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STUDIA MATHEMATICA

MONITORING OF ADHESIVE JOINT

USED IN LIGHTWEIGHT DEVICES*

T. Petrova, E. Kirilova, W. Becker, J. Ivanova

The excellent performance of the shear lag method for modeling smart
pre-damaged bi-material structures under static and dynamic loading lies
on the obtained important analytical formulae. The authors developed this
method and applied it to investigate the piezoelectric response of a smart
structure consisting in a piezoelectric patch over a host layer under static
load and affected by electrical load at environment conditions. The interface
delamination is investigated and the analytically calculated debond length is
found, which is not considered in the typical local techniques. The numerical
examples are oriented to the real materials used in the solar cells and other
devices. The results are presented in figures and discussed in detail.

1. Introduction

Over the last decades, structural health monitoring has been recognized as a
useful tool for improving the safety and reliability of structures [1]. Many mon-
itoring techniques have been considered and developed in the literature [2, 3] in
order to quantify and locate the damages in the lightweight structures [4]. These
monitoring methods have their specific advantages for detecting damages in the
structures. For example, in global dynamic techniques, it is well known that
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the structure is subjected to low-frequency excitations. Other typical local tech-
niques, such as ultrasonic techniques, acoustic emission, and impact echo testing,
require expensive and sophisticated hardware as well as well-trained professional
operators.

On the other hand, electromechanical impedance based structural health
monitoring has shown promising successes in monitoring and finding minor chan-
ges in structural integrity [5]. A key aspect of electromechanical impedance
method is the use of piezoelectric patches as collocated sensors and actuators.
To apply piezoelectric patches as an actuator-sensor simultaneously, a PZT patch
bonded to a structure is driven by a fixed alternating electric field. Lim et al. [6]
employed a new method for structural identification and damage detection using
smart piezoelectric transducers.

Various FE models on piezoelectric structure interaction have been proposed
since the 1990s. Lalande et al. [7] provided an excellent review about FE
approaches for the simulation of piezoelectric patch–host structure interaction.
Huang et al. [8] reviewed the development of analytical, numerical and hybrid ap-
proaches for modelling of the coupled piezo-elastodynamic behaviour. Therefore,
it becomes an important issue to study the coupled electro-mechanical behaviour
of these sensors with bonding layers to reliably evaluate the relation between the
measured signal and the local mechanical deformation.

Encouraged by the excellent performance of the shear lag method for mod-
elling smart pre-damaged bi-material structures and single lap joints [9] under me-
chanical loading at environmental conditions, the authors developed this method
to investigate the piezoelectric response of the smart lightweight structures (piezo-
electric patch over host layer) under static load and affected by electrical load
at environment conditions. In the present paper the interface delamination of
a patch from a substrate layer is under consideration and the analytically cal-
culated interface debond length is found, which is not considered in the typical
local techniques. Some criterion about the value of the electric gradient of the
patch and detection of the corresponding interface debond length is formulated.
The last result is of a big importance because such kind of lightweight structures
is used as a basic element at solar panels, aircraft and other lightweight devices.

2. Statement of the problem

The shear lag method which started with the paper of Cox [10] for fiber-reinforced
composites is now a common analytical tool in the engineering society. The shear
lag hypothesis involves a simplification of in-plane shear stress and decouples the
2D problem into two 1D ones.
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The following system of ordinary differential equations for a bi-material unit
cell is obtained reducing the respective 2D case to a 1D case:
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Figure 1: A representative unit solar
cell

It is assumed that the consid-
ered structure consists in the patch A

which is piezoelectric and transversal
isotropic, influenced by the tempera-
ture and electrical load and the layer B
which is isotropic, but influenced from
the temperature and moisture. The in-
terface I is only isotropic. The con-
sidered structure is loaded by electrical
load (patch A), mechanical strain load ε0 along the axis 0x (layer B) and is in-
fluenced by temperature and moisture (see Figure 1). Following the goal of the
present paper, the overlap zone 0 ≤ x ≤ l between the patch and layer will be
taken into consideration (see Figure 1).

