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Abstract. To a convex set in a Banach space we associate a convex fungtio
(the separating function), whose subdi erential provides useful information on the
nature of the supporting and exposed points of the convex setThese points are
shown to be also connected to the solutions of a minimizatioproblem involving the
separating function. We investigate some relevant properies of this function and of
its conjugate in the sense of Legendre-Fenchel. Then we higght the connections
between set convergence, with respect to the slice and Attath-Wets topologies,
and convergence, in the same sense, of the associated fuocts. Finally, by using
known results on the behaviour of the subdi erential of a convex function under
the former epigraphical perturbations, we are able to derie stability results for
the set of supported points and of supporting and exposing factionals of a closed
convex subset of a Banach space.

1. Introduction.  In this paper, we work with a function characterizing convex
sets which is neither the indicator function nor the support function. This function,
which we call the separating function of the convex setC, is de ned in the following
way: For all x 2 X, and setting inf =+ 1, let f¢.,,) be de ned as

flcu(x)=infft2 R:x+ tu 2 Cg;
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whereu is a norm one vector.

The subdi erential of this function carries on some information on the exposed points
and exposing functionals of the closed convex set. Moreovethe mapping which assigns
to the set its separating function enjoys some bicontinuity properties with respect to the
slice and Attouch-Wets topologies. This observation, alomg with continuity properties of
the subdi erential with respect to the quoted variational ¢ onvergences, leads to stability
results for the sets of support points, exposed points and quporting functionals when
the closed convex set moves along these topologies. The papg organized as follows.
In section 2 we precise our notations and recall some resultthat will be used in the
sequel. In section 3 the separating function is introduced ad some of its properties are
reviewed. We also give a quantitative version of the celebrizd Bishop-Phelps Theorem
([16]). In section 4 we include all the results related to staility. In particular we
prove a continuity result for the subdi erential of convex f unctions in Asplund spaces,
using the Attouch-Wets topology, and we establish stability properties for the set of
supporting and exposing elements of a closed convex set of aaBach space.

2. Preliminaries and notations. Let us begin with some de nitions. Given
a normed vector space X; k:k), we shall indicate by Bx the closed unit ball and by Sx
the unit sphere. The closed ball with centerx and radiusr is denoted by B (x;r), but
when x = 0, we shall also write rB x . The product of normed spacesX Y is endowed
with the norm
k(x; y)k = max( kxk; kyk):

We shall indicate by X the (continuous) dual of the Banach spaceX and by h; i the
usual pairing betweenX and X .

Given a functionf : X !  RJ[f +1g and given 2 R we denote by f ]
the set of thosex 2 X with f (x) , and by epif the set

epif =f(x;t) 2 X R:f(x) tg:

As it is easy to show, epif is closed if and only iff is lower semicontinuous and convex
if and only if f is convex. In the sequel, as it is usual in an optimization seing, we shall

often identify a function with its epigraph: in particular, when we want to topologize
the set of the lower semicontinuous (and convex) functiond : X !  R[f +1g, we

intend to de ne a topology on the closed (and convex) subset®f X R.

We denote by F (X ) the set of the closed subsets oK , by C(X) (resp. C(X ))

the set of the subsets ofX (resp. X ) which are convex and (X;X )-closed (resp.
(X ;X)-closed). Conv (X) will be the set of the extended real-valued (i.e. valued in
R[f +1g ) convex functions dened on X and o(X) (resp. o(X )) the set of the
proper (i.e. not identically equal to + 1 ) functions on X (resp. X ) whose epigraphs
belong to X R), (resp. (X R)). The sets o(X) and (X ) are connected
by one to one mappingsL and L , the Legendre-Fenchel transforms, de ned for all
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f2 oX),g2 oX ), x2X,y2X ,byL(f)=f andL (g) = g, where
f (y)=supfthx;yi f(x):x2 Xg

and
g (x)=supfhx;yi gly):y2X g

Given " 0 the "-subdi erential @f of a function f 2 Conv(X) is the set
@f =f(xy)2X X fX)+f (y) hxyi "g

The set @f will be simply denoted by @f.

We introduce now some ways of associating functions to setsa(d vice-versa).
The indicator function of the subset C X is the function i¢c from X into R[f +1g
dened by ic(x) =0if x 2 Candic(x)=+1 if x2 X nC. Given C 2 C(X) we
denote by ¢ the support function of C. It is de ned as:

c(x )=supfhc;xi : c2 Cg=ic:
C X is the polar set of C, de ned by
C =fy2X : ¢c(y) 1g

The recession cone OC of a closed convex seC is the set of thoseu 2 X such that
forall x 2 C one hasx+ Ryu C. Itis also equal to

(1) 0"C=fu2X :foralu 2dom c; hu;ui Og:

Given C 2 C(X), an elementx 2 C is said to be a support point (for C) if there exists
u 2 X nf0g, which is called a support functional for C at x, such that

(2) c(u)=hgu i:

The point x 2 C is said to be exposed ifx is the only element of C satisfying (2),
it is said to be strongly exposed if every sequencexf,) C converges tox whenever
(lXn;u i) converges to c(u ). Given (C;u) 2 C(X) Sx,and"™ 0 we denote by
"-Supp,C the set

"-Supp,C=Ff(x;w)2C X : cw) " hxwi;huwi= 1g

When " =0 we set
Supp,C = 0-Supp,C:

We also set

Exp,C = f(x;w ) 2 Supp,C : (Supp,C) *(w ) = fxgg
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where
(Supp,C) (w)=fz2 X :(z;w ) 2 Supp,Cg:

We shall see later that a support point can be characterized ¥ being solution of a
certain minimization problem. Moreover, a strongly exposa point is a solution of a
problem which has a particular nature, described by the nextde nition.

