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GEVREY LOCAL SOLVABILITY FOR SEMILINEAR
PARTIAL DIFFERENTIAL EQUATIONS

Alessandro Oliaro*

ABSTRACT. In this paper we deal with a class of semilinear anisotropic
partial differential equations. The nonlinearity is allowed to be Gevrey of
a certain order both in z and d%u, with an additional condition when it is
G*er in the (0%u)-variables for a critical index s¢,. For this class of equations
we prove the local solvability in Gevrey classes.

1. Introduction

In this paper we study the local solvability at the origin of the following class of
semilinear partial differential equations:

(1.1) Pz, D)u + G(;0%)|(a,0)<ne = €f (7),

(1.2) P(z,D)=DI — > bu(@)D%+ > ag(z)DL.
<a’a0—,>:m k*§<:870><m

In (1.1) and (1.2) we write & = (a1,...,0p) € Z}, 0 = (01,...,05-1,1) with
oj > 1 for every j = 1,...,n — 1; we use the notation o' := (aq,...,an_1),
and analogously o' = (o1,...,0,_1); the numbers h*, k* € R satisfy 0 < h* <
k* < m, m € R and (-,-) is the usual scalar product between two vectors, so
(a,0) = 27;11 ajoj + ap, (d,0') = 27:_11 ajoj. Observe that we admit an
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anisotropy, in the sense that for every j the order of the x;-derivative is always
weighted by o; (in the sequel o; are supposed to be rational numbers).

As is well known, the main properties of the operators with multiple character-
istics heavily depend on the lower order terms, so we have to take into account
their influence, cf. the next Theorem 1.1.

Recall that, given an open set @ C R"”, a function f € C*°(Q) is said to belong
to the anisotropic space GMN), A = (A1,...,\n), Aj > 1 for j = 1,...,n, if for
every compact set K C ) there exists C such that

max [0 f (z)| < CloH (al)?,

TeEK
where ()} := g™ - @, If A; > 1 for every j = 1,...,n we can consider
G(9), the set of all functions f € G*(2) with compact support contained in Q.
When A\ =--- = )\, = s we obtain the usual isotropic Gevrey space G*(2).

Many results on the theory of partial differential equations, also in Gevrey spaces,
can be found for example in [7], [14], [11]. Concerning in particular the equation
(1.1), it was studied in the case n = 2 in [3], where its local solvability and
hypoellipticity are analyzed both in C* and Gevrey classes; these results have
been extended to the equation (1.1) in [2]. When proving the solvability in Gevrey
classes, the nonlinearity G(z; z), in [3] is assumed to be analytic in the z variable,
whereas in the paper [2] G(z;z) is regarded as F(z; Rz, z), and the function
F(z;y) is admitted to be Gevrey in y, of order s < s. (see the next Theorem
1.1 for the precise expression of the critical index s¢;). In the present paper we
generalize this result: we admit here F(z;y) to be Gevrey exactly of order s, in
y, but we require the following additional condition:

(1.3) |F g F (03 )| < Cle=MInl/ e (tog nly7me/7min

for a suitably large M and for all x( in a neighbourhood of the origin; we use the
notation

(1.4) Omax = j:{?.a.,}ﬁqaj’ Omin 1= j:lr’n“i.’r}l_laj;

F means the Fourier transform. Note that in particular all the functions F(z;y)

that are G in y for s < s, satisfy (1.3), and so we shall recapture here the
result of [2].

Theorem 1.1. Let us fit A= (A1,...,\n), L< Xj < Z forj=1,...,n—1,
A > 1, and r € (3,1). We suppose that the coefficients of P in (1.2) and
the datum f in (1.1) are in G}(s), Q5 := {z € R" : |z| < §}. Assume that
h* <m —1+r, and the following holds:
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“RY b (@)Y F0 for €= (€1, En1) #0;

(o 0" )=m

-S Y ag(@)éPEmt >0 (resp. < 0);
k*<(B,0)<m

-8 Y b (@)EYEm <0 (resp. > 0).

(o jo'y=m
Regarding the nonlinearity, rewriting G(x; z) as F(xz; Rz, 2) we suppose that:
- F(z;0) = 0;
- F(x;y0) € GMNQs) for every yo € RV

- F(zo;y) € GS(RN), for every zg € Qj, s < Zumin;

- If s = T=in in the previous requirement, we ask that the condition (1.3) is
om

satisfied, with se¢; = 2 for every zo € Q5 and M sufficiently large.

