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Abstract. The definition of the weak slope of continuous functions introduced by
Degiovanni and Marzocchi (cf. [8]) and its interrelation with the notion “steepness”
of locally Lipschitz functions are discussed. A deformation lemma and a mountain
pass theorem for usco mappings are proved. The relation between these results
and the respective ones for lower semicontinuous functions (cf. [7]) is considered.

0. Introduction. The classical mountain pass theorem of A. Ambrosetti and
P.H.Rabinowitz (cf. [1]) has been extended in various directions, one of them being the
relaxation of the smoothness assumption on the considered functional. These exten-
sions require notions corresponding to the norm of the derivative (and in particular,
to a critical point) in the C* case. A well known generalization is for locally Lipschitz
functionals (cf. [2, 16, 3]) where the most popular notion of the derivative is the Clarke
subdi Cerential (cf. [4]). Recently in [8], [7], [12] and [13] the mountain pass result was
extended to the continuous case and a version of this result for lower semicontinuous
functionals was proved there. The principal aim of this paper is to propose an alterna-
tive approach to the lower semicontinuous case using multivalued usco mappings.
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The paper is organized as follows.

In section 1 we discuss some interrelations between the notions generalizing the
norm of the derivative of a C* functional to the locally Lipschitz and continuous cases.

In section 2 we introduce the notion of steepness of upper semicontinuous
compact-valued mappings. It is shown how it generates a corresponding notion for
lower semicontinuous functionals. Two examples motivate our approach. In section
3 a natural multivalued version of the classical deformation lemma and in section 4 a
mountain-pass theorem for usco mappings are proved.

1. The locally Lipschitz and the continuous cases. We next recall the
definitions of the two notions which substitute the norm of the derivative of a C?-
functional in the locally Lipschitz and in the continuous case, respectively.

Definition 1.1. Let X be a Banach space, S X be a neighbourhood of
x2 X, f:S! R be Lipschitz continuous and f°(x, h) be the Clarke derivative of f at
x in direction h 2 X. The number

inff £°(x, h):h 2 X, khkx = 1g

is called steepness of T at x and is denoted by st f(x).

The real number c is said to be a critical value of T if there exists x 2 X
(called critical point of ) such that ¢ = f(x) and 0 2 af(x) where 9f(X) is the Clarke
subdi Lerential of T at x.

Remark 1.2. In [16] we have defined the steepness as
inff £°(x;h):h 2 X, khkx = 1g.
In [2] the respective notion is
A(X): = minfk x& x =2 af (x)g (p. 113)

In fact, if stf(x) is defined as in Definition 1.1, we have A(X) =0 if stf(x) 0 and
A(X) = stf(x) otherwise. In addition stf(x) = A(x) = kfF{{x)k if f(x) is C1. That is
why in this paper we prefer to stick to the Definition 1.1 of the steepness rather than
to the one given in [16].

The notion of steepness can be introduced in a natural way for locally Lipschitz
functionals defined on a Finsler manifold (cf. [15, 17]).

Definition 1.3 (cf. [8]). Let X be a metric space endowed with the metric
d, f: X ! R be a continuous function, x 2 X and let B(x,d) be the closed ball with
centre X and radius 6 > 0. The supremum of the numbers ¢ 2 [0, +1 ) such that there
exist 6 > 0 and a continuous map H:B(x,d8) [0,0]! X, such that for eachy 2 B(X,0)
and for each t 2 [0, 3] we have

d(H(y,9),y) t and f(H(y,1)) f(y) ot
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is called weak slope of  at x and is denoted by jdfj(x).

As in the C! and in the locally Lipschitz cases, x 2 X is called critical if
jdfj(x) = 0.

Remark 1.4. Independently lo[e’hnd Schwartzman introduced and studied
a slightly dilerknt notion of steepness for nonsmooth functionals (called d-regularity
and denoted by 6(f, x)) which is in the spirit of Definition 1.3 (cf. [12], [13]).

In the Definition 1.3 existence of local deformations is assumed, whereas it has
to be proved on the basis of dilerent assumptions in the previous versions of the so
called “deformation lemma”.

If £ is C1, we have

jdfj(x) = stf(x) = kF{x)k
(cf. [8, Proposition 2.10 and Theorem 2.11], and [4, x2.2]).

It was proved in [8] (cf. Theorem 2.17) that if T is locally Lipschitz then jdf j(x)
st f(x). In particular this means that the set of critical points defined by jdfj(x) = 0,
is smaller than the one, defined by stf(x) 0.