It is assumed that the kinematic behaviour within the structure is given by

εtoti =
dui

dx
and εmech

i = εtot − ε
pzel
i − εTi − εHi i = A,B, I. According to the

mechanical, electrical and environment conditions assumed above we have that
for the interface I ε

pzel
I = 0, εTI = 0, εHI = 0, for the patch A εHI = 0, while

for the layer B ε
pzel
i = 0.

Mechanical, temperature and moisture boundary as well as mechanical con-
tact conditions are:

εB(l) = ε0 εA(l) = 0

(2)
TB(0) = T0

TB(l) = T1

;
TA(0) = T0

TA(l) = T1

;
HA(0) = H0

HA(l) = H1

;
HB(0) = H0

HB(l) = H1

where in (1, 2) σκ, εk (κ = A,B) are the mechanical stresses and strains, τI
is the interfacial shear stress, DzA is the electric displacement of patch A and
H, T are the moisture concentration and temperature coming in the structure,
respectively. The length and thickness of the patch and the layer are l and hB ,
respectively. The width of the patch and layer are equal.

The integration of the last two equations of Eq(1) in the overlap zone gives
the solutions : TA = T1 − (T1 − T0)(1 − x/l), TB = T 1 − (T1 − T0)(1 − x/l);
HA = H1 − (H1 −H0)(1− x/l), HB = H1 − (H1 −H0)(1− x/l).
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So, the thermal and moisture strains are

(3)
εTi = αi

[

T 1 − (T1 − T0)(1 −
x

l
)
]

,

εHi = βi

[

H1 − (H1 −H0)(1−
x

l
)
]

, (i = A, B)

The solution DzA = D0, 0 ≤ x ≤ l of the third equation of (1) is obtained
for the piezoelastic case [9], where DzA is the electric displacement acting on the
patch.

The constitutive equations for the patch A, layer B and for the interface I

are given are in detail in [9]. We have:

(4)

EzA =
DzA

ε∗
33

−
p∗3
ε∗
33

[

T 1 − (T1 − T0)(1 −
x

l
)
]

−
e∗31
ε∗
33

duA

dx

σA =

(

c∗11 +
e∗231
ε∗
33

)

duA

dx
−

e∗31
ε∗
33

D0 −

(

α∗
11 −

e∗31
ε∗
33

p∗3

)

[

T 1 − (T1 − T0)(1 −
x

l
)
]

σB
x = σB = EB

duB

dx
− EBαB

[

T 1 − (T1 − T0)(1−
x

l
)
]

−EBβB

[

H1 − (H1 −H0)(1 −
x

l
)
]

, τI = GI
uA − uB

hA + hB

In (4) σκ and uκ, (κ = A, B) are mechanical stresses and displacements and
EzA is the electric gradient for patch A; cij , eij , εij , αij, p3 (i, j = 1, 2, 3) are
elastic constants (measured at constant electric field), piezoelectric and dielectric
constants (measured at constant strain), thermal stress coefficients, pyroelectric
coefficient for patch A; EB, αB , βB are Young’s modulus, thermal and moisture
expansion coefficients for plate B and GI is the shear modulus of the interface,
respectively.