An optimization problem igfx f(x), wheref : X !  RJ[f +1g is dened on
X

a metric space ¥;d), is said to be well posed if it admits a (unique) solution which is
the limit of each sequence X,) in X with rI]ilrln f(Xn) = inzfx f (x).
: X

The epigraphical sumf Jg g (or inf-convolution) of two functions f, g from X
into R is the function de ned for all x 2 X by

(f+ 900 = inf (F(2)+ gx  2):

It is said to be exact at x if inf (f (z2)+ g(x 2))=min (f (2)+ g(x 2)).
z2X z2X

We shall need a result of [8] on the computation of the conjugte of the sum of
two convex functions in general normed spaces.

Theorem 2.1. Let X be a normed space and let, g 2 Conv(X) be proper
convex functions. Assume that for some real numbers, s> 0, r > 0 one has

3) sBx |f INrBx [g J\ rBx:

Then forall y 2 X
(F+9 (=(F +g)y)

and the epigraphical sum is exact.

To conclude our preliminaries, let us introduce the set topdogies we shall use
in the paper. Given x 2 X and given subsetsA, C of X we set

d(x;A) =inf tkx zk:z2 Ag;
with the convention d(x; )=+ 1,
D(A;C)=infftkx zk:(x;z)2 A Cg

and
e(C;D) =supfd(x;D) : x 2 Cg;

with the conventions e( ;D)=0and ¢C; )=+ 1 if C6 . The Hausdor distance
betweenC and D is de ned by

h(C;D) = max(e&(C;D);e(D;C)):
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For eachr 2 Ry ;" 2 R, we de ne

e(C;D) = eC\ rBx;D);
h;(C;D) = max(e(C;D);e(D;C));

U. = f(C;D)22" :e(C;D) "g;
U = f(C;D)22" :e(D;C) "g;
U = f(C;D)22° :h(C;D) "g=U. \U/5:

The family of sets U, (resp. U;) is a basis for a quasi-uniformity on the hyperspace
F(X). We denote by aw (resp. aw . ) the topology induced by this quasi-uniformity.
We denote by aw the supremum of aw and aw. . This topology, the Attouch-Wets
topology (see [2]), is associated with a metrizable unifority on F (X) whose basis is
constituted by the sets U~ when (r;") ranges overR;y R, . In terms of sequences,
C= aw —nlli{n Cy if and only if r!i!rln h (C;C,) =0 for all (large)

The inferior limit of a sequence (C,) of closed subsets of a metric spacex( d)
is the setnlll_i Ch of those x 2 X such that nIli{n d(x;Cpr) = 0. Equivalently, it is the

set of x 2 X for which there exists a sequencex) converging to x such that x, 2 C,
eventually. Instead the superior limit Ls Ch is the set ofx 2 X for which there exists

a sequence Xx) converging to x such that Xk 2 Cp,, Wherefnyg is a subsequence of
the integers. We shall say that the sequence(,) converges toC in Kuratowski sense
if Ls C, C Li Cy.
n!l n!'l
Together with the Attouch-Wets topology, we shall consider another topology

on the subsetC(X) of the hyperspaceF (X ) of the closed subsets of the normed space
X the slice topology. To brie y introduce it, let us de ne the family of sets

O =ffC2C(X): 0\ C8 g: O runs over the family of the open subsets oK g

and
(BH™ =ff C2C(X):D(C;X nA) > 0g: A runs over the convex bounded sets

Then the slice topology is de ned as the smallest topology cotaining the families O
and (B°)** . More precisely, O gives rise to the lower slice topology and B¢)**
generates theupper slice topology. For more information on this hypertopology, we
refer to [11], [13], [27], [28], [10]. Here we just mention té following facts, that will be
used in the sequel:

A sequence C,) of closed convex sets converges for the lower slice topolpdo a
closed convex seC if and only if C r“IIi Cn;
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a sequence Cp) of closed convex sets converges for the slice topology to éosed
convex setC if and only if the sequence ( ¢,) slice converges to ¢;

givenff;f,:n2Ng o(X), then (fy) slice converges tof if and only if the
two following conditions hold:

a) for all u 2 X, there exists a sequenceu,) ! u such that

limsupfn(un) f(u);
n'l

b) forall u 2 X , there exists a sequenceu,) ! u such that

limsupf,(u,) f (u):
n'l

3. Separating functions of convex sets. In the sequel C will be a convex
subset of a normed vector spaceX dierent from and X 1. We shall study the
supported points of C by associating to it a direction u and a closed hyperplaneH , not
containing u, which allow de ning a function, that carries useful inform ation about C.
To do this, let us set the following notations:

8
2 uU2Sx and uzo0‘C
A)
H=fx2X : :/ui=0gforsomeu 2 X with hu;ui= 1L

We shall indicate by the projection on H in the direction u, namely (x) = x+hx;u iu
forall x 2 X.

Remark 3.1. It is useful for the sequel to observe the following: the dual
spaceH of H is isomorphic to the subspacet? X denedas® = fx 2 X
hu;x i =0g. A natural isomorphismj :H ! M s for instancej(a ) = x , where

Xy = a and hu; x i = 0. Moreover the dual norm of the norm of X restricted to H is
equivalent to the restriction of the dual norm of X on H . Thus in the sequel we shall
identify H with the hyperplane fx 2 X :hu;x i =0g.

