

Our main result states the following: Let v > 0 be fixed; for s = s,, =
2(p—1+(n/2)—1and f; € H>* (S"71), j € Z, define functions d; : e/S"™! —
C by d; (e70) = f; () for § € S"~'. Assume that the data functions obey the
growth condition

Ifl, < C |logel ]” for all j € Z.

Then there exists a polyspline S of order p interpolating the data functions
d; (i-e. (1)) and satisfying the estimate

IS (z)| < D|log|z||" for all z € R".

In order to explain the construction of S recall that a function v : R —
R is a cardinal L—spline (here L stands for a linear differential operator
with constant coefficients of degree N 4 1) if u is (N — 1)-times continuously
differentiable and if for every [ € Z there exists an infinitely differentiable
function f; : R — C with Lf = 0 such that u (¢) = f; (¢t) for all t € (I, (I + 1)).
The essence of our construction involves writing the Laplacian in spherical
coordinates, expanding the polyspline S in a series of spherical harmonics,
and, using the Michelli theory of cardinal L-splines, glueing the radial part
together to get S; roughly speaking, this means that a polyspline can be
written in the form

S@) = 33" Su (log]) Vi ( v )

k=01=1 ‘33|

where Y, £ = 0,1,..., 1 = 1,...,a;, is a basis for the set of all spherical
harmonics and the coefficients S;; are L-splines with respect to the linear
differential operator My defined in (3). In order to achieve convergence of
the sum one needs precise estimates for the fundamental L-splines taking into
account their dependence on the parameter k.

The paper is structured as follows: Section 2 gives some basic facts about
polysplines and spherical harmonics in order to clarify the connection between
polysplines and L-splines. In Section 3 we give a brief account of the theory
of Charles Micchelli who has generalized in [16], [17] the results of Schoenberg
on polynomial splines to the setting of L—splines.

In Section 4 we discuss asymptotic estimates of the Euler-Frobenius function
(defined in Section 3) depending on the parameter k € Ny. In Section 5 we



use these asymptotics to obtain uniform estimates of fundamental L-splines
containing the parameter k. Section 6 contains our main result. Uniqueness of
the interpolation splines will be shown in the last section.

2 Spherical harmonics and polysplines

Each x € R™ will be written in spherical coordinates x = r6 with r > 0
and 6 € S"1 := {x € R": |x| = 1}. Recall that a function Y:S""! — C is a
spherical harmonic of degree k € Ny if there exists a homogeneous harmonic
polynomial P (z) of degree k such that P (6) = Y (0) for all § € S"~!. By a;
we will denote the dimension of the vector space H,, of all spherical harmonics
of degree exactly k. By Y., (0), I = 1,...,a; we will denote an orthonormal
basis of the space H; endowed with the scalar product

| £©)9@d.
sn—1

For the reader not familiar with spherical harmonics, it might be useful to
consider the two-dimensional case: identify S* with [0,27) and choose as a

basis Yy = \/% and

1 1
Y1 (t) = —=coskt and Yy 5 (t) = —=sin kt.

VT VT

For a detailed account we refer to [23] or [2].

Let Ry < Rs be positive real numbers and let (R;, Ry) be the open inter-
val {r € R: Ry <r < Ry} . Assume that u : (R, R2) — C be infinitely dif-
ferentiable and Y, € Hj. Then it is well known (see e.g. [10, p. 152]) that
A(u(r) Y (0)) =Y (0) Lagyu (r) where

@ n—-1d k(k+n-—2)
S @ FETRTa) 2
dr2+ r dr 72 (2)

L

By iteration we have APu =Y} () - {L(k)}pu (r). Thus the function wu (r,0) =

u (r) Yy (0) is polyharmonic of order p if and only if {L(k)}pu (r) = 0 for all
re (]{1,]{2).

Let us put for convenience

Ay (F) = {k k42, k+2p— 2},



A_(k)={-k—-—n+2,-k—n+4,...,—k —n+2p}.