The problem will be solved in the selected overlap zone for the lightweight
structure patch/layer, following the Volkersen procedure [11]. The following sys-
tem of ordinary differential equations corresponds to the 1-D case within the
shear lag hypothesis for the overlap zone of the patch A and the plate B:

(5)
dσB

dx
+

τI

hB
= 0,

dσA

dx
−

τI

hA
= 0

According to Volkersen procedure the following condition for equilibrium has to
be satisfied:

(6) σAhA + σBhB = σ0hB

where σ0 = EBε0 and ε0 is the applied mechanical loading of type static extension
to the plate B. At assumption that the widths of the patch and layer are equal,
this condition follows from the equations (5).
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Using (5/2) (4) and (6) the following ordinary differential equation for the
axial stress σA is obtained:

d2σA

dx2
− λ2σA +B + Cx = 0, λ2 =

GI

hI

(

1

EAhA
+

1

EBhB

)

B =
GI

hIhA

{

σ0

EB

−

(

DA

EA

−
DB

EB

)

−

(

T1A

EA

−
T1B

EB

)

−

(

H1A
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−
H1B
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)}

C = −
GI

hIhA

{(

T2A

EA

−
T2B

EB

)

+

(

H2A

EA

−
H2B

EB

)}

The system of equations (5) has to satisfy the following boundary conditions:

(7) σA(0) = 0 σA(l) = 0

The solution of (5/1) has the form:

σA =
1

λ2sh(λl)
{−Bsh[λ(l − x)]− (B + Cl) sh(λx) + (B + Cx) sh(λl)} .

The total hygrothermalpiezoelastic stresses and electric gradient for the model
(Figure 1) in the overlap zone read:

σA =
1

λ2sh(λl)
{−Bsh[λ(l − x)]− (B + Cl) sh(λx) + (B + Cx) sh(λl)}

(8) σB = EBε0 −
hA {−Bsh[λ(l − x)]− (B + Cl) sh(λx) + (B + Cx) sh(λl)}

λ2hBsh(λl)

τI =
hA

λsh(λl)

{

Bch[λ(l − x)− (B + Cl) ch(λx) + C
sh(λl)

λ

}

EzA = (DzA)/(ε
∗
33)− (p∗3)/(ε

∗
33)

[

T 1 − (T1 − T0)(1 −
x

l
)
]

− (e∗31)/(ε
∗
33)(σA)/(EA)

The length of an interfacial debonding is found from the condition that the
interface shear stress reaches its failure limit τ cr, i.e. τI(le) = τ cr. Accordingly
we have the following equation to be solved with respect to the debond length le:

(9) τI =
hA

λsh(λl)

{

Bch[λ(l − x)− (B + Cl) ch(λx) + C
sh(λl)

λ

}

So, we get:

(10) τI(le) =
hA

λsh(λl)

{

Bch[λ(l − le)− (B + Cl) ch(λle) + C
sh(λl)

λ

}

= τ cr
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The substitution exp(λle) = y in (10) leads to the following quadratic alge-
braic equation:

(11) Py2 − 2Qy +R = 0, where

Py2 − 2Qy +R = 0, P = B [ch(λl) − sh(λl)] +

(

Pλ2

whA
−B − Cl

)

Q = sh(λl)

(

λτ cr

hA
−

C

λ

)

, R = B [ch(λl) + sh(λl)] +

(

Pλ2

whA
−B − Cl

)

The roots of (11) are found as y1,2 =
Q±

√

Q2 − PR

P
, so the debond interface

length according to the above written substitution is le =
1

λ
ln

Q±
√

Q2 − PR

P
.

We look for a positive debond length, so the logarithmic argument must be greater

or equal to 1, i.e.,
Q±

√

Q2 − PR

P
≥ 1.

3. Numerical examples

Three examples will be considered. First of them case 1 (Cu/Si) is connected with
a modeling of an ordinary unit solar cell, the second case 2 (PZT-5H/CFRP)
[12] and the third case 3 (PZT-4/IM7 8852) [9] are directed to another smart
lightweight structure patch/layer with application in automotive industry. For
this purpose in Table 1 the mechanical and physical properties of the used mate-
rial are given. hA = 1 mm; hB = 2 mm; ε0 = 0.1%÷ 2%; l = 50 mm; D0 = 0.055
C/m2; GI = 800 MPa; τ cr = 18 MPa; T0 = 263 ÷ 273 K; T1 = 293 ÷ 333 K;
H0 = 0.05 ÷ 5(%); H1 = 5.0÷ 40(%)

