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Abstract.  The paper contains calculus rules for coderivatives of comgpsitions,
sums and intersections of set-valued mappings. The types afoderivatives consid-
ered correspond to Dini-Hadamard and limiting Dini-Hadamard subdi erentials
in Gateaux di erentiable spaces, Fechet and limiting Frechet subdi erentials in
Asplund spaces and approximate subdi erentials in arbitrary Banach spaces. The
key element of the uni ed approach to obtaining various calallus rules for various
types of derivatives presented in the paper are simple formlas for subdi erentials
of marginal, or performance functions.

1. Introduction.  In a number of recent studies a calculus of coderivatives was
developed, rst between nite dimensional spaces in [16] ad then for coderivatives
of various types (approximate [13], limiting Fechet [17], Fechet [18]) for set-valued
mappings between appropriate Banach spaces (arbitrary inJ3] and Asplund in [17,
18]). The primary purpose of this paper is to provide a new ingght into the problem
and show that these (and certain other, sometimes even moreegeral) results follow
from the standard calculus rules for corresponding subdi eentials of functions.

In general the calculi of the three main classes of objects sfonsmooth analysis:
subdi erentials, normal cones and coderivatives, are healy interconnected and every
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result for each of them can, in principle, be obtained from the calculus rule for any other

basic operation with any other object, so that the choice of asequence in which the
results are proved or presented is often a matter of taste or ersonal preferences. A cer-
tain justi cation for giving independent proofs of basic calculus rules for coderivatives

of set-valued mappings comes from the fact that coderivaties occupy an intermediate
position between subdi erentials of functions and normal mnes to sets and calculus
rules for the last two classes of objects can easily be dedutdérom the corresponding

rules for coderivatives. But direct proofs for coderivatives are often heavier and more
complicated and thr reader may get an impressionthat certan results are independent.
For a number of reasons, technical as mentioned above but alssubstantive, it seems in

many cases convenient to consider subdi erential as the prnal object and normal cone

and coderivative as its derivatives (e.g. if we wish that thenormal cone be generated
by the subdi erential of the distance function { a useful pro perty known from convex

analysis). In addition, proofs for subdi erentials are typically much simpler.

The main vehicle that carries over the rules of subdi erential calculus to cor-
responding rules for coderivatives are formulae for subdierentials of performance or,
as they are often called, marginal functiond. Therefore we consider these formulae
(which are very simple and easy to obtain { see also e.g. [7, 121]) in Section 3,
immediately after a brief discussion of necessary conceptnd preliminary results from
nonsmooth analysis. In a short Section 4 we show how margindlinctions appear in
calculations of coderivatives of the resulting set-valuedmappings for two operations:
composition and addition. In sections 5 through 7 the main céculus rules for coderiva-
tives are presented. We consider three types of calculus re$: weak fuzzy calculus for
so-called elementary coderivatives (e.g. Dini-Hadamard oFechet, actually the only
elementary coderivatives we consider in the paper), strondguzzy calculus for Fechet
coderivatives and exact calculus for approximate coderivaves. In the last two cases
certain quali cation conditions are always needed. In Secions 5{7 we prove calculus
rules with very weak \metric quali cation conditions" expl icitly introduced in [10] but
actually considered in certain cases earlier in [7, 13]. InhHe last section we consider
more standard (and much stronger) \subdi erential" quali cation conditions involving
normal cones and coderivatives.

Some of the results presented here were announced in [10].

We use the following notation:

XY Z for Banach spaces;

YIn the proof of the formula for the approximate coderivative of a composition of set-valued
mappings we, in certain respects, follow the same pattern as Jourani and Thibault [13]. The basic
di erence is just that we use the marginal function approach which allows us to prove these and all
other results using the same sequence of arguments.
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X etc. for their duals;
X ;Xi for the canonical pairing on X X
s(x) for the indicator function of S;
F(XyY) for Graphr (X;y), if F is a set-valued mapping fromX into Y
(x;S)  for the distance from x to S;
B, for the closed ball of radiusr around the origin;
B for the unit ball.