Following [20] and [29], we can now introduce the function wich will play
a fundamental role in the study of the convex setC. For all x 2 X, and setting
inf =+1,let fc, be dened as

flecu(x)=infft2 R:x+tu2 Cg=(ic : (ire hx ID(X);

IThis assumption guarantees in particular the existence of a unit vector u 2 X suchthat u 2 0* C,
which is all we need when in our statements we shall assume subequent hypothesis (A).
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where x 2 Sy is such that 1 = kuk = hu;x i. We say that fc,,) is the separating
function of C with respect to the direction u. We also introduce the restriction f ¢4
of fic.uj to H. Let us observe here that the assumption of existence of a vear u such
that u 2 0" C is necessary to avoid the trivial situation when the separaing function
fic.u; never assumes real values. Moreover, whenu 2 0" C it may happen that the
function f ¢, is not lower semicontinuous even wherC is closed. Indeed letC R R
be the epigraph of the convex functionh(x) = (jxj 1) 2+ ip zy(x)andu=(0; 1).
We obtain 8
2 1 if (x;t) 2]0;1[ R
f[C;u](X + tU) =
+1  if(xt) 6201 R:
On the other hand, as we shall see later (see Proposition 3.1}he function fc.,; has
nice properties whenever u 2 0* C.

Let us setC; = C+ R.u. Observe that Cj = fx : fic,;j(x) 0Og and that
fic.u) is proper whenever there existsu 2 C with hu;u i < 0, a condition equivalent
to u 620" C. Observe also thatx + fc.;j(x)u 2 C whenever & + Ru)\ C is closed
and that fc,,) = fc+.,- Moreover, forall x 2 X and 2 R one has

4) fleu(x+ u)= ficu(x)

Recalling that x and its projection are related by the formula (x) = x + hx;u iu we
then have, for all x 2 X

) freuni( (X)) = fieu(®) hxui:
Moreover

Xx= (X)+(frcuni( X)) FiewOoy;
wheneverx 2 domfc.,;, and for all'y 2 X

frew(®) = frceyu(x + y):

Finally, we observe that, in the case whereC = epi h with h 2 Conv(X) andu =(0;1)
we get, forallx 2 X:

ficu(X; 0) = h(x)
and forall (x;t)2 X R
fleu(t)=h(x) t

Proposition 3.1. Let C be a closed subset oK. Then for all u 2 Sy for
which u 620" C one has

flcu 2 ofX):
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let (x,) be a sequence converging ta and such that

with | = Iinglir}(f fic.u1(2). There is nothing to prove if | = 1 . Otherwise, observe that

Jm i (xn) = 1

> 1 ,asthereisv 2 C such that hu;v i < 0. Thus there is a sequence,, !

such that x, +(1+ th)u2 C. AsC is closed,x + lu 2 C. Thus f¢.,;(x)

the proof of the proposition.

The function fc.,; provides a complete description of the seC. Indeed if C is

closed convex and ifu 2 Sy four cases occur

ubn*C, ubD'C

C=fx+t: x2H; ficuniX)

t

f [C; uH ](X)g

u20'C, u6d*'C

C=fx+t: x2H; ficuniX)

tg

ubn*C, u20'C

C=fx+tu: x2H;t flc; whi(¥)d

u20"C, u20'C

C=fx+tu: x2H,; ficunix)

t

fic; uH1(X)9

Proposition 3.2.
a)forall v 2 X

f[C;u](V ) = >

Let C be a convex subset of a normed vector spage Then

8

2 ¢c(v) ifhyvi= 1

Moreover, assuming @), one has

b) forallw 2 H

=fw 2X :huwi=0g9g:

f[C;u;H](W )= c(w +u)

Proof. Let x 2 X besuchthathu;x i =1. As

we derive that

frc.u(X) = (ic * (iru h 5x ))(x);

fle®V) = c(v)+ gru(v +x)

C(V )+ ifx hux i= 1g(V );

+1 if u;vie 1

C(V )+ ifx hu;x i=Og(V + X )

| which ends
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which is the asserted expression.
Let us now computef[C;u;H - Let Xo 2 H \ domfc.;. Forall x 2 X one has

X=Xo+ttu+ (X Xp)
with t = h X Xp;u i, which leads to
Bx  [ficu INBx  [in 1\ rBx;

wherer  max(l + kxok; k k(1 + kxgk), and 0 is such that f (Xxp) + r. Thus
we can apply Theorem 2.1 yielding, for allw 2 H

f[C;u;H](W) = (f[C;U]+ IH) (W)
W (e V)+ ()

'tngf[c;u](W tu ):

Asw tu 2 H (only) for t = 1, we obtain f[C;u;H](W) = ¢(w + u) which
concludes the proof of the proposition.