Unfortunately, unlike the C? case, if f is locally Lipschitz, jofj(x) = stf(x) is
not necessarily true, as the following example shows.

Example 1.4. Let us divide the plane R? into four regions:

Q=f(x,y): 0 Xx and %x y Xg
Q=f(x,y): 0 x y or x min(0,2y)g

Q3 =f(x,y): 0 X and Xx vy %xg
Qi=1f(xy): 0 x y or 2y x O0Og

The function f:R?! R, defined by
1
X . 3_y

> > if (X,¥)2Q
%5 % if (xy)2 Q
f(x,y) =
33Xy .
> 5 if (X,y)2 Q3
> 3y .
§+? if (X,y)2Qa

is clearly locally Lipschitz.
Next we show that stf(0) 0. Assuming the contrary, let h = (a, B) with
o? + B2 = 1, be the direction along which we have

0> £9(0,h) = limsup %[f(x o,y +1B)  F(x )]
<) 00)
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Since in every neighbourhood of the origin there are points from the interior

of Q;,i = 1,2,3,4, this inequality implies the following inconsistent system of linear
inequalities:

a+3 < 0

3a B < 0

3a B < 0

a+33 < 0.

Hence stf(0) 0, i.e. the origin is a critical point according to Definition 1.1. But
— 1 . -
jdfj(0) p_i holds true. We show this by defining

1 t t
* Py p—i) if (X,y)2 Qs[ Q4
- t t .
H(x ). D= — Psy ) it (xy)Z Qs Quandt tuy
HMHY) txy) t txyy) if (X Y)Z Q3] Qqand t >ty

where t( y is the greatest positive number t satisfying H((x,y),t) 2 Q; [ Q> for some
(X,¥) Z Qs[ Qa.

This example shows that the set of critical points in the sense of Definition 1.1
of a given locally Lipschitz function may be strictly larger than the respective set in
the sense of Definition 1.3.

2. The weak slope for multivalued usco mappings and for lower semi-
continuous single valued functionals. Let F: X ! Y be a multivalued mapping
and A be a subset of Y. We denote

Fi(A)
F_1(A)

fx2 X:FX)\ A& Jdg
fx2 X:F(X) Ag.

Definition 2.1. A multivalued mapping F: X ! Y, where X and Y are
topological spaces, is said to be upper semicontinuous at the point xo 2 X, if for every
open set V in Y which contains F (Xg) there exists a neighbourhood W of X such that
W  F_1(V). F is said to be upper semicontinuous if it is upper semicontinuous at
every point x 2 X. The correspondence F is called usco if it is upper semicontinuous
and F(x) is non-empty and compact for every x in its domain.

It is straightforward that the “big preimage” F~1(M) of a closed set M is
closed and the “little preimage” F—;(U) of an open set U is open provided F is upper
semicontinuous.
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We introduce the notion of weak slope of an usco mapping F as a complete
analogue to Definition 1.3 (applied to supF).

Definition 2.2. Let (X,d) be a metric space and F:X ! R be an usco
mapping. We fix a point x 2 X. The supremum of the reals o 2 [0,+1 ) such that
there exist & > 0 and a continuous map H:B(x,d) [0,6] ! X such that for each
y 2 B(x,0) and for each t 2 [0, 8] we have

dH(y,t),y) tand sup F(H(y,t)) sup F(y) ot

is called weak slope of F at x and is denoted by jdFj(x).

Note that for an usco F the supremum of F(X) is finite and in fact it is a
maximum. The function supF: X ! R is upper semicontinuous in the sense that
(supF)(x) limsup(sup F)(xn) for every sequence fxngp=; tending to x. It is more
convenient to work with multivalued usco’s than with upper semicontinuous real-valued
functions (see Example 2.4 and Section 3). The mapping jdFj: X ! [0,+1 ] is again
a lower semicontinuous one as in the continuous case.

In [8, 7] a notion of weak slope for lower semicontinuous real functions is intro-
duced and studied and some results about the existence of critical points (of mountain
pass type) are proved.

Here we propose another approach to lower semicontinuous functions which
follows the classical pattern with the deformation lemma.

Let (X,d) be a metric space and f: X | R be a lower semicontinuous real
functional (i.e. f(xo) liminf f(x,) whenever x, ! Xp). The graph of f, G =
f(x,t): t="F(x)gis asubset of X R. Let G be its closure. We define a multivalued
mapping F: X ! R corresponding to f by F(x) = ft 2 R: (x,t) 2 Gg. The proof of
the following proposition is straightforward.