Acknowledgement . We are thankful to L. Thibault, B. Mordukhovich and
the referee for helpful remarks. The rst author acknowledges support from CNRS
during his stay in the Laboratory of Applied Mathematics, University of Pau, in the
second half of 1995 and by the U. S. National Science Foundath under grant DMS-
9404128.

2. Preliminaries: subdi erentials, normal cones and coder ivatives.
By a subdi erential we usually mean a set-valued mapping which associates withvery
function de ned on a Banach spaceX and any x 2 X a set @f{x) X (possibly
empty), called the subdi erential of f at x, in such a way that

(a) @fx) = if x 62domf;

(b) @fx) = @¢x) if f and g coincide in a neighborhood ofx;

(c) if T is convex, then @1x) is the subdi erential of f in the sense of convex
analysis;

(d) 0 2 @fx) if f attains a local minimum at Xx;

(e) if f satis es the Lipschitz condition near x with constant K, then kx k K
if x 2 @fx);

) if £0cy) = fa(x) + f2(y), then @1xy) = @i(x) @5(y);

(@ if f(x)= g(Ax +v), whereA: X ! Y is a bounded linear operatoronto
Y and > 0,then @f{x) A @¢AX + V).

Certain subdi erentials make sense only for certain classe of functions and
spaces, so the corresponding speci cations are often nesasy. (By \make sense" we
mean that they should be able to carry useful information abat the function. A
minimal requirement for that is that, say, @f(x) 6 for x of a dense subset of the
domain of f for any function of the class.)

Given a subdi erential which makes sense for arbitrary loweg semicontinuous
functions, we can de ne the normal cone (associated with the subdi erential) to a set
S at x 2 S as the subdi erential of the indicator of S at x:

(2:1) N(S;x) = @s(x):
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Now if F is a set-valued mapping fromX into Y andy 2 F(x), then the coderivative
of F at (x;y) associated with the given subdi erentialis the set-valued mapping from
Y into X de ned as follows:

(2:2) D F(x;y)y )= fx : (x; y)2N(GraphF;(x;y))g:

In the paper we shall consider the following classes of subérentials (which are among
the most important both in the theory and applications):

1. Fechet subdi erential of f at x consists of all vectorsx satisfying

(2:3) liminf khk *(f (x+h) f(x) hx;hi) o

Fechet subdi erential is nonempty on a dense subset of thedomain of any lower semi-
continuous function on X if and only if X is an Asplund space (see [6] for the \only if"
part and [5] for the \if" part of the statement).

2. Dini-Hadamard subdi erential of f at x consists of allx satisfying

hx ; hi liminf t Y(f(x+th) f(x))=d f(x;h); 8h2X:
(tu)! (+0;h)

The quantity on the right is known as Hadamard directional derivative of f at x (along
h). If f is Lipschitz near x, it coincides with the Dini directional derivative.

Dini-Hadamard subdi erential is nonempty on a dense subsetof the domain of
any l.s.c. function on a space having a Géateaux di erentialdle renorm (more generally on
a space on which there exists a Gateaux di erentiable locdy Lipschitz bump function),
in particular on any separable space.

The two subdi erentials just de ned belong to the group of so called elementary
subdi erentials. Their de nitions are natural modi catio ns of the de nitions of the cor-
responding derivatives: Fechet and Hadamard. More elematary subdi erentials can
be obtained in the same way using other concepts of derivates. We do not consider
here the so calledviscosity subdi erentials which are very close (see [4]).

3. Limiting elementary subdi erentials . Using elementary subdi erentials as the
starting point, we can de ne subdi erentials of a new type called limiting . Namely, we
say that x belongs to the limiting (Fechet, Dini-Hadamard) subdi e rential of f at x
if there are sequence$x, g and f x,,g converging respectively tox in the norm topology
and to x in the weak topology and such that every x,, belongs to the (Fechet,
Hadamard) subdi erential of f at xp.
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The de nition is supported by the fact that the spaces on which the elementary
subdi erentials (and hence limiting elementary) are known to make sense have duals
with sequentially weak compact unit balls. Limiting subdi erential (on an appropr i-
ate space) is nonempty whenever the function satis es the Lpschitz condition near the
point.