The following result shows the main connections between sygorting points of
the convex setC and a minimum problem associated to the separating function
Theorem 3.3. Let C X be a closed convex subset.

a) Let x 2 C be a support point, letl? be the corresponding supporting hyper-
plane:

H=fz2X chz;wi = hgw ig;
for somew 2 X . Finally, let H be the hyperplane parallel ta? through the origin.
Then, for eachu 2 Sx such thathu;w i < 0, one has

;QL frewn 1(8) = frouwn( (X):
Moreover, if x is exposed, the problemnfy f ., has unique solution (x), and if x
is strongly exposed, the problennfy fc...1 is well posed.

b) Conversely, letw 2 X nfOg and let B be a closed a ne hyperplane through

x 2 C parallel to the linear hyperplaneH 3 0 of the form

M=fz2X :he;wi=how ig:

If there is u 2 Sx such thathu;w i < 0 and infazn fic.un1(d) = foun( (X)), then
X is a support point for C, with supporting functional w . Moreover, if the problem
infy fic.uh Is well posed, thenx is strongly exposed.
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Proof. a) Assume that It;w i attains its maximum over C at x. One has
h;w i
flcuy(*)=0,sothat x = (X)+ ficuni( (X))u and ficmi( (X)) = o w i
a2 H. Foreacht 2 R such thata+ tu 2 C, one hasha+ tu;w i h x;w i, implying
thi:w i h x;w i, so that t Z’_‘\’,"V :,hencef[c;u;H](a) frean( () and then

. Now let

;QL f[C;u;H ](a) = f[C;u;H ]( (X)):

Assume now that @ strongly exposesx 2 C\ M. Let (a,) be a sequence irH such
that (fc.uhj(an)) converges tof c.,.q1( (X)). Setting Xn = an + fic,unj(an)u we get
Xn 2 C and
Xnsw i = froun(@)huw i

hence the sequencehk,;w i) converges tofc.,.nj( (X))P;w i = hx;w i. Thus (Xn)
converges tox so that (a,) converges to (x).

b) Assume that infy fic.uH] = fiouni( (X)), for somex 2 C\ B and u 2 X
such thathu;w i < 0. Letz2 C,thenz= (z)+ tu where

t f[C;u;H ]( (Z)) f[C;u;H ]( (X));
yielding
te;w i =thuw i frogn( (X)husw i = hw i:
Thus w supports C at x. Now assume thatfc.,; is well posed and let &,) be a
sequence inC such that (hxn;w i)_ converges tohx;w i. Setting ap, = (xn) we get

Xn;w i
hu;w i
f[C;u;H ](an) n= f[C;u](xn) 0;
we getf[C;u;H ]( (X)) f[C;u;H ](a—n) n and thus (f [CuH ](an)) ! f[C;u;H ]( (X)) By
well posedness of ¢+, then (a,) converges to (x), thus (x,) converges tox. We

have shown that® strongly exposesx.

We now show how the"-subdi erential of the function f ¢, | characterizes the
set of "-support points and support functionals of C 2.

Xp = ap+ npuwhere = converges tof c.;.1 1( (X)). As

Proposition 3.4. Let C be a convex subset of a normed vector space,
assume @A) and let" 0. Then, for all a2 H\ domfc,.j, the translation t, is
a one to one mapping from@fc.,.4 () onto ("-Supp,C)(x) = fu 2 X :(x;u) 2
"-Supp,Cg with x = a+ fic.,.y(@)u. In other words,

(6) (a; a ) 2 @f [CuH ] 0 (a+ f[C;u;H ](a)U; u+a ) 2 "'Suppuc:

2Remembering Remark 3.1, we are here identifyinga 2 H with the element (still denoted by a )
of X actingasa onH and such that hu;a i =0.
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Moreover
(7 (5w )2Supp,CO ( (X)w uj)?2 @fc;u;H]:

Proof. Leta 2 @fjc,yqi(@), v =ty (@)=u +a andx = a+ ficuni(a).
We have:
ficuni(@)+ flouni(@ hajai+ ™

andhx;v i = hajai  ficnq(a). Relying on Proposition 3.2, we derive
c(v) " hxwvi;
and, ashu;v i = 1,v 2 ("-Supp,C)(x). Conversely letv 2 ("-Supp,C)(x) and let
a =v u 3 Onehas:
c@+u) " hxa +ui;
andH 3 a= x+ hx;u iu which give
freun1(®) = floun (X + Gu iu) = fie)(X) hxiu i = hxui:

Thus we get
f[C;U;H](a )+ f[c;u;H](a) haai+"

hencea 2 @fc.u.1 ().

Now observing that (x;w ) 2 Supp,C implies fic.j(x) = 0 and thus x =

(X) + fic.um( (X))u, we immediately derive (7) from (6).

With the help of the Ekeland variational principle, Proposition 3.4 provides a
simple proof of the Bishop-Phelps Theorem (see [16]) on deitg of support points and
support functionals. Let us recall that given a Banach spaceX andf 2 o(X), itis an

immediate consequence of the Ekeland variational princip applied tof h :;w i that
given"> 0,z2 X andw 2 @f (z) there existsx 2 X andv 2 @1fx) with

kx zk pW;

(8) kv wKk pw;

if@ o0 Pk + P

):

Theorem 3.5. Let C 8 X be a closed nonempty convex subset of a Banach
spaceX . Then the set of support points is dense i@ Cand the set of support functionals
is dense in dom c.

3As hu;a i =0, we can consider a as an element ofH .
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Proof. Let z2 @C One hasR,(z C) 6 X so that there existsu 2 Sx with
u62R.(z C)thus u620"C. Let H be the linear hyperplane associated to some
u 2dom ¢ with hujui= 1. Setb= (z). AsubR.(z C), we getfic(z2)=0
thus z = b+ ficyy(bu. Let" > O and letw 2 @f [C?U?H]E)bl Returning tor@)’ we
get the existence ofa 2 H Ioa %@IC;U;H]%‘) with ka bk "ka wk ", and
ificun)(@  freun (D) (" "+ kw k™). From Proposition 3.4 we obtain

(x;v ) 2 Supp,C;

with x = a+ fiegpy@u, v = a +u andkz xk " "@" "+ kw kP ™).
Now let w 2 dom ¢. We can chooseu 2 Sx such that hu;w i < 0 and

k> O0suchthathu;kw i = 1. LetH =[hu;w i = 0] and let z 2 C be such that
cw) " hzywi. Setting b= (z), we havew  kw 2 @fc,1(b), thus there
exista2 H andv 2 @fc.yq (@) with kw  kw v k ". From Proposition 3.4 we

derive that v + kw is a support functional for the set C.