The space of solutions of the equation L?k) f (r) = 0 which are C* for r > 0 is
generated by a simple basis: for j € A, (k) UA_ (k) the function 77 is clearly
a solution, while for j € A, (k) N A_(k) we obtain a second solution 7 log r. It
will be convenient to make a transform v = logr. Then a solution of the form
r7 will be transformed to e/* and a solution of the form 7 log r is transformed
to vel?. We see immediately that all solutions to the equation Lz(’k,) f(r)=0
are transformed to solutions of the equation My )g(v) = 0 where My is the
constant coefficient linear differential operator defined by

Myw = I <d%—)\> I <%—A>. 3)

AeAL (k) AeA_ (k)

Later we shall also use the notation

Ak)=(k,..k+2p—2,—k—n+2,...,—k —n+2p) (4)

which is a vector taking all values from A, (k) and A_ (k) (including multi-
plicities). From this we have immediately

Proposition 1 Let N be a natural number and suppose that Si; : R — C
are cardinal L-splines with respect to the differential operator My for k =
0,...,N,l =1,...,ax. Then the function S : R"\ {0} — C defined for x = rf
with r > 0 and 0 € S*! by

N ar

S (7“6‘) = Z Z SkJ (log ’l“) YkJ (9)

k=01=1

18 a cardinal polyspline of order p.

It might be a temptation to say that cardinal polysplines are just the functions
of the form

oo ag

S (r8) =" Ski(logr) Vi, (6) (5)

k=01=1

where Sy, ; are L-splines with respect to My ); however, one has to be careful
since the convergence of the sum has to be justified and the differentiability
of the function S defined in (5) up to the order 2p — 2 is not a consequence of
the absolute convergence of the sum.



On the other hand, we mention the following result in [12] which will be used
in the last Section to prove uniqueness of interpolation with polysplines.

Theorem 2 Let S : R"\ {0} — C be a cardinal polyspline of order p. Then
the function Si; : R — C defined by

Spot (v) = / S (¢°0) Yy, (0) df (6)

Sn—1

is a cardinal L-spline with respect to My for k € No, I =1, ..., a.

3 Cardinal L—splines

The previous Section has shown that polysplines are intimately related to a
sequence of L-splines given by the Fourier coefficients of the polysplines.

Micchelli has worked out in [16], [17] a theory of cardinal L—splines with
respect to a linear differential operator L (of order N + 1) with constant
coefficients. As in [16] A := (A1, Ag, ..., Any41) denotes an (unordered) vector
with repetitions according to the multiplicities with real coefficients A;,j =
1,...,N + 1. Then L defined by

N+1 d
L= — =)
I (5 )

J=1

is a linear differential operator of order N + 1. Let us define the polynomial
g as

N+1

g (2) =TI (z=N) (7)

Jj=1

and e = {e)v':j =1,.,.N+ 1} . In the theory of cardinal L—splines the func-
tion Ay:R x (C\ et) = C (cf. [17], p. 223) defined by

Ay (2)) = —— / L 4 8)

271

is of fundamental importance. Here I' is a closed simple curve in the complex
plane surrounding all A;,7 = 1,..., N + 1 and having the zeros of the function



e* — X in the exterior of I'. The Fuler-Frobenius function is defined by

N+1

Iy (2, N) := Ap (z,\) - 1:[1 (e)‘f - )\) : 9)

For x = 0 it is a polynomial of degree at most N in the variable A (Corollary
2.1 in [17]) and II, (0, A) is called the Euler-Frobenius polynomial. Next we
recall the definition of the so—called basis spline which will be denoted by Q4:
Define the function sy (A) := [T} (e‘*f — )\) and let s;, j =0,...,N + 1 be
the coefficients of sx (), i.e. sp (A) = 4" s;07. Due to the choice of the real
number s; it is straightforward to prove that the following cardinal L—spline

has support in the interval [0, N + 1], namely

N+1

Qx (z) := Z sj - Apx (€ = 7,0) - Ljo,o0) () . (10)

=0
The following fundamental formula relates the Euler-Frobenius function with
the basis—spline (cf. [17, p. 221 and p. 222]) for 0 < z < 1,
x al N—j . (_]‘)N
RA()\) ZZZ)\ QA('T_}_]):W.HA(J;’)\)’ (11)

=0
3.1 The fundamental L—spline

Let us now consider the interpolation problem for cardinal L—splines. A cardi-
nal L—spline L, is called fundamental L—spline if Ly (0) =1 and Ly (j) =0
for all j € Z, j # 0 and if it decays exponentially, i.e. if there exist two
constants A, B > 0 such that

|Lx ()] < AePlel for all z € R. (12)

We cite the following result from [17, Corollary 2.3] :

Theorem 3 If Ap (0,—1) # 0 then there exists a unique fundamental L-
spline.

We now recall from [20, p. 271] the construction of the fundamental spline L
since we need a detailed knowledge of the constants A and B in the estimate
(12). Define

POy = B (5) N = V). (13)



The following result in [17, Corollary 2.3] shows that P, has no zeros on the
unit circle:

Proposition 4 The function 1/Py (\) is holomorphic in a neighborhood of
the unit circle if and only if A (0,—1) # 0.