Case 1

Figure 2: Interface
shear stress for patch
(Cu)/ layer (Si) along
the overlap zone
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Case 2

Figure 3: Interface
shear stress for patch
(PZT-5H)/ layer
(CFRP) along the
overlap zone

Case 1, 2, 3

Figure 4: Interface debond
length for case 1 Cu/ Si, case
2 PZT-5H/CFRP, case 3 PZT-
4/IM7 8852 for different values of
the static load

Case 2 and 3

Figure 5: Electric gra-
dient for patch (PZT-
5H)/ layer (CFRP)
along the overlap zone

Case 3. The behavior of the shear stress along the overlap zone is quite similar
to PZT-5H/CFRP and is not shown here.
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Figure 6: Indirect dependence of the
electric gradient on debond length
for (PZT-4)/(IM78552) and (PZT-
5H)/(CFRP) at fixed value of static
and physical loading

Figure 7: Dependence of the electric
gradient on temperature and moisture
concentration at fixed static load ε0 =
0.015, case 3

Figures 2 and 3 describe the behavior of the interface shear stress along the
axis 0x in the overlap zones for the considered 3 cases. The presence of the electric
load (Fig. 3) seriously changes the interface delamination for these structures
(case 2, 3), detaining the delamination from the right end of the patch, while for
the case 1 (Fig. 2) the delamination from the both ends of the patch arises. The
straight line τ(le) = τ cr intersects the shear stress, showing graphically the places
of the interface delamination. Let denote the interface delamination starting from
origin of the axis 0x as lleft (left) and from the end of the overlap zone as lright
(right), respectively.

Figure 4 illustrates the behavior of the interface debond length as a function
of the static load for the cases 1, 2, 3 respectively. It can be seen that the
interface debond length is a monotonically increasing function of the static load
at constant values of the electrical displacement and temperature and moisture
concentration. For the three considered cases the full degradation of the interface
is not reached.

In Figure 5 the behavior of the electric gradient along the length of the over-
lap zone at different values of the static loading and for fixed temperature and
moisture concentration (cases 2 and 3) is shown. Increasing the static load the
electric gradient increases as well, reaching the maximal value at the half of the
overlap zone. The behavior of the structure PZT 4/IM7 8852 is quite similar.

The indirect dependence of the electric gradient and interface debond length
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is shown in Figures 6 for cases 2 and 3. These dependences show that to the given
value of the electric gradient the respective unique value of the debond length
corresponds and could be regarded as a possible criterion for detecting the length
of the interface debonding via the respective value of the electric gradient.

The influence of the temperature load and moisture concentration for case 3
is shown in Fig. 7. It is seen, that the value of the temperature T1 definitely
influences the electric gradient EzA(x) and the axial stress σA(x) as well. The
decreasing of the value of T1 decreases the electric gradient and reflects on the
value of debond length. Similar, but weaker influence on the value of EzA(x)
is observed when T0 decreases. Changes in the moisture concentrations do not
influence value of electric gradient for considered materials.

4. Conclusions

The lightweight structure patch/layer is a subject under consideration in the
present paper. On the structure the combined load is applied consisting in static
mechanical and electric load at temperature and moisture exposure. The shear lag
model is used to determine the behavior of the interface shear stress and interface
debond length. Three structures are considered: two of them are supposed to be
smart ones, while the third is an ordinary unit solar cell without piezo properties.

From the analysis provided the following conclusions can be made:

• The piezo properties and electrical load significantly influence the initiation
of the left side interface delamination in the overlap zone and preserve the
patch from the right side interface delamination

• The influence of the moisture and temperature coming to the structures are
expressed by detaining the interface delamination

• The indirect dependence cam be summarized to the conclusion that to the
value of the electric gradient the unique value of debond length corresponds
and can be used to give the expected value for the interface debond length.
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