4. Stability of supported and exposed points. This section is dedicated
to stability of the supported and exposed elements of a closkconvex setC, under per-
turbations in the sense of the slice and Attouch-Wets topolgies. As we want to study
this with the help of the separating functions, and we learnel that their subdi eren-
tials provide information on supporting points, we start with some auxiliary results on
the approximation of the points of single valuedness of the gbdi erential of a convex
function. Then we connect convergence of the sets to conveegce of the associated
separating functions and nally we provide the main stability results. Our rst result
is a technical lemma, the convex version of Proposition 7.8.in [11].

Lemma 4.1. Letff;f,:n2 Ng o(X) be such thatf = aw -nlli{n fn and
let xg 2 int(dom f). Then for all "> 0 there exist > 0 and N 2 N such that

sup  jfa(x) f(xo)i<"

X2Xo+ B x

forall n n.

Proof. Lety 2 @fxg) be arbitrary. There exists ; > 0 such that for all
X 2 Xg+ 1U we have

X Xo;yi + f(Xo) > >f (xo) ™
Since the graph ofx 71'h x  Xq;yi + f (Xo) > lies below epif , by slice convergence
the set

n

(x; )2X R:x2xp+ 1Bx; = Xg;yi+ f(Xg) >
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lies below epif , for all n 2 N su ciently large. This means that

sup  f(xo) fa(x)<™

X2Xo+ B x

By upper semicontinuity of f at xq there exists 0< , < 2 such that f (x) <
f (Xp) + " wheneverx 2 xg+ 2Bx . It follows that

(Xo+ 2Bx) f(xo)+ E;f (Xo)+ " epif:

. . 3 . L :
This means that the ball with center Xxg;f (Xo) + Z" and radius » lies in epif . Take

solargethat B x [ ; ]contains this ball. Thenif h (f,;f) < 32 it easily follows

. . 3
from the Radst®m cancellation law that the ball with center  xg;f (Xg) + Z" and

radius » lies in epif,,. Thus, for eachx 2 xg + EZBX , we have

(000 <F (xa)+ "+ 2 2<T (xg) + *

for n large.

Corollary 4.2. Letff;f, : n2 Ng o(X) be such thatf = aw —nlli{n fn

and let Xxg 2 int(dom f). Then there exist > 0, > 0 andn~ 2 N such that for all
n N,X2Xo+ Bx,Yy2 @f(x), we havekyk

Proof. Choose by Lemma 4.1°> 0 andn 2 N such that jf,(x) f(xg)j<"
forall x 2 xo+ Bx, n N. In particular, each f, is uniformly bounded above
and below onxg+ Byx. As a result, ff, : n Ng is an equi-Lipschitzian family

3 . . . . . ,
on Xo + 2 By . Taking a uniform Lipschitz constant  for the family restricted to

. 1 .
Xo+ 5 By and setting = > 0 we claim that

suplkyk 1y 2 @f(X);n N;X2Xo+ Byxg

Otherwise there would existx 2 xo+ Bx,n N andy 2 @f(x) such that kyk >

Choose a unit vectorw with hw;yi > . Sincekx xok = % x+ y w2 xq+ 2 By

2
and
1 1
fx+ZQ/v f(x) > x+Z%x;

- . . . 3
contradicting Lipschitz continuity of f, on the ball x + 2 By .
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Lemma 4.1 and Corollary 4.2 fail to be true when replacing the aw topology
by the slice topology. Indeed letX be a separable Hilbert space endowed with an

orthonormal basis (ey)n2n and let f 0, fn = ix, with X, = spanfey; ;e 0. We
have f = 5—nlli{n fn, 02 int (dom f), but setting x, = ”n+1 we get x,) ! 0 and
faxn)=+ 1.

Givenf 2 o(X), we set
@f = f(xy) 2 @f: @fx) = fygg,
f=10f(x)y) 1 (xy) 2 @

and

f=10f(x)y):(xy) 2 @f g

Observe that givenx 2 C with a=(x) we derive from Proposition 3.4 that
v 2 (Exp,C)(x) if and only if @[C;U;H](v u)= fag:

A normed spaceX is said to be an Asplund space if every continuous convex fution
de ned on a nonempty open convex subset oK is Fechet di erentiable on a dense G
subset of its domain. A result due to P. Kenderov (see for examle [25, Theorem 3.20])
asserts that given a maximal monotone operatorT X X de ned on an Asplund
space and satisfying int (domT) 6 , there exists a dense G subset of int (domT) on
which T is single valued and norm-norm upper semicontinuous.

Theorem 4.3. Let X be Asplund, letff; f ,;: n 2 Ng o(X) be such
that f = Aw-n|,i{n fn and let int(dom f) be nonempty. Then there exists a subset

E of int(dom @f) that is dense andG subset ofdomf such that for all x 2 E,
x;f(x)y) 2 n'IIi fn, wherey is the unique subgradient off at x.