Assume now that the function A — 1/P, (\) is holomorphic on the annulus
{R; < |A| < R} (where Ry < 1 < Ry), and consider its Laurent series

1 > .
— AT
PA ()\) Z w]

j=—o0

According to [20, p. 271] the fundamental L—spline L, is given by

o0

La(z) = > wiQa(z—17). (14)

j=—o0

The series in (14) converges absolutely and locally uniformly. The estimate
in the next proposition is straightforward using the Cauchy estimates for the
coefficients of a Laurent series. The somewhat technical proof is omitted.

Proposition 5 Let A = (A1, ..., An11). Suppose that 1/ Py (\) is holomorphic
on the annulus {Ry < |\| < Ro} with Ry < 1 < Ry. Let p > 0 with Ry <
p<l< % < Ry and put e = —logp > 0. Then there exists a constant G (p)
depending only on p and N such that

1
L <@ ’ e
Ea(@)l = Glo) max Qu()- max pms-e
We mention that the same proof yields the inequality
L@ <G max |[—Qu(y)|- max ——— el (15)
. max | — - max €
dzm 2 S ) dym " ’ p<PI<i/p [Py (A)]

for each m =0,..., N — 1.
3.2 Estimate of max (Q)p

In the following we want to give an estimate of the basis spline (), and its
derivatives, i.e. we want to estimate ‘;i—meA (x)‘ where m satisfies 0 < m <
N — 1. For this we define for given A = (A1, ...., Ay11) the number

My = max {|A1], -y [ Anva1|}



and for My # 0 we put

By (m ZMA max  |Apy, v (@ 1)) (16)

<x<
=0 0<z<1

Recall that 7y (\) = [T (e = \).

Theorem 6 Let N € Ny and 6 > 0 be given. Then for every 0 < m < N — 1
there exists a constant C,, > 0, depending only on N and 0, such that for all
A= (A1, ..., Any1) with the property that fe)‘f — 1’ >0 forallj=1,...,N+1,
the following inequality

dm
——Qx (z)

dx™ < Cme_(kl—’—.“—i_)\NH)M}\n - Ba (m> : |TA (1)| (17)

holds for all x € R.

PROOQOF. Let us prove the claim at first for the case m = 0: The basis spline
@ is non-negative and it has support in [0, N 4 1]; for y € [0, N + 1] we can
find j €{0,1,....., M} and z € [0, 1] with y = x + j. Clearly

N
Z x—l—j

Taking A = 1 in formula (11), one obtains that

|Ha (2, 1)] 1
QA (y) < et ANT1) - et +An1) ‘AA (JI, 1) “TA (1)‘ : (18)

Hence the claim is true for m = 0 where Cy = 1.

We proceed by induction over m = 0, ..., N — 1 and assume that the statement
is true for m < N — 1. If m = N — 1 we are done, so assume that m < N — 1.
We apply the induction hypothesis to A = (Aq, ..., A1) and Ay = (A, ..., An)
(note that m < N — 2), hence for all z € R

‘—QA < Crem Mt A By (m) - |ry (1)

} = Qu (2)| < Coem W WIMT . By, (m) - [ra, ()]




In [7, p. 119] or [10, Part II] one can find the formula

Differentiating the last equation m times yields

dm—i—l dm v dm
A+ QA (JJ) = AN+1 dx—mQ(Al ~~~~~ AN+1) (x) te dz™ Q()\l ..... AN) (x)
dm
+d1’m QO\I ..... AN) (x - 1)

The triangle inequality and our induction hypothesis show that

Qu (@) < Ay | CremMF=P A By (m) - [ra (1)) +

} dm-i—l

dxm+1

(6—)\N+1 4 1) 026_()‘1+"'+)‘N)MX; . BA2 (m) . ‘TAQ (1)| .

NOW T(Al ..... >\N+1) (1) = (6)‘N+1 — 1) T()\l ..... AN) (1) and |)\N+1| S MA, and MX; S
M7 . Thus

dm-l—l _ .
SO ()] S ey ()] A €
where
oy = 0B B (7w + 1) e
AT 1A (m) + 2]\4—/\ Az (m) ‘e)\NH - 1| ’

Further we have the trivial estimate By (m) < By (m + 1) and

m—+1
—(k—1
By, (m) = > max MY VAN v (@,1)] € MaBy (m+ 1)
=1 OSTS

The function x — }(x +1)(z — 1)_1’ is bounded on R\ [1 —§,14 4]. Since

‘e)‘j - 1\ > § forall j = 1,...,N + 1, we infer C) < C3B, (m + 1) where Cj
depends only on N and §. The proof is complete.