Proposition 2.3. Let X,f and F be as above. Then f(X) 2 F(x), moreover,
T(xX) = minF (x) for every x 2 X. If, in addition, T is continuous at the point x 2 X,
then F(X) = ff(X)g. The correspondence F is usco provided f is locally bounded from
above.

Having in mind Proposition 2.3, it is natural instead of a lower semicontinuous
functional £ to consider its “extension” F. So we have a “weak slope” for f using
Definition 2.2 for F.

Example 2.4. Let us consider f:R! R defined by

f(x)
1
_ x+1 if x<0
o0 = x if x 0 /0 %
The function T is lower semicontinuous and it is /
natural from a geometrical point of view to consider

the origin as a mountain pass point.
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Indeed, the weak slope of the extension of

1
E+1, x<0
X=>0

F(X) = X,
%, 1g, x=0
is zero at the origin i.e. jdFj(0) = 0.

The weak slope of T as introduced in [8, 7] is 1 at 0 although it is obvious that
there is no reasonable deformation in a neighbourhood of the origin.

This example shows that if one wants to prove a deformation lemma for a semi-
continuous real function the assumption that the weak slope is “big” in a neighbourhood
of F7([1 &, 1+¢]) (or of (sup F)"1 ([0 ¢,0+¢])) is not su [cieht. This motivates the
use of the multivalued “extension” F and our formulation of the deformation lemma
in section 3.

Example 2.5. The lower semicontinuous function in the previous example
had a critical point in our sense which was not critical in the sense of [8, 7], being yet
a reasonable mountain pass point.

Here we see that a point can be critical in the sense of [8, 7], not being critical
in our sense which is due to the fact that we take into account only “essential values

of the Isc function”, i.e. values which are cluster points of the set of the values of f.
Indeed, let 1

_ x if x&0 f(x)
0= 1 it x=0
Its extension is 0 X
1 ] T
F(x) = X if xX&0

f 1,0g if x=0
and jdFj(x) = 1 for every x 2 R, although the origin is a local minimum.

Remark 2.6. The definition of critical point given by lo[e_hnd Schwartzman
applies to any function and gives critical points in both examples (cf. [12],[13]).

3. Deformation lemma for usco mappings. Let X be a metric space with
metric d. By B(x,r) we denote the closed ball with centre x and radius r. For any
subset S of X we set

Sr=fx2 X : dist(x,S) rg

where dist(x, S) = inffd(x,y) : y 2 Sg.

Theorem 3.1 (deformation lemma). Let X be a complete metric space
with metricd and F : X ! R be an usco correspondence. Let €, d be two positive reals
and S be a subset of X. If Q is an open neighbourhood of F~1([c &,c+¢€])\ Ss such
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that for every y 2 Q the weak slope jdFj(y) > % then there exists a continuous map
n: X [0,+1)! X with the following properties:
(i) nx0)=x for every x2 X;
(i)  nxt)=x for every x2 XnQ and t2][0,+1);
Gii) if x2S and supF(x) c+g, then

supF(n(x,8)) c¢ ¢
(iv) dx,n(x,t)) t whenever x2 X and t2]0,+1).

Proof. Let o = % for short notation. Since jdFj(x) > o for every x 2 Q
by definition 2.2 we obtain that for every x 2 Q there exist a positive real 6x and
Hx 2 C(B(X,0x) [0,0x], X), such that B(x,dx) Q and for every y 2 B(X,dx) and
every t 2 [0, 6] the following two inequalities hold true:

(1a) d(Hx(y,),y) t

(1b) supF (Hx(y,t)) supF(y) ot

Let us denote by Uy the open ball with centre x and radius %X Then f UxOx ol

fXn(Ss\ F~1([c & c+g]))g is an open covering of the metric space X. Let fUygy |
fXn(Ss\ F~1([c & c+¢])gbe a locally finite refinement of the above covering and
faygy [ f ag be a Lipschitz partition of unity subordinate to this refinement. Let
Uy Uk, Xy 2 Q and for short &, = dx,, Hy = Hx,. Without loss of generality we
can have

Q=[f U/ :y2rg Ss\ Fi(c ec+e).