Proof. By Kenderov's Theorem on maximal monotone operatorsthe points x
of int (dom f ) where @fis single-valued and norm-norm upper semicontinuous conia
a denseG subsetE of int(dom f ). Fix Xo 2 E and let yo be the unique subgradient of

f at Xo. Let "> 0 be such thatxg+ "Bx domf. There exists 0< o< > such that

n

Ky yok < > forall x 2 xo+ oBx,y 2 @fx). Choose, by Lemma 4.1 and Corollary

42,0< 1< o > 0 andnNi 2 N such that both

9) sup  jfn(x) f(xo)j<"
X2Xo+ 1Bx

and

(20) sup sup kyk

X2Xo+ 1Bx y2@f (x)
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hold. By (9), forall n N3 we havexp+ 1Bx domf, and sinceX is Asplund there
existsxp 2 Xo+ 1Bx suchthat @f(xp) is a singleton. Fix > max(kxgk+ 1; ). From
a known result on convergence of functions and related convgence of subdi erentials
(see for example [24], Proposition 1.5), there exists an irek N~ N7 such that for all
n nN,h (@fi@f) < 1. Nowletn N be xed and let y, be the unique element
of @fi(xn). Since Xn;yn) 2 B x x \ @#f, there exists (w;y) 2 @fsuch that both

kxn wk< jandky, yk< 1hold. Sincew 2 xg+ @Bx, we haveky ypk < > and

soky, Yyok< > + 1<".By(9), jfn(xn) f(Xg)j<" andsince 1 <", we also have
kxn Xok<". Thus forall n n, we have found &,;f (Xxn);yn) 2 fn such that

K(Xo; f (X0);¥0)  (Xn;f (Xn);yn)k <™

This proves that (Xo;f (X0); Yo) 2 r”Iii f as required.

We now turn to the problem of relating convergence of sets to anvergence of
the associated separating functions.

Theorem 4.4. Let X be a normed vector space and letC; C, : n 2 Ng
C(X). Let u, H be as in assumption(A). If fic.yn= g-nl!i{n fica:uny, then

Cr = s lim (Cn);:
Conversely, if (A) holds forC and C = g-lim,1  C,, then

flewny = s=lim frepumy:

Proof. Let us start with the lower part of convergence. Letc 2 C}. Then
c= (0+ u,with ( (c); ) 2 epific.u:v;- Then there exists a sequencexn; n)
epific, .y such that (x) ! (c)and ( n) ! . Then xp+ nu?2 (Cn), and the
sequence Xn + nu) converges toc. Now supposeD(B;C;) > 0 for some convex
bounded setB. Call

B=f(x; ):x2H; x+ u 2Bg

It is easy to verify that B is closed bounded inX R and that D (B; epific.ung) > 0.
Then D (B; epific,.uup) > O eventually. Suppose now, for the sake of contradiction,
(D(B; (Cn):)) I 0. Then there existh, 2 B, ¢, 2 (Cn); such that (jb, cqj) ! O.
Writing by = (bh) + nU, Gy = (Co) + rau, we have ((bn); n) 2 B, ( (G)irn) 2
epific,.uny and d[( (bh); n);( (ca);rn)] ! O, but this is impossible. So Cn); 2
(BS*™ and this shows the rst part of the theorem. To prove the secord part, let
x 2 domficyw\ H. As z = x + ficenj(x)u 2 C, there exists a sequencez)
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such that z, 2 C, and limy1 2z, = z. Let us write zz = X5 + U with X, 2 H;
one has limiy  Xnp = X, limpr 0 = fiewn(X) and fic,un1(Xn) n and thus
lim supp; f[Cn;u;H](Xn) f[C;u;H](X)- Now let

v 2domf.,.y; dom ¢ u:
There exists a sequencew,,) converging in X to u + v in such a way that

limsup c(w,) c(u +v):
n'l

Setting , = (hu;w,i) 1, we havenllim n = 1. Setting w, = p,w, we havew; =
u + v, with hu;v,i =0 and (v,,) converging to v . Moreover

Iimlsupf[Cn;u;H](Vn) = ”TEUD e nWn)  Froum(v )

yielding the announced result.

Corollary 4.5. Let X be a normed vector space and letC; C, : n 2 Ng
C(X). Let u, H be as in assumption(A). If fic.yq; = S-nl!ilm fleounyandfic, why=
S- nl!i{n f[Cn; wH s then

Proof. Observe that C = C} \ C*,. Then, from Theorem 4.4 we have
convergence of Cn); to C; and of (Cn)+u to C*,. We must show that this implies
convergence of the sequenceCq) to C. Let c2 C. There are sequencescf,) (Cn);
and (c,) (Cn)J’u converging toc. Write ¢, = Xp+tpu, ¢, = yn Spu, with x,,y, 2 C

S t .
andtp, s, > 0. ThenC, 3 S ft Xn+ ———yn | c. This proves lower convergence.
n n

Upper convergence follows from the formulaD (A;C) = max(D(A;C});D(A;C*,)),
which is easy to prove and is left to the reader.

Corollary 4.6. Let X be a normed vector space and letC; C, : n 2 Ng
C(X). Suppose moreoverC, = (Cn);, C = CJ and assume(A) for C. Then C =
g-nl!i{n Cn if and only if fic.yhy = S-nI!ilm freauH-

The assumption u 2 0* C plays an essential role in the former results. For, if

u2 0" C we already remarked that it can happen that f .,y 1 is not lower semicon-

tinuous. This means that, even whenC, = C for all n 2 N, we do not have in such a
casefc.yn = s-nl,i{n fica:um- Moreover, if u2 0" C, even the implication

C = s-n|!i{n Cn :) CJ = g-n|!i{n (Cn);
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is no longer true, as the following example showsX = R?, C, = f(x;y) 1y  nxg,
u=(0;1).