Then the semilinear equation (1.1) admits a classical solution in Qg, for § and €
sufficiently small.

Regarding the linear equation P(z, D)u = f, we use the technique of the conjuga-
tion developed in [9] and then used in [8] for isotropic equations, and in [10], [3] in
the anisotropic case: by this conjugation, cf. Section 2 below, we may transform
the operator P(z, D) into another one that we shall denote by P(x, D): we then
obtain the C'* local solvability of P(x, D) by applying the techniques of [4], [5],
cf. also [3]: this implies the Gevrey local solvability of P(x, D) as in Theorem 1.1.
The advantage of this procedure is that we can impose the hypotheses directly
on the coefficients of the operator.

Regarding the nonlinearity G(x; 0%u), it is treated here with the technique devel-
oped in [1], see also [2]: this gives us the solvability result without any additional
condition on the coefficients of the operator P. The local solution of the semilinear
equation is then found, using standard procedure, by the Fixed Point Theorem,
cf. for example [6].

Some examples of linear operators satisfying the hypotheses of Theorem 1.1 are
given in [3], [2]. Here we fix attention on the non linear term: in particular we
want to show an example of a Gevrey function of exact order s, satisfying (1.3).

Let us consider

(1.5) F(y) — :_F—l (e—M[n]l/Scr(log[n])dmax/amin)’

n—y

where [n)] is a positive C™ function satisfying [n] = |n| for large |n|. Then:
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(a) F € G (RY);

(b) F satisfies (1.3);

(c) F ¢ G*=—*(RN), for every v > 0.
In fact, since F belongs to S(RN) and its Fourier transform satisfies |F\(77)| <
Ce M we have F € G*(RN). The point (b) is trivial, and (c) follows
from the results of [14], Section 3.2: we can in fact regard F(n) as a symbol in
the class S®%==(RN), for every v > 0. Then (s¢ — v)-sing-supp F' = {0} for
v >0, and so F ¢ G*=—7(RN). Observe that F is analytic outside the origin, cf.

[14], Remark 3.2.8.
In the Appendix we shall give an alternative direct proof of (c).

The structure of the paper is as follows: in Section 2 we analyze the linear
equation P(z,D)u = f, recalling without proofs the results of [2]: in the linear
case in fact Theorem 1.1 does not say anything new with respect to [2]. In Section

3 we deal with the nonlinearity, and in Section 4 we give the proof of Theorem
1.1.

2. The linear equation
In this section we recall some results showing the existence of a parametrix for
the operator (1.2) in a suitable scale of Gevrey-Sobolev spaces Hﬁ’f, - A detailed
exposition of this part is given in [2].

Definition 2.1. Let us fix r € (0,1) and § > 0; a non-negative function
P(xp, &) € C®((=0,6) x R*™1) is said to be a weight function of order (r,o') if
and only if for every (j,0') € Z4 x Z:ﬁ_l there exist Cjz and L such that

sup | DI, DY p(an, &) < Cra(ey 77,
Tn€(—6,0)

for all € 2 L where (€ = S5 (1+ 1) 7.

Definition 2.2. Let us now fix s >0, 7 > 0 and a weight function (x,,&")
of order (r,o"). Then HYY, (R=! x (=6,6)) := {f € LAR" x (=4,6)) :

7,0,

| flls,0r < oo}, where || flls,o := ||67¢($”’D’)f||[_[f/ , is the norm in ]HITU T(Rn_l X

(—0,0)). The space Hi, (R"~1 x (=6, )) is the Sobolev anisotropic space, defined
by

1/2
”f”Hf/ A (Z/ a’s g |D ( ! ¢! ) xn7£,)|2 d§,d$n> < o0
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(for s integer thz’s definition can be extended by interpolation to every s > 0).
We write e™?@nD) f .= (27)1-n [e '€ (e ¢’ )(S'I/ﬁg/f)(xn,f’)df’.

These spaces have been studied in detail in [8] in the isotropic case and in [10]
in the anisotropic form of Definition 2.2. Recall that if A = (A1,..., \,) satisfies

1< < L forevery j=1,...,n—1, Ay > 1, then
(2.1) GH(R'! x (=4,6)) CHEY, (R*! x (=4,0)).