Let I = [0,Yo) be well ordered. We set t, = 1 minfd, : x2 U,gif x 2 Q and
tx =0 if x2 X nQ. We define inductively the mappings f &, (X, )9y oy,

(@) &(x,t)=xforeveryx2 Xand0 t ty;

(b) if y has a predecessor, then for every x 2 X and t 2 [0, t«]

1
_ HyaGy—a(x, 1), ay—1(x).t)  ifx2 Uy
@ b= o

(c) if y is a limit ordinal, then

&y(x, 1) = plaim &a(x, 1) foreach x2 X, t2[0,1t].
<y
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Next we show that for each y 2 [0, yp] and for x 2 X, t 2 [0, tk] the mapping
&y (X, 1) is well defined and continuous and the following properties hold true:

1
(3a) d@&y(x,1),x) (  ap(X).t;
B<y
1
(3b) supF(&y(x,1)) supF(x) o( oap(x)).t
B<y

We will proceed by induction on vy.
For y = 0 the claim is clear.
Let the claim be true for every B <.
Case I: y has a predecessor.
If X Z Uy—1, then &, (X, t) is clearly well defined.

1 .
If x 2 Uy—1, then ay—1(X).t  ty Eéy_l. Using (3a) for y 1 we have
d€y-1(x,1),x) t 1ty %6\,_1 and therefore §,—1(X,t) 2 B(Xy—1,0y—1) 0 &/(X,t) =

Hy—1(&y-1(X, 1), ay—1(X).t) is well defined.
Moreover, whenever x 2 X and t 2 [0, tx] we have

d(&y (x, 1), %) A&y (. 1), &2, ) + d(Ey=1(x, 1. X) —

r 1 L 1
ay—1(x).t+ T ap(x) L T T ag(x)
B<y-1 B<y

according to (1a), (2) and inductive assumption and (3a) is proved. Now

SUpF(Ey(x0) = supFE(x1) SupF(Ey-1(x. 1)) +supFE-1(x 1))

supF(Ey(x, 1)) supF(&y-1(x,t)) +supF(x) o( og(x)).t.
B<y—-1

If X 2 Uy—1, then by (1b) and (2) we have
supF (&y(x, 1)) supF (§y-1(x, 1)) =

=supF (Hy—1(&y-1(x, 1), ay—1(X).t)) supF(&y-1(x,t))  oc.ay—1(X).t.
If x Z Uy—1, then ay—1(x) = 0 and supF (&y(x,t)) supF({—-1(x,1)) =0 =

0.0y—1(X).t.
Hence
1
sup F &y (x, 1)) o.0y—1(X).t+supF(x) o( op(x).t =
B<y-1

1
= supF(x) o( oag(X).t,
B=<y
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thus proving (3b).
Next we establish the continuity of &, at (Xo,to), where 0 1o ty,. Let
Xn! Xpand th, ! to, where 0 t, ty,. There are two possibilities: Xo 2 Uy—1 or
X0 Z Uy_]_.
If Xo 2 Uy—1 then xn 2 Uy for n su Cciehtly large. As above d(&y—1(Xn,th), Xn)
th  ty, %6y_1 for every n  ng and forn =0, so

&y—1(Xn, th) 2 B(Xy—1,0y—1), N Ng, &—1(Xo,t0) 2 B(Xy—1,dy—1).

Now the continuity of &, at (Xo, to) follows from (2) and from the continuity of &,—1, 0ty—1
and Hy—; (on the set B(Xy—1,0y—1) [0, dy—1]).
If Xo Z Uy—1, then the sequence fxngpnZ, consists of two subsequences:

fXi,0n=1 X nNUy—gandfx,,gnz; Uy—1.

For the first subsequence we have &, (Xk,,tk,) = &-1(Xk,,tk,) and the continuity of
&y—1 implies
Jim &y (X tkn) = &y—1(X0, to).

. 1
The second subsequence may be finite. If not, Xo 2 Uy—; and so to 5 Oy—1,
&y—1(Xo,to) 2 B(Xy—1,0y—1). Therefore

Jim & (i, t,) = Iim Hy—1(&y-1(4,, ), Gy-1(x1,) -6,) =
= Hy-1(y-1(Xo, o), 0ty—1(X0).to) = Hy—1(&y—1(Xo, 1), 0) =
= &-1(Xo, to).

Thus the continuity of &, is proved because &, (Xo,to) = &y—1(Xo,to) when

Case Il: y has no predecessor.