If we replace the slice topology by the aw topology we are able to provide
gquantitative estimates. The rst result is the following.

Proposition 4.7. Let u, H be as in assumption(A). There existsp > 0 such
that, for all r 0 and for all C;D 2 C(X) the following estimate holds:

hf(C+ ; DJ) 2hrp (f [Cu;H ]; f [D;u;H ]):

Proof. Take C 2 C(X)and x 2 Ci \ rBx. Write x = (x) hx;u iu. We
have
freuni( X)) = ficw(X) hxsui h xju i rkuk;

and k (x)k  r(l+ ku k) =0 p. Thus ( (x); hx;u i) 2 epific.unj\ PBx r. Then
for each” > 0 there is (z;a) 2 epif .,y such that k( (x); hx;u i) (z;a)kx r
ep(frcunpfouny) + *. Considerw := z+ au 2 Dj. To conclude, observe that
kw  xk  2ep(fic;um i fown ) + " and interchange the roles ofC and D.

To obtain an inequality in the opposite sense, we need the ftdwing lemma.

Lemma 4.8. Let Cy 2 C(X) be such that(A) holds true. Then there exist a
aw -neighborhoodN of Cy and p > 0 such that for all C 2 C(X),

ficu(X) p(kxk + 1) for all x 2 X:

Proof. Let vy 2 domf. ., in such away that ¢,(vo) = 1 (see Proposition
3.2). Let us de ne

: 1
N = C2C:d((Vo; co(Vo));epi c) < >
The setN 3 Cg is open due to the continuity of polarity with respect to the A ttouch-

. . 1
Wets topology. For all C 2 N , there exists v ; ) 2 epi ¢ suchthatkv vgk < > and

i co(Vo)j < % Let us sett = (hu;vi) 12 (0;2). One has (v ;t ) 2 epif[C;u]
and, for all x 2 X,
flcu(®) hxtv it p(kxk +1);

wherep = max(2kvok +1;2 c,(Vp)j +1). This ends the proof.
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Proposition 4.9. Let Cop 2 C(X) be such that @) holds true. Then there
existp> 0, g > 0and a aw -neighborhoodN of Cqy, such that for eachC, D 2 N and
for eachr O

hr(ficunp fioun ) Ahpere+ny+ (C;D):
Proof. From Lemma 4.8, there exist a aw neighborhoodN of Cop andp > 1

such that for all C 2 N,

frc.u1(X) p(kxk +1) forall x 2 X:
Let C,D 2N and let (x;t) 2 epific.yj2 rBH r. One has

pd+r) frouni(x) t 1
thus X + fic,uq(X)u2 C\ (p(1+ 1)+ r)Bx. For "> 0, there existsy 2 D with
kX + froumi()u Yk €pasry+r (C;D) + ™
One hasy = z+ suwith z=(y) 2 H, thus (z;s) 2 epif p.,.4 ] We get
freun () sj=jx+ fiegn(Xu  z susuij k u k(€ )+ (C;D)+ "),

and
kx  zk=k (x+ frouni(u y)k K k(s r(C;D)+ "):

We derive that

d((xit);epif[D;u;H ]) k (x;t) (z;s+t f[C;u;H](X))k

max(k k;ku K)(€ya+r)+r(C;D)+ ");
hence letting" goto 0
& (feunpfioun)  max(k kiku Kyeyqs e (C;D):

Interchanging C and D, the result follows.
From Proposition 4.7 and 4.9, we get immediately the followng

Theorem 4.10. Let X be a normed vector space and let
fC;Ch:n2Ng C(X):

Let u, H be as in assumption(A). If fic.uv)= aw -nllilm fico;um s then

C; = Aw - lim (Cn)y:
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Conversely, if (A) holds for C and C = aw - n||i{n Ch, then

f[C;u;H] = AW - nl!i{n f[Cn;u;H I-
Corollary 4.11. Let X be a normed vector space and letC; C, : n 2
Ng C (X). Let u, H be as in assumption(A). If fic.unj = Aw-n|,i{n fico;uny @nd
fle: wn1= aw- lim fre,; uny then

C= Aw-n|!|{n Cnh:

Proof. Asin Corollary 4.5 we must show that convergence of((:n):] to C; and
of (Cn)+u to C*, implies convergence of the sequence&f) to C. This follows from the
formula e (D;C) max(e (D{;C});e (D*,;C",)), which is left to the reader.

Corollary 4.12. Let X be a normed vector space and letC; C, : n 2
Ng C (X). Suppose moreoverC, = (Cn);, C = CJ and assume(A) for C. Then
C= aw -n|!i{n Cy if and only if f[C;u;H] = AW -n|!i{n f[Cn;u;H]-

We nally are able to prove the promised results on stability of the supporting
elements under perturbations. We start with the slice topology, and we shall focus our
attention to lower convergence of the support points, but before let us brie y &plain
what happens with upper convergence.

The Bishop-Phelps Theorem shows that convergence of a sequee of sup-
port points, in a xed given closed convex seC, does not guarantee that the limit
point is a support point for C. On the other hand, if we have convergence of pairs
(Xn;u,) 2 SuppC, to a limit pair ( x;u ), then (x;u ) is a support point for the set C,
if the sequence C,) converges toC in the sense of Kuratowski, as a standard direct
computation shows. So, let us focus on lower convergence aigort points.