As for the isotropic case we define for the operator P in (1.2) the anisotropic
characteristic manifold

Si={(2,6) €U x ®\{0) : &8 — 3 bu(a)d™ =0}

(a',0')=m

A quasi-conic set A C ]R? is a set containing the points (t71&y,. .., 1771, _1,t&,)
for every ¢ > 0 whenever it contains the point £&. We can then fix a quasi-conic
neighbourhood T' = Qs x A of ¥, where A is a quasi-conic set satisfying the
condition (&), < ¢{¢')4 for every & € A, ¢ being a constant independent of £.
Now we consider the conjugate operator P(:L' D) := e¥(@n, D’ )P(z,D)e —T(an, D)
and we fix 1(zn,¢') = (14 %2)(¢')7,. By the general calculus in [10], Theorem
3.1, we have the following result.

Proposition 2.3. Suppose that the coefficients of P(x, D) are in G}(2), 1 <
Aj<Zforj=1,. —1, Ay > 1. Then the symbol p(z,&) of P(x, D) is given
b:l/

p(z, &) = p(x,&) + pm_14r(x,&) + lower order terms,

where p(x, &) is the symbol of P(x,D) and py—14,(x,€) is given by

Zm27—5<£’>” o 1—7(1+;’—g) > ZDmlb )0, ((€)0) €.

(a0 )=m =1

A similar result holds if we choose 9(zy,¢') = (1 — Z&)(¢/)7,. Observe that for
0 sufficiently small the symbol p,,_14,(z, &) in Proposition 2.3 is quasi elliptic in
I, ie.

Ipm—1+r($7§)| > C<§>ZL_1+T
for every (z,¢) € T. This fact, together with the other hypotheses of Theorem
1.1, allows us to construct a microlocal parametrix in HY /o for P(z,D) in T,
cf. [2] (see also the paper of De Donno submitted to the present proceedings,
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in which this point is treated in a more general situation). Then, by applying
the inverse conjugation, we find a microlocal parametrix in ]HI ’1/’ , for P(z, D) in
T. Since outside T' the operator P is microlocally quasi elhptlc, we have a mi-
crolocal parametrix in the complement of I'; by a standard procedure of patching
together these parametrices cf. for example [8], [10], [3], we can construct a
local parametrix E in ]HIS’ . (B HYY,  — HET ) Cand then deduce the

T,0' T T,0' 1

solvability of the linear equatlon P(z,D)u = f in ]HIT’Z’ +(€5); by the inclusion

(2.1) we have the result of Gevrey local solvability of Theorem 1.1.

3. The nonlinearity
One of the fundamental properties of the space Hi’f, . is that there exists s515 > 0

such that, for every s > s,14, ]I-]Ii’i’,
satisfies the condition

(3.1) ¢(xn7fl) — (T, §I - 77/) — (T, 7],) < —bmin{(fl - 77,>a’7 <nl>a’}r

for a constant b > 0. From this fact it is possible to prove the following result.

, is an algebra, provided the weight function

Proposition 3.1. Let us fiz s > s, and suppose that the weight function
(zn, &) satisfies (3.1). Then there exist two constants ¢ and a such that
2/ omin (log [[ul] )7 mex/min

62) [ 1., < { e’ i fuflor > 1
el i Jufloe < 1

for every real-valued function u € HY (R*=1 x (=6,0)); the constants ¢ and a

TO' N
depend only on n and s.

Proposition 3.1 is proved in the isotropic case in [1], with a slightly different
norm; the proof in our case is given in [2].

Theorem 3.2. Let us consider a function F(x;y) satisfying the hypotheses
of Theorem 1.1; choose B C Hﬁ’f T(R”_l X (—0,0)) bounded with respect to ||-||s o,

and take N real valued functions ul(x), c.o,un(z) € B. Let (xy, &) satisfy (3.1)
and assume s > Saig. Then, writing u(x) = (u1(x),...,un(z)), we have

(3-3) 1F (23 w(@))lls,00 < Cllluallsors-- - )

where U is a continuous function satisfying ¥(y) — 0 as y — 0. Taking
vi(z),...,on(z) € B we also have

N
(3.4) 1P (25 u(@) = F(250() 5,00 < Cr Y lluj = vjlls,or

i=1
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Cp being a constant depending on B.
Before giving the proof of Theorem 3.2 we prove the following technical lemma.