Let x 2 X and B(Xx,rx)\ Ug = @ for each B Z fvyy, yo, ...,ys0. Denote ¥ =
maxfy; <y @ i=1,2,...,s0+ 1 Then & (y,t) = &(y, t) for every y 2 B(X, ry) and
t 2 [0,ty]. Indeed, a simple induction on B 2 [y, y] shows &g(y, t) = &y(y, t) using (2).
Case Il is done.

Let us denote &, by &. This mapping has the properties:

(4a) d€(x,t),x) tfor eachx2 X, t2]0, t«];
(4h) supF(&(x,t)) supF(x) for each x2 X and t2 [0, t«];

(4c) supF(E(x,t)) supF(x) o.t for each x2 S5\ F7i([c € c+eg])
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o and t2 [0, t«].
These properties follow from (3a), (3b), because gy, Op(x) =1
onSs\ F~(c & c+g)).

In the sequel we shall need the lower semicontinuity of the mapping x ! tx 2
[0,+1 ) on X. If x Z Q we have tx = 0 and the lower semicontinuity follows from
ty Oforeveryy 2 X. Now let x 2 Q = [y Jy. Since fUygy, 7 is locally finite,
there exists a ball B(x,rx), such that B(x,rx)\ Uy, & @ only for finitely many vy.
Without loss of generality

B(X,rx)\ Uy &E@iCy2fB 2T : x2 Ugg.

Ify 2 B(X,rx), thenfB2:y2Upgg f B2 :x2Ugg, ie t, t and the lower
semicontinuity of x ! tx 2 [0,+1 ) is proved. It implies the existence of a continuous
functiont: X! [0,+1) suchthatt(X) tx on X andt(xX) >0 i[tx >0, i.e.
T(xX)>0 iCx2Q.

Next we define inductively

Nk 2 C(X [0,+1),X) and 7% 2 C(X) for k=0,1,2,...

as follows:
To(xX) 0 on X;
No(x,t) =x forevery x2 X and t O;
T+1(X) = Tw(X) + T(k (X, T(X)));

%(x, t) for every t2 [0, Tx(X)]
Nk+1(X, 1) = %nk(xﬂ'k(x))’t k(X)) for every  t2 [t(X), Tk+1(X)]
kX, (X)), Tk (X)  ™w(X)) forevery t T+1(X).

The following properties of n, are corollaries of the properties (4a), (4b) and
(4c) of €:

(5a) d(nk(x,t),x) tfor everyx2 X andt O.
(5h) supF(Nk(x,t)) supF(x) for every x2 X and t O.
(5¢) supF(nk(x,t)) supF(x) o.t

for every x satisfying ni(x, ti(x)) 2 Sz\ F~1([c &, c+€]) wheneveri2f0,1,...,k 1g
and for every t 2 [0, Tx(X)].
We shall prove only (5¢) since (5a) and (5b) are straightforward. Again, we proceed by
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induction on k. The first step is trivial. Next we estimate from above sup F (Nk+1(X, t)).
If t 2 [0, Tk (X)] we have

sup F(Nk+1(x, 1)) =sup F(nk(x,t)) sup F(X) o.t

by the inductive assumption. If t 2 [tx(X), Tk+1(X)], then

sup F(Nk+1(x, 1)) = sup FEMk(X, (X)), t  T(X)))
sup F(nk(X, (X))) o.(t (X))

sup F(X) o.1«(X) ot+o1(X)=supF(x) o.t.
The first of the above inequalities is (4¢) applied to
(X, (X)) 2 Ss\ F71([c g c+edandt T(X) 2 [0, ty (xre0)]

and the second one is the inductive assumption.
The following claim is the critical step in the proof.

Claim. Let usdenote A=cl(fx2 X : supF(xX)2[c & c+¢€lg\ S). Then
for every x 2 A there is a neighbourhood V of x and a positive integer s such that
for every y 2 S\ V satisfying sup F(y) c¢+¢& we have sup F(ns(y,ts(y))) <c «.

Proof of the claim. Let x be fixed in A. There are three cases.

Case I. fne(x, (X))o, 6 F~I([c € c+ €]), i.e. there exists a positive
integer s such that ns(x, ts(X)) Z F~1([c €, c+¢]). Since F is upper semicontinuous
and ns(., Ts(.)) is continuous on X, there exists a neighbourhood V of x such that
Ns(y, ts(y)) Z F~1([c &, c+¢]) foreveryy2 V. Thenify2V and sup F(y) c+¢,
the property (5b) completes the proof in this case.