10



3.8  Symmetry properties

Let A = (A1,..., \yy1) and define —A = (=), ..., —Ay41). For all x € R and
A & e Ue U {0} the following identity (see [17, p. 213])

A (1 . %) (DN AL A (2, 0) (20)

follows by a direct computation. As in [11] we call A nearly symmetric if
there exists ¢ € R and a permutation 7 of the set {1,..., N 4+ 1} such that
=Aj = ¢+ Ay for j = 1,..., N + 1, or shortly —A = ¢+ A. In the case
c =0 we call A symmetric. Note that for j € {1,..., N + 1} with 7 (j) = j one
obtains that —c = A; + Ar(;) = 2A; and therefore \; = —%c. It follows that

1

since \j + Ar(;y = —cfor j = 1,..N + 1. A simple computation shows that for
allz € Rand A ¢ e* Ue ™ U {0}

Ay (x,\) = el@De gy (x, )\e_c) : (22)

Combining equation (20) and (22) one obtains

Proposition 7 Let A be nearly symmetric with respect to ¢ € R. For all
A¢ erUe ™ U{0} and all x € R the following equality

A (1-2,5) = CDYA Ay (2 0e) (23)

holds.
Similiar computations lead to the following result (cf. Proposition 7 in [11]):

Proposition 8 Let A be nearly symmetric with respect to ¢ € R. Then the
polynomial Py (\) defined in (13) is given by

Py (A) = (=)™ aeNe - 115 (0, e ™) . (24)

11



4 Estimate of the function A, (z,\)

In this Section we will give an estimate of the asymptotic behavior of the
function Apx) (2, A) for & — oo and 0 < x < 1. This estimate will be used to

prove the existence of an interpolation polyspline for the case that A = A (k)
is of the form (4).

Assume that for each & € Ny the vector A = A (k) = {\1(k), ..., Anv41 (B)}
is of the following form: there exists r € {1,..., N 4+ 1} (independent of k €
Np), pairwise different real numbers (1, .., C,, and pairwise different numbers
Cri1., ..., Cny1, such that for all £ € Ny we have the equalities

—k)+0j fOI'jzl,...,T,
E+C; forj=r+1.,N+1

Then for large k all \; (k) are pairwise different for j = 1,..., N + 1, conse-
quently

N41 1 A (k)

e
" JZ::l q;\(k;) (A (k) eNi(k) — )\

(26)

where qj\(k,) is the derivative of ga(x). Let us split Ax) (2, A) into a sum of two
functions

Cp \ T, = : )
* Sdh (g (k) ed — A
N+1 1 6)\j(:c)z
di, (7, \) = —.
j—zr;rl A (>‘j (k) ed — A

Let K be a compact subset of the complex plane such that 0 ¢ K and let § be
a positive number. Then it is easy to see that the sequence (dy, (7, A)) ey, With
A€ Kand 0 < x < 1-9 isof uniform exponential decay in the following sense:
there exists a polynomial P and ¢ > 0 such that |dy (z,\)| < |P (k)|-e="* for
allk e Ng,all A€ K ;andall 0 <x <1-—9.

Let us define
6)\ (k)x

e @) = 2 o )

) (

12



The following simple result tells us that the asymptotic of AAx) (z,A) for
k — oo is the same as of by ().

Proposition 9 Define E (k,\) = [[]_, (e’\l(k’) - )\) and let K be a compact
subset of the complex plane not containing 0 and let 0 < 6 < 1. Then we can
write

Ay (2, ) = ;;2);)bk (£) + Ay (2, ) (27)

where fi (x, A) is of uniform exponential decay on [0,1 — 6] and E (k,\) con-
verges uniformly on K to (—=\)" #0 .

PROOF. Define E (k, \) = ITj_y; ("™ — A) . Then E; (k, \) is a sum of

sequences of uniform exponential decay and the constant (—)\)r_l . It is easy
to see that

r Aj(k)x

er (2, )) == (Z mE] (k, A)) — (=N by (2)

=1

is of uniform exponential decay. Thus

ex (T, \) (=N

fr(z,A) = E (5 ) +di (2, \) = Ap (2, ) — E )

bi. (2) (28)

is of uniform exponential decay.

Theorem 10 Let A (k) be as in (25) and let K be a compact subset of the
complex plane with 0 ¢ K. Then for each § > 0 there exists a constant D > 0
and a natural number ko such that for all k > kg, all N € K, and all 0 < x <

1 — ¢ the following estimate

1
‘AA(k) (z, )\)‘ < Dk_N (29)

holds. If there exists ¢ € R such that A (k) is nearly symmetric with respect to
c for all k > ko then the inequality is valid for all 0 < z < 1.