Theorem 4.13. Let X be a Banach space and I€tC; C,, :n 2 Ng C (X) be
such thatC = 5—nlli{n Ch. Then assuming(A) for C, one has

Supp,C  Li (Supp,Cn):

Proof. Let (x;v ) 2 Supp,C and let H be any closed hyperplane such that
(A)issatised. As hu;v i = 1, we derive thatfc.,(x) = 0, thus x = a+ fic.,nq (@)U,
wherea= (x). Using Proposition 4.4 one gets

flewny = s=lim freoumy:
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From Proposition 3.4 we have @;v U ) 2 @fc.y:17- Using Theorem 8.3.7 of [11], we
get the existence of a sequencedf;a,)) H H such that ((an;ficuHi(an);an))
converges to @;fc.uqj(a);v U ). Setting X, = an + ficyvj(@n)uandyv, = u + a,
we get Xn;V,) 2 Supp,Cn and the sequence (n;Vv,)) converges to ;v ), yielding
the announced result.

Theorem 4.14. Let X be a Banach space and IetC; C,, :n 2 Ng C (X) be
such thatC = aw —nlli{n Ch. Then assuming(A) for C, one has for allr 0

r]I!ilm e (Supp,C; Supp,C,) =0:

Proof. From Proposition 4.9, we derive that
f[C;u;H] = AW ‘nl!i{n f[Cn;u;H I
Letr Oandlet (x;w )2 Supp,C\ rBx x . From Proposition 3.4, we have

( (X);f[C;u;H]( (x));w u) 2 ( f[C;u;H])\ Bx rR x ;

with = max(rku k;k kr;r + ku k). Using a result of [15] (see for example [11],
Theorem 8.3.10) one has

dime (( freun)s ( frequn) =0
It follows the existence of sequencesag) H and (a,) H such that
K( ()i ficuni( )W u)  (@nifcouni(@)ian)k <" (n)+(n+1) *
with * (n) = e (( ficun)s ( frenun)- Let us set
(Xn;Wp) =(an + fic,un(@)usu + ay):
One has &n;w,) 2 Supp,Cy,

kw, wk=ka, ak<" (n)+(n+1) !

and
kxn  Xk=kan + fic,uniy @ frounjuk 2" (n)+(n+1) b;
yielding
K(XniWp) (X ;w )k 2(" (N)+(n+1) b);
thus

& (Supp,C; Supp,Cn)  2(" (N)+(n+1) 1),
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which ends the proof of the theorem.

In order to obtain stability results involving Exp ,C instead of Supp,C, we need
an additional assumption of non atness at in nity for the co nvex setC:

(11) there exists v. 2 H such that f .. is continuous atv :

Observe that assumption (11) is satis ed wheneverC is bounded and that obvious
examples can be given in which this assumption is not satis d and the conclusion of
our next theorem is not in force. GivenasetD X X andw 2 X we set

D(X)=fw 2 X : there existsx 2 X : (x;w )2 Dg;

and
D Yw)=fx2X :(x;w)2Dg:

Theorem 4.15.  Let X be a re exive Banach space and lefC; C,, : n 2 Ng
C(X) be such thatC = aw —nlli{n Ch. Assuming (11) and (A), then

(Supp,C)(X) LI (BExpyCn)(X):

Proof. Let (z;w ) 2 Supp,C and let H be any closed hyperplane such that
(A) is satised, so that z = (2) + ficyv( (2))u. Applying Theorem 4.3 to the
function .. .4, there existsE  int(dom @f ., ), which is a G dense subset of
domf ..y}, Such that for all v 2 E one has

(v ;f[C:u:H ](V );b) 2 n!IIi f[Cn;U;H];

where @fc;u;H](V ) = fbg. Let ((vn;f[C;u;H](vn);th)) be a sequence converging to
(v ;f[C;u;H ](v ); b) and such that (Vn;f[C;u;H ](vn); ) 2 f[Cn;u;H]' As

@fcum (V) = fng;
one gets, from Proposition 3.4,
(Xn;wp) 2 Exp,Ch;
wherex, = by + fic .uHj(bh)uandw, = v, + u . As
freaur1(n) = Mnvii fre.in(Va);

we derive that the sequence f(c, ;u;H j(n)) converges tof ¢4 3(b) and (xn) converges
to x = b+ fic.uh (b, yielding

(x;v +u)?2 n'Iii (Exp,Cn):
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Thus

v +u 2 n!IIi (Exp,Cn)(X):
Asa =w u islimit of a sequence¥,) E, we derive thatw := rI]i!rln (v, + u ) be-
longs ton!ll_i (Exp,Cn)(X), sincev, + u 2 n!IIi (Exp,Cn)(X) and n!IIi (Exp,Cn)(X)
is closed.

Example 4.1. Let X = R%, C = [ 1] Ry, u=(@0;1),u =(0; 1),

H =R f Ogidentiedto R. One hasfc,,4(x) = i} 1,13(x) and f[C;u;H](y) = jyj. One
easily checks that

(Supp,C)(X) =R f 1g;

and
(Exp,C)(X)=R f 1g

We see that (Exp,C)(X) = (Supp ,C)(X), as expected by applying Theorem 4.15 to
the sequenceC, C. Nevertheless observe that

Exp,C = f((1;0);(x; 1)) : x> 0g[f (( LO)(y; 1)) : y<0g

and
(Supp,C) *(0; 1)=[ 1L1] f Og;

so that one cannot expect stability for the exposed points bt only for the exposed
functionals.

Aknowlegement. We are indebted to G. Beer for useful discussions, concerngn
mainly Theorem 4.3.
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