Case Il. supft(x): k=1,2,...g> 0. Then there is s such that ts(x) >3
and a neighbourhood V of x such that ts(y) > & foreveryy 2 V. Letusfixy2 V\ S
with supF(y) c+e. Aiming for contradiction we assume sup F(ns(y,ts(y))) ¢ €&
Let sy = min fk : ©(y) > 3g. Then y 2 S and (5a) yield ni(y, ti(y)) 2 S for
i=0,1,...,sy 1. Moreover, by (4b), we have c € sup F(ni(y,Ti(y))) c+¢ for
i=0,1,...,sy 1, hence ni(y, Ti(y)) 2 S5\ F~Y([c & c+¢g]) for these i. Applying
(4b) and (5c) we obtain

c ¢ sup F(ns(y, ts(¥)))  sup F(ns, (¥, Ts, (¥))) sup F(y) 0.Ts,(y) <
2¢€

< supF(y) 3.6 c+eg 26=c g

which is a contradiction.
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Case I11. fne(X, tw(X))gez F7l(c e c+¢g]) and supfre(X) @ k =
1,2,...9 0. Because of (4a) we have

d(Mi+1 (% T2 (X)), Nk (X, Tk (X)) = dE (M (X, T(X)), Tk+1 (X)) Tk(X)), Nk(X, Tk(X)))

Tk+1(X)  T(X). Since fte(x)ge=, is convergent, the sequence fne(X, T(X))gr=; is a
Cauchy one. Since X is complete, there exists z = kIim Nk (X, Tc(X)). Moreover

| S—
d(x,z2) = klirgo d(X, Nk (X, (X)) kILrQO d(ni—1(X, Ti—1(X)), i (X, Ti(X)))
1

lim T Ti-109) = lim ©w((x) 3,
Koo iy Koo

i.e. 22 S because x 2 S. Furtheron,z 2 F~1([c ¢, c+¢]) because F ([c &, c+g])
is closed. Hencez 2 S;\ F~X([c € c+¢€]) Q. Therefore 1(z) >0 and the continuity
of T yields that T(Nk(X, 7 (X))) > LZZ) for all k su [ciehtly large. On the other hand

Tk (X (X)) = T+1(X) - () ! koo O.

The contradiction ends the proof of the claim.

So, for every x 2 A the claim provides a neighbourhood Vx Q of x and a
positive integer sy such that for each y 2 Vy\ S satisfying supF(y) 2 [c €, c+¢g] we
have sup F (Ns, (Y, Ts, (¥))) <c & Now fVxgxrm[f X nAg is an open covering of X.
Let fVpgs r=ilf X nNAg be alocally finite refinement of this covering and f wggg re{f wg
be a Lipschitz partition of unity subordinate to the refinement. e denote

L 1
T80 = 0p(0).T6; (%),

BIBI
Since fVpgp s is locally finite, k) : X ! [0,+1) is continuous. Let k(x) =
maxfsg : X2 Vgg. We definen: X [0,+1)! X as follows:
L1 .
Nk (X: 1) if t 1)
Nkeo O THX)) if  t 1K)

Let x 2 X. Then there exists r > 0 such that B(x,r)\ Vg = @ whenever
X2 Vp. Ify 2 B(x,r) we have

nx,t) =

1) maxfts,(y) : y 2 Vpg maxfTsB(y):yZWg

= Tmax{sB:y m_g}(y) = Tkey) ) Tk ).
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because k(y)  k(x). Therefore n(y, t) = nky) (Y, t) = Nkpo+1(y,t) foreveryy 2 B(x,r)
and t 2 [0, T"))]. Now the continuity of ny+1 and T-yields the continuity of n.

It remains only to verify that the so defined mappingn 2 C(X [0,+1 ), X)
has the properties (i)—(iv) from the statement of the deformation lemma. The property
(i) follows from the definition of n, (ii) follows from the fact that T5x) =0 ifxZ Q
and (iv) follows from (5a). Let x2 S and supF(x) c+e&. IfsupF(x) <c g, (iii)
follows from (5b). If supF(x) ¢ ¢, then x2 A and hence there exists f 2 B with
X 2 Vg. Let sge=minfsg : x 2 Vgg. Then T(x) Ts,c(x) and we have dilerent
possibilities depending on the order of the reals 8, Tk), T, o6X)-