PROOF. We may assume that K is disjoint with e**) for large k. Let v (t) =
e' for t € [0,27] and define Ty (t) := —k + kv (t) . Let ko € Ny be so large that

13



|C;] < %k‘o for all j =1,...,N + 1. Then for all k& > ky the curve I';, surrounds
A1y ooy A but not A\,yq, ..., Ans1. By Cauchy’s Theorem

be(e) =3 -2 1,/ g (30)

j=1 qx (A)) a %Fk qa (2)

Note that [\; —z| > k — lko > 1k for all z on the path I'y and for all
j=1..,N+1. Clearly |ezz| < e””Re(Z) (assuming 0 < x < 1) is bounded
for z € F x- Hence the standard estimate for line integrals gives for a suitable
constant M > 0 the inequality

k

i ()] < Moy

for all 0 < z < 1 and k > ko. By (28) we have uniform exponential decay
for (Afx (¥, A))en,, i-e there exists a polynomial P and ¢ > 0 such that
M (@, N)| < |P (k)| -e=* forall k € Ny, all0 <2 <1-—4, and all X € K.

Since é_(lj 3y converges uniformly to 1 it follows that for large k

My (2, 0)] < ’ CA (@)

1
<2 - . —E'k’
Ty @)+ i (@ )] < 2M i+ [P (B)] e

and (29) is proven for 0 <z <1 —4.

For the second statement let K7 := K U {1/Xe: XA € K} and let 6 = 1/4.
Then there exists a constant D > 0 such that )(x,,u)’ < D]%N for all
O§x§1—(5andforall,u€K1.Letnow%§y§1anddeﬁnex:1—y.
By equation (23), (replace A by Ae® and z by y and note that N + 1 = 2p)

1 1 1 1
Ay 0) = e A (1 — Y T) = e A (x T) :

Hence |Ax (y, )| < DQDI%N for all % <y < 1 and the proof is complete.
Theorem 11 Let A (k) be as in (25) and let K be a compact subset of the

complex plane with 0 ¢ K. If r < N + 1 then there ezist constants C, D > 0
and a natural number ko such that for all k > ko and all N € K

1
0— < JAxw (0,1)] < Doy (31)

Further the following inequality holds for all A € (—o0,0) N K and all k > ky,

(=DM Ay (0,A) > 0. (32)

14



PROOF. Note that by (30)

2

ENb, () = L/ e~ ka(l=v(®) . o/ (t)
2mi ) o (70 - ) IS (247 (0 - F)

dt.  (33)

Clearly the denominator of the integrand converges to (7 (¢))" (v (t) — 2)V 17"

For x = 0 the nominator is trivially convergent and hence we see that k™Vby, (0)
converges to

1 1
d, = —/ dz.
2711 J o (Z o 2)N+1—r z

Since 7y surrounds z = 0 but not z = 2 this value can be computed by residue
theory (see e.g. Proposition 2.4 in [6, p. 113]) and we obtain

(_1)r—1+N N
d= 2N (N L) (N - 1),

It follows that there exist a constant C' > 0 and an integer ky such that
(=) by, (0) > O for all k > k.

Assume now that K C (—o00,0). Since for K — oo we have %
uniformly on K, there exists an integer k; such that for all £ > k; and all
ANe K

_)1

Since the sequence (Afg (0, A)),ep, is of uniform exponential decay there exists
a polynomial P and a number € > 0 such that [Af;, (0, \)] < |P (k)| - e~=* for
all k € Ny and for all A € K. Then by (27) the following inequalities hold:

(SN A4, (0,0) 2 SNy () - A (0, )]

E (k,\)
1 . 1C
> —— — LeTER >
> n ~ P et 2 ey

for all sufficiently large k£ and for all A € K. Since the set K contains only
negative numbers we obtain the estimate (32) for all sufficiently large k.

Now assume that K is a compact subset in the complex plane C. Then similar
arguments as above show that for some k; € Ny the inequality [AAx (0, )| >

ik% holds for all A € K, and for all & > k.
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5 Uniform estimates of fundamental L-splines

In the rest of the paper we will assume that A (k) is given by (4). We write
)\j (k’) =—k+ Cj for ] = 1, P with

Ci=2-n,Co=4-n,...C,=2p—n,

and \; (k) =k+Cj for j =p+1,..,2p with

Op+1 = 0, Op+2 = 2, ceey ng == 2p — 2.