Lemma 3.3. For every ay,...,any € C we have:

N
(35) al---aN—lzz Z (ajl—l)---(a,jl—l)

(=1 0<j1<-<j<N

Proof. We prove this identity by induction on N. If N = 1, (3.5) is triv-
ial. Now we suppose that it is true for N and we consider a1 ---ay11 — 1 =
a1 ---any_1(anyans1) — 1; by the inductive hypothesis we have:

N
al"'aN—l(aNaN-H)_l:Z( Z (aj, —1)--(aj, — 1)

=1 0<j1<-<je<N

+ > (e, = 1) (g, — D(avans — 1)>;

0<j1<-<gy=N

since ayanyi1 —1 = (ay — 1)+ (an11 — 1) + (ay — 1)(any1 — 1) we have

N
al"'aN+1—1=Z< Z (aj, —1)---(aj, — 1)

=1 Y 0<j1 <-<jJy<N

+ Y [y =1 (@, —D](ay —1)

0<j1<<Jp—1<N

+ Z [(a’jl = 1) (aj,_, — 1)] (ant1—1)

0<j1<<jr—1<N

+ Z [(ajl —1)-- (a'jl—l - 1)] (an —1)(an+1 — 1))
0<j1<<Jp—1<N
N+1

=S Y (@ =14y, - D).
£=1 0<j1<<jy<N+1
So the proof is complete. O

Proof of Theorem 3.2. Observe at first that, since

lellzee < sup [Forogrulen, €l < C(r) sup [[e™ P ul| 2 < Cy(7) |ulls o
Tn Tn v
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B is also bounded in L™ (R*~! x (-6, §)); moreover, we look for the local solvability
at the origin of (1.1), and so we can suppose that F(x;y) is compactly supported
both in 2 and y. By the hypotheses on the Gevrey order of F'(z;y) and a standard
procedure we can find two constants C' and p such that

D1 (5 pese F) )| < © e EEOHGY (7 g o
"y

M being the constant of the estimate (1.3). By Definition 2.2 it follows that
€€ f(z)||s,00 < C €€ || f||s 0, and so we have:

NN n— . /N
1F (5 (@) s o <C / €0 g I HE DA g
(3.6)
[ 1) ) g o0 gl

Since 1 < \; < %L for j = 1,...,n — 1, the integral in & in (3.6) is finite. By

Lemma 3.3 and the algebra property of Hﬁg’, , we have that for s > sy
(3.7)

N
1™ ~lle <CY5 D0 @ 1y [ ® — 1] g
=1 0<j1<<je<N

So, by Proposition 3.1 and (3.7), if M is sufficiently large the integral in 7 in (3.6)
is convergent, and so (3.3) is true. In particular, if ||uj||s, < 1 for every j the

N
s0') = CEZ: > ”ujl”s,a’ T ”ujz”s,a’?

=1 0<j1<<Jy<N

function ¥ keeps the form W(]|u,;

then ¥(y) — 0 as y — 0.
Now we want to prove (3.4). From the Taylor formula, stopped at the first term,
we have:

N
F(z;u(@)) — F(z;o(2) =) (uj(2) —vj(x))

=1

1
X [/0 ((0y, F) (w3 u(z) + tv(z)) — (8, F)(2;0)) dt + (9y; F)(x;0)| .
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Taking the Hﬁg’, , norms, and applying (3.3) to the function H(z;w(z)) :=
(0y; F)(x;w(zx)) — (9y, F)(x;0) we deduce that

N
”F(.I,U(SL’)) - F($;v($))||s,a/ < CZ ”U’J - vj”s,a’

j=1
1
x [ [ 0 + 051 4 100, )0

then (3.4) follows from the fact that u;(z) and v;(x) are in a bounded set and ¥
is continuous. O

Remark 3.4. Let us consider now J(u) := F(z; R (0%u), S (0%U))|(a,0)<h*
cf. (1.1). We take u(z) € B C Hi:f,J(R"_l X (—0,08)), where B is bounded as
before; observe that ||0%ul|s o < Cllul|s4n= o for every a satisfying (o, o) < h*.