We will denote by | the last index for which 1;(x) minf 1t %), 8g. If &
15k) Ts, o(X), then using (4b) several times we obtain

sup F(n(x,9)) sup F(n(x, 1)) = sup FEM, 1)), T¢)  1u(x)))
sup F(m(x, u(x))) = sup F(EMi-1(X, T-1(x)), u(X) 1-1(x)))
sup F(—1(, 1-2(x))) ... sup F(NsyclX, Tsy X))
Iftk) &  Ts,%), then as above
sup F(n(x,0)) = sup F(m+1(x,0)) =sup FEMI(X 1i(x)),0 (X))
sup FEMX, (X)) sup F(Ns, X, Tsy X))

In both cases x 2 S\ Vgrasup F(x) 2 [c €, c+¢] and the choice of Vgyields

sup F(Nsg X, Tsg X)) <c €, hence sup F(n(x,0)) <c e. Ift L0 Tsyc(X) >0, we
repeat the argument in the proof in Case Il of the claim. If there existsi 2f0,1,...,Ig
with sup F(ni(x, Ti(x))) <c ¢, then

sup F(n(x,8)) = sup F(Mi+1(x,0)) =sup FEMX 1(X)),0 T(x)))
sup F(i(x, 1i(x)))  sup F(Mi(x, Ti(x))) <c .
If sup F(Ni(x, 1i(x))) ¢ € foreveryi2f0,1,...,lg, then
N, TiX)) 2 S;\ FX(c g c+eg]), i=0,1,...,1
and applying (5¢) we have
sup F(n(x,9)) =sup F(M+1(X,9)) supF(xX) 0d <c+e&¢ —d=c ¢
thus finishing the proof that n has the property (iii). [

Remark 3.2. A careful examination of the above proof shows that it is
su Lcieht for Q to be an open set containing Ss\ clfx2 X : supF(x) 2 [c €&, c+€]g.
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4. A min—-max principle. In this section we show how the deformation lemma
can be used to obtain a min-max principle for usco mappings.

Here is the setting (see [9], [10] and [11]): Let X be a complete metric space
with distance d and F : X ! R be an usco correspondence. Let M be a family of
subsets of X and M be a subset of X. Throughout this section we shall denote

c(M,F,M) =inffsup ([f F(X): x2 A\ Mg): A2Mg .

Definition 4.1 (cf. [9]). Let B X. We shall say that a class M of subsets
of X is a homotopy stable family with boundary B if
(a) every set in M contains B;
(b) forany set Ain M and any n2 C(X [0, 1], X) verifying n(x,t) = x for all (x,1t)
in(X f 0g)[ (B [0,1]) we have

n(A,1) =fx2 X:x=n(y,1) forsome y2 Ag2M .

Theorem 4.2. Let X be a complete metric space, F : X ! R be an usco
correspondence, M be a homotopy stable family of subsets of X with boundary B and
M be a subset of X verifying

(6a) dist(M,B) = inf fd(x,y) : x2 M,y 2 Bg>0,
(6b) M\ A&Q forall A2M,

and

(6¢) inffsup F(xX) :x2 Mg c=c(X,F,M).

Let € 2 (0,dist(M, B)/2). Then for every A2 M satisfying

2
sup ([f F():x2 A\ M,/30) <c+%

there exists xg 2 X with thezproperties:

i S Eer bl

(i) jdFj(xe) €

(iii) dist(xe, M) ¢

(iv) dist(xg, A) €.

Proof. We first note that (6b) and (6¢c) imply c(M,F,M ) =c(X,F,M ) =c.
Hence there is A2 M (appearing in the formulation of the theorem) satisfying

2

sup (ff FOO 1 X2 A\ M,/sq) < c+ %
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because
c=c¢(M,F,M) c¢(Mg3,F,M) c(X,F,M) =c.

We set
2

We00 =maxf0, = = dist(x,M)g

Fe(X) = F(X) + Ye(X)
2
forx2 X,and ¢ =c+ % It is easy to check that

cc C¢(M,Fe,M)  c(X,Fe,M) c..

2
Since 0 Ye(X) % for each x 2 X,

2

@) sup ([f Fe(x):x 2 A\ M%g)<cg+%

holds true.
Let us choose S to be the set A\ M¢/3. Then

Serz3 = (Mgsz\ A)gsz Magsz\ Agys.