Hence N +1 = 2p and clearly A (k) is nearly symmetric with respect to
c =n — 2p where n € Ny is the dimension of the underlying space R".

Theorem 12 Let A (k) be as in (4) and let K be a compact subset of the
complex plane with 0 ¢ K. Then there exist a constant M > 0 and an integer
ko such that Py (X) # 0 for all k > ko and for all X € K; further for all
k> ko

1
C (k) := ma z) - max —— < M. 34
( ) mG[O,)i:} QA(k)( ) AG%}PA(M ()\)‘ > ( )

More generally, for every m =0, ...,2p — 2 there exist a constant My, > 0 and
an integer ky such that for all A € K and for all k > k;

ar
dx™

1
-max ——— < Myk™. (35)

Ch, (k) := max
AR Py (V)]

xz€[0,1]

Qaw) ()

PROOF. Using N +1 = 2p and ¢ = n — 2p Proposition 8 yields

Prgey (A) = (=1) XeM Ay (0,0e7) - ragey (A ™) (36)

where ra) (A) = H?Zl (e)‘f(k) — )\) . By Theorem 11 applied to the compact
set e K := {e A\ : X € K} there exists C' > 0 and ko € Ny such that C' <
’AA(k) (0, )\e_c)’-kQP_l forall A € K and for all k > kq. Thus by (36) Py (\) #
0 for all A € K and for all £ > kg and the first statement is proven. Furthermore
we have obtained the estimate

1 AT

< .
|Pagy V)]~ CIA ra) (Ae°)
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In order to prove (34) we apply Theorem 6 with m = 0, and obtain

Qo) @] < G2 e gy (v, D) - | (1)

Theorem 10 shows that there exists D; > 0 such that

max QA(kz ( )< Dlep(n—2p)

€[0,1] - L2p—1 ‘r/\(k) (1)’ .

Hence we obtain for a suitable constant Dy (note that 0 ¢ K) the inequality

1
< e
C (k) < D, ’TA(k) (1)| max ‘ e

The proof is accomplished by the fact that

Ak (1) | (e_k ) Hk —p+1 ( G — 1)

ram (Ae=) Tz (e7F+6 — Aeme) Hk::p-i-l (eF+C — Ae)

converges uniformly for & — oo to ﬁ The estimate (35) follows in the
same way using again Theorem 6 and Theorem 10.

For the proof of our main result we need the following Proposition which
establishes an uniform estimate of the type (12) of all fundamental splines for
the operators L generated by the vectors A (k).

Proposition 13 For every k € Ny let A (k) be as in (4). Then there exists a
fundamental L—spline Ly with respect to the operator Myy. Further there
exist constants M > 0 and € > 0 such that for all k € Ny and all v € R the
following estimate holds:

| Lagy (v)] < Meel, (37)

PROOF. At first we show that Aja (0, —1) # 0 for all £ € Ny. The integral

1 1 1
A 1 / d
aw (0,-1) = 2mi qak) (2) €# +1 © (38)

can be computed by residue theory and it reduces to a rational expression
which has a non—zero denominator. For simplicity let us consider the case

17



when the constants \; (k) are pairwise distinct. Then

2p 1 1
Axw (0,=1) = > Thgy O (k) B + 17

Jj=1

Obviously, gy (Aj (k) are integers. Let us assume that Ay (0,—1) = 0.
After multiplying by H?Zl (e)‘f(k) + 1) we arrive at an equation of the type

l

> Bie’ = 0;

=1

here (3; are non-zero rationals and p; are integers obtained by sums of some of
the constants \; (k) . Due to the special form of the constants A; (k) provided in
(4) at least one of the p; is non-zero. Thus we may apply the classical theorem
of Lindemann on transcendental numbers which states that the above equality
is impossible, see e.g. K. Mahler [15, p. 213] or A. Baker [3, p. 6]. It follows
that AA(k) (0, —1) # 0.

By Theorem 3 we can find for each £ € Ny a fundamental L—spline L) R —
R. Hence, there exist constants M) and e, such that for all v € R holds

}LA(kj) (U)} < Mke_ek‘v‘.