Then, by Theorem 3.2 we can find a continuous non-decreasing function ® :
[0, +00) — [0,400), ®(0) =0, such that

(3-8) 1T (u)lls

moreover, if u,v € B we have:

< O(||ulls4re0);

(3.9) [J(w) = J(0)|ls,0r < Cgllu = vl[s1p= 00

4. Proof of Theorem 1.1

Using the tools of the preceding two sections we now prove the local solvability
of the semilinear equation (1.1).

Proof of Theorem 1.1. We know from Section 2 that there exists a parametrix
E of P: more precisely, we have that P(z, D)E = Id + R, with E : ]I-]Is”/’

ety ]I-]Is+h r’w, and R : ]I-]Is’w N ]I-]Itw , for every ¢t > 0. Then by

7,00 T
arguments as in [6], see also [8], [10] 13], we can ﬁnd a positive, continuous,

non-decreasing function L : [0, 9] — [0, +00), £(0) = 0 such that, defining

E'U * Rv
A = sup B g s gy 1B
v£0 V][50 0 [0]]s.00
Ve, (95) veRY, ()

we have A (0) < L(d), Bs(0) < L(d). We are looking for a solution of the form
u = Fw, so the equation (1.1) becomes v(z) = Q(v(z))+ef(z), where Q(v(x)) :=
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—Ru(z) — F(z;R (0%(Ev)(2)),S (0“(Ev)(2))) l(a,0)<n+- We then have to find a
fixed point of the operator Q(-) + f; we choose ¢ and € such that the following
conditions are satisfied:

(4.1) Bs(0)(1 + €l flls,00) + (As () (1 + €ll flls.0)) <1
(4.2) B, (8) + As(6)Cr < 1,

where ®(-) and Cp are given by Remark 3.4, B := {w € Hi:f, ()t [lw—ef|ls0r <
1}. Now, by (3.8) and (4.1) we have that Q(-) + f : B — B; moreover (3.9)
and (4.2) imply that Q(-) + f is a contraction. We then obtain a solution as
an application of the Fixed Point Theorem in the Banach space B. Taking s

sufficiently large the solution is classical. O

Appendix

In the Introduction we have analyzed the function F(y) defined in (1.5). Now we
give an alternative direct proof of the fact that F' ¢ G*=~¥(RYN). We prove this
fact ab absurdo: let us suppose that there exists v > 0 such that F € G (RN).
We then choose an even function ¢ € G5 7(RY), ¢ # 0, and define ¢ := 1) * 9.
In this way we have p € Gi" ¥ (RM), as it is easy to deduce by the definition of
the convolution product. Moreover, § is real-valued, and $(n) > 0 for alln € RV:
in fact, @(n) = Fy_n( x9)(n) = (1/#\(77))2, and 1;(77) is real-valued, 1) being even.
Let us consider now (¢F')(y); observe that ¢(y) # 0 in a neighbourhood of y = 0
(we have already pointed out that the singularity of F' is localized in y = 0).
We have that (pF)(y) € G5 " (RY) and then, by the standard properties of the
Fourier transform,

(A1) |Fyan(@F)(n)| < C el /™)

for suitable C' and p; on the other hand,

(A2)  Fy(eF)(n) = 2r) Mg« F = (2m) Y / POF(n — ) de.

Now

ﬁ('{] - 5) = e—M[n_g]l/Scr (1Og[ﬂ—§])anlax/ﬂmin

A3
(43) > = M/[n]!/%er (logfin])7mex/Tmin —M'[€]'/ex (g[g])7mex/min
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Since F' and @ are real-valued non-negative functions, we have by (A.2) and (A.3)

that

(A.4)

|Fysn(@F)(n)] = (2m) 7Y / B F(n — )] dé

Z (27T)_N6_M’[77]1/Scr(log[n])amax/o’min / |§5(£)| e—M'[5]1/5“(log[f])a‘“ax/"min dé-

— " o M)/ 2er (log[n])7max/ 7min

We finally deduce from (A.1) and (A.4) that

C/ e—M’[ﬂ]l/scr(log[ﬂ])amaX/Jmin < |9'y—>77(‘;0F)(77)| < Oe—#|7l|1/(scr—1/)’

that cannot be true for large |n|. So F ¢ G~V (RY), for any v > 0.
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