Let us assume that for every
X 2 Dg = cl(Mggs3\ Ag/s\f X2 X isup Fe(X) 2 [ce  €2/12,¢ce + €2/12])

we have jdF¢j(X) > €/2. Let Uy be an open neighbourhood of x such that Uy Mg
and jdFgj(y) > €/2 whenever y 2 Uyx. We set Qg = [f Ux : X 2 Dgg. This set is
open, contains D¢ and jdF¢j(y) > €/2 whenever y 2 Q.. We are ready to apply
the deformation lemma (see Remark 3.2) for the following choice of F,S,c,€,0 and Q
respectively: Fe, A\ Mg/, Ce, €2/12, €/3 and Q¢. We thus obtainn 2 C(X [0,1 ), X)
satisfying :

(a) n(x,0) = x for each x 2 X;

(b) n(x,t) =x for each (x,t) 2 (X nQ¢) [0,1);

(©) if x 2 A\ Mg 3 and sup Fe(X) ce + €2/12, then n(x,&/3) 2 Ag/3\ Mog/s
and sup Fe(n(x,e/3)) c¢. €2/12;

(d) d(x,n(x,t)) tforeachx2 X andt O.

Let us consider A = n(A, e/3). Since Q. M we have B\ Q = @ and, hence,
nex,t) = x for all (x,t) 2 (B [0,1)). Since M is homotopy stable with boundary
B, we have A 2 M . It follows from (d) that A\ M  n(A\ M,,3,€/3). On the other
hand A\ Mg3 f x2 X :sup Fe(X) ce + €2/12g because of (7). Applying (c) we
obtain sup Fe(N(A\ Mg, §)) c. €°/12. Then

e2

ce =c¢(M,F¢,M) sup ([f Fe(X) :x2 A\ Mg) ¢ 7L
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which is a contradiction. Hence there is a point X 2 D¢ with jdF¢j(x) ; Moreover,
we know that

82 2
_ + 1.
PIRMET]

By the compactness of F¢(Xn) wWe get yn 2 Fe(Xn) satisfying y, = sup F¢(Xn). The
sequence fyngnZ, of reals is bounded. Let fy,, gg2; be a convergent subsequence of it
with a limit yyp. Tzhen Yo 22 Fe(Xe) and yg 2 [ce f—; cs+%] because F¢ is usco. Therefore
xe 2 Fo2([ce 5.ce + 51). Since F(Xe) = Fe(Xe)  We(Xe) and £ Pe(Xe) O,
xe 2 F7X(c  &,c+ &]). Thus we checked that x. satisfies (i), (iii) and (iv) from
the statement of the theorem. It remains to prove (ii). Let us assume the contrary,
i.e. jdFj(xs) > €. Let £ ”be a positive real with jdFj(x:) > €'> €. Then there exist
a positive real § and a deformation H 2 C(B(X¢,0) [0,9], X) such that for every
X 2 B(Xg, 0) and for every t 2 [0, 8] the following properties hold true:

Xe = nllrgoxn where Xn 2 Ag/z\ Myez and sup Fe(Xn) 2 [Ce

dix,H(x,t)) t
sup F(H(x,t)) sup F(X) £t
Since g is a globally Lipschitz function with Lipschitz constant £, we have
sup Fe(H(x,t)) = sup F(H(x, 1)) + Pe(H (X, 1))
sup F(x) £+ Pe(H(X, 1)) =
= sup Fe(®) We(¥) € t+Pe(H(X 1)
sup Fe(X) £t+ (e/2)d(x, H(x, 1))
sup Fe(x) £t+ (e/2).t =
= sup Fe(x) (¢ (e/2).t.

Hence jdF¢j(Xe) (eD (e/2)) = (e/2). The obtained contradiction completes the
proof. [1

Definition 4.3. Let X be a complete metric space, c2 Rand F : X! R be
an usco correspondence. We say that c is a critical value of F if there exists a point
Xo 2 X such that ¢ 2 F(Xg) and jdFj(xo) = 0. We say that F satisfies the condition
(P S). if, whenever a sequence f XngpZ4 is such that ¢ = limp_ o Yn, Where yn 2 F(Xp)
and liminf jdFj(xy) =0, then ¢ is a critical value of F.

Next we introduce the final necessary notation: Let u,v be two distinct points
of the connected metric space X. We denote

r=fg2 C([0,1],X) : 9(0) = u,9(1) = vg
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(the set of paths connecting u and v).

Corollary 4.4. Let X be a complete metric space, F : X ! R be an usco

correspondence, D be a closed subset of X and u, v be two points from X belonging to
disjoint components of X nD. Assume c¢(X,F,IN) =c¢(D,F,IN) =c. If F verifies (P S).
then c is a critical value of F.
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