We have to show that the constants M can be chosen as a bounded sequence,
and similarly that ¢, > ¢ for all £ € Ny. Let 0 < p < 1 and put K =
{AeC:p<|A <1/p}. Choose arbitrary p* with 0 < p* < p and put T :=
{Ae C: p* <|A| <1/p*}. By Theorem 12 applied to the compact set 7" there
exists kg € Ny such that

Py (M) #0

for all A € T and for all k > ko. Hence P is holomorphic on the open
annulus given by the radii Ry = p* < 1 < 1/p* = Ry for all k > ky. Again by
Theorem 12 applied to the compact set K there exist a constant M* > 0 and
a natural number k; > ky such that

1

C (k) := ma ‘max — < M* 39
(k) ;2[07}%} QAk) (z) I&%‘PA(kz) ()\>‘ > (39)

for all k > ky. Apply now Proposition 5 with respect to all sets A (k) with
k > k. It follows that there exists a constant G (p) (independent of k) such

18



that the fundamental L—splines Ly for k > ki can be estimated by

|Lagy (0)| < G (p) C (k) e < G (p) M*e ="

where £* := —log p. Finally after putting M := max {M*, My, ..., My, 1} and
€ :=min{e* &g, ..., €5, —1} the proof is complete.

6 The main result

At first we need some notations: assume that the function f:S" ' — R be
square-integrable with respect to the surface measure df on S" !and define
the usual scalar product

<f9L2gn1 /f —9

Recall that Yj, (), for k € Ny,l = 1, ..., a;, denotes an orthonormal basis of
the space Hj, of all spherical harmonics with respect to df. For all k € Ny, and
[l =1, ..., a; the Fourier—Laplace coefficients of f are given by

fk,l = / f(e) Yk,l (9) do.
gn—1

By [23, Corollary 2.3| every square-integrable function f can be expanded into
a Fourier-Laplace series given by

oo ag

= > fra-Yia(0) (40)

k=01=1

where convergence is understood in Ly (S*') with the norm

HfHLQ(S"—l) = /(f, f>L2(S”—1)‘

For every f € Lo (S"™!) define

oo ag

11l = 32D feal - (14 ) (41)

k=01=1

The subspace of all f € Ly (S"™!) with || f||, < oo is denoted by H*!' (S*~1),
see [1].
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By [21], for all Y}, € H), we have the inequality

YO < KRV (0)] gy for 68

Since [|Yy ()]l ,(n-1) = 1 we obtain the estimate

oo ag oo Qg

DD 1 fral Yea O) < KD [ fral 1+ k)%_l =K ”f”g—y (42)

k=0 1=1 k=0 1=1

It follows that a function f € H2~1(S""!) possesses an absolutely uniformly
convergent Fourier-Laplace series.

Using some standard techniques (see e.g. [8]) one can prove the following
criterion:

Proposition 14 Assume that f:S"™ ' — R is a 2q—continuously differentiable
function where 2¢ > 2 (p — 1)+2 [%} . Then f € H*'(S" ) fors = 2(p — 1)+

(n/2) — 1.
6.1 Construction of fundamental polysplines
As in the one-dimensional case we show at first the existence of ”fundamental

polysplines” in the following sense:

Definition 15 A fundamental polyspline Ly : R™ \ {0} — R for the data
function f:S"! — C is the polyspline of order p such that for each j € 7 the
interpolation conditions

Li(el0) =0  forallj#0 and € S" 1,

(43)
L¢(e70) = f(0) forj=0 and all§ € S"!
hold, as well as the following growth condition
|L; (r0)] < Me=lloer] for allr >0 and 0 € S"*. (44)

The next result ensures the existence of fundamental polysplines for a large
class of data functions.

Theorem 16 Let s =s,, =2(p — 1)+ (n/2) — 1. Then there exist constants
M > 0 and & > 0 with the following property: for each f € H®' (S"™1) there
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exists a polyspline Ly of order p such that (43) holds and

dm
drm

" pag, <re>| < Me-osrl | 7| (45)

for allm € Ny and o = (o, ..., a,,_1) € NO71 satisfing the condition m+ |a| <
2p — 2; here D® denotes the differential operator

g e

D = . )
007! 86’0‘" !

PROOF. Let L,y denote the fundamental cardinal L—spline with respect
to the differential operator M (). Now using the Fourier-Laplace series of f
we want to define a fundamental polyspline Ly by

oo ag

=3 fus- Lag (logr) - Yis () . (46)

k=01=1

The series converges absolutely and uniformly since by (37) and (42) we have
the estimate:

oo ag

Ly (r0)] < Mem = 323 fral Via (0)] < K ([ fl5-, - (47)

k=01=1

Furthermore L; is polyharmonic on each annulus A (e7, e/1) since each sum-
mand Ly (log 7)Yy, (0) is according to the results in Section 2 polyharmonic
of order p and the uniform limit of such functions is again polyharmonic of
order p.

Since Laky (0) = 1 and Lagy (j) = 0, for all j € Z ,j # 0, we conclude that
Ly interpolates the given data f, i.e. (43) holds.

We want to prove that the partial derivatives of 6 — Ly (rf) and r — L (16)
exist up to the order 2 (p — 1) . It suffices to prove the uniform convergence of
the series

oo ag

Zqu LW (logr) - DYy (6); (48)

k=01(=1

for m + |a| < 2p — 2. By formula (15), and Theorem 12, there exist constants
C' >0and e >0 and ky € N such that for all £ > kq holds

< Okme—aﬂogr\ ]

} — L) (log )
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By [22], or [21], there exists a constant K > 0 independent of & such that for
all Y € Hg, and for all & € Ny with |a| < N :=2(p — 1) — m, the following
estimate holds

| DY, (0)] < K - K27 NNV (0)]] ey -

Applying the last inequality to Yy, () (note that ||V (0)] 1, g1y = 1) we
obtain that for all @ € Nj~* with |a| < N :=2(p—1) —

ZZ sz LA(k: (logr) DaYkz,l (9)
k=0 =1

oo ag

< CKe_E“OgTI Z Z |fk,l| k™ k(n/Q)—l-i—N
k=01=1

— CKe 1SS [fd] - R0 . /21
k=01=1

Since || fll,,,, < oo we conclude that Ly (rf) is differentiable up to the order
2(p—1) and (45) holds.

6.2 Construction of interpolation polysplines

Now let us construct interpolation polysplines. Assume that d; are data func-
tions defined on the spheres €/S"~'. Then we put f; (6) := d; (¢’), conse-
quently f; is a function on the sphere S" 1.

Theorem 17 Let v > 0 and s = s,, = 2(p—1) + (n/2) — 1 and f; €
H*Y (S"Y) for j € Z. Suppose that there exists a constant C > 0 such that
the tnequality

. 17

£l < Clil" = C |logé/| (49)
holds for all j € Z. Then there exists a polyspline S:R™\ {0} — R of order p
such that

S (e70) = £;(0) = d; (¢0)  forall§ € S"

holds for each j € 7Z, and there exists a constant D > 0 such that for all
0 €St and all T > 0

1S(6)| < D logr["
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PROOF. The following well known fact can be found e.g. in Schoenberg [18]:
Let v > 0 and € > 0. Then there exists D (¢,v) > 0 and Ry > 0 such that for
all z € R with |z| > Ry the following inequality holds:

o e < D) f2] (50)

j=—00

For each f; we can define a fundamental polyspline Ly, as in Theorem 16. We
define the interpolation polyspline by putting

S(x) = i Ly, (a:e_j).

j=—o0

The estimate (45) yields ‘Lf]. (xe‘j)’ < Me<loglae]] 1], , hence by (49)
and (50) it follows

S@)|< S moe kTl < oMD (e,7) floglal]

j=—o0

This shows that S is well-defined and since the convergence is locally uniform
it is clear that S is continuous on R™ \ {0} and polyharmonic on the open
annuli A (¢7,e/T) for j € Z.

The differentiability of S up to order 2 (p — 1) follows from similar estimates
using inequality (45). Then
o dm

> dr—mDaij (T(?e_j)

j=—o0

0 .
S Z Me—€|log7“ej| ”f]”s

j=—o0

This ends the proof.

7 Uniqueness of interpolation polysplines

In this Section we will prove uniqueness of interpolation polysplines.

Theorem 18 Let v > 0. Suppose Si,Sy : R™\ {0} — C be polysplines of
order p such that

|5; (r)| < C (|logr|")
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fori = 1,2. If Sy (¢70) = S5 (e70) for all j € Z and for all 6 € S"! then
Sl = SQ.

PROOF. Let us put S := S; — Sy. Let Si,; (logr), with v = logr, be the
Fourier-Laplace coefficients of S as defined in (6). According to Theorem 2,
Sk (v) are cardinal L-splines with respect to the linear differential operator
Mary and clearly S, (j) = 0 for all j € Z. Further, by the assumption of the
Theorem we see that for all v € R inequality

‘Sk,l (’U)| S / ‘S (6”9) YkJ (9)‘ d9 S CkJ |log 6U|’Y = CkJ |U"Y
Snfl

holds with some constants Cj; > 0. Hence Sj; is a cardinal L—spline of
polynomial growth. By the uniqueness for interpolation cardinal L—splines
(see [16, p. 204] applied for a = 0 ) we infer that Si; = 0. This implies S =0
and finishes the proof.
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