4. Approximate subdi erential . This is a subdi erential which makes sense on
every Banach space. Approximate subdi erential is rst de ned for Lipschitz functions.
Namely, given a function satisfying the Lipschitz condition near x and a linear subspace
L X, we set

@.f(x)=fu : hu;hi d f(uh)+ "khk; 8nh2 Lg;

omitting the subsript " if " = 0 and de ne the approximate subdi erential of f at x by

\

\
limsup @.f(u) B+

\ \
(2:4) @ix)=  limsup@f(u) Bk =
ul x LoF U x"1 0

L2F
where F is the collection of nite dimensional subspaces ofX and K is any number
greater than the Lipschitz constant of f near x. This is always a honempty set.

The approximate normal coneto a setS at x 2 S is de ned as the cone generated
by the subdi erential of the distance function to S:

(2:5) N(S;x) = [ @ (x;S):
>0

Now approximate subdi erential can be de ned for an arbitra ry lower semicontinuous
function through the normal cone to its epigraph as follows:

(2:6) @fx)= fx : (x; 1) 2 N(epif; (x;f (x))g:

These de nitions are correct in the sense that they do not degnd on the choice of a
speci ¢ equivalent norm, the de nition of the normal cone by (2.1) gives the same object
as (2.5) and if the function is Lipschitz near x then the last formula gives the same
result as (2.4). (We refer to [7] where a slightly di erent de nitions were introduced.)
In a re exive (more generally, Asplund and weakly compactly generated) space
the limiting Fechet subdi erential coincides with the ap proximate subdi erential for
any l.s.c. function; in an arbitrary WCG (not necessarily re exive) space the limiting
Hadamard subdi erential coincides with the approximate subdi erential for any locally
Lipschitz function [1, 2] (and is never smaller than the appoximate subdi erential).
We also mention the connection between the approximate subicerential and
the generalized gradient of Clarke (not considered in this pper for the calculus rules
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available for it usually require additional convexi catio n). Namely, Clarke's normal
cone always coincides with the weak convex closure of the approximate normal cone
at the same point, so that the approximate subdi erential is always a subset of the
generalized gradient. If the function is Lipschitz near the point in question, then the
latter again is the weak convex closure of the approximate subdi erential.

We shall next consider the three basic types of calculus rukethat subdi eren-
tials may obey. For the sake of brevity, we shall talk here ony about rules for sums
of functions. As was mentioned in the introduction, knowing them is su cient to get
corresponding rules for other operations and the purpose ahe paper is to show how
it can be done for various operations with set-valued mappigs.

(A) Weak fuzzy calculus. We say that a subdi erential has the weak fuzzy

of lower semicontinuous functions, anyx at which all of them are nite, any "> 0 and
any weak neighborhoodU of zero in X

x 2@f1+  +f)(X) ) 9 Xxi; X P
kxi xk " jfi(xq)  fi(x)j " x; 2 @F(xi); 1;005k X, 2x +U ¢

All subdi erentials we have mentioned have the weak fuzzy céculus on the
corresponding spaces, namely, Dini-Hadamard and limitingDini-Hadamard subdi er-
entials on spaces with Gateaux di erentiable Lipschitz bump functions, Fechet and
limiting Fechet subdi erentials on Asplund spaces and th e approximate subdi eren-
tial on every Banach space.

(B) Strong fuzzy calculus. The subdi erential has a strong fuzzy calculusif for
any nite collection ffq;:::;fxg of lower semicontinuous functions, anyx at which all
of them are nite, any "> 0

X 2 @f1+ +f) )9 Xiix:
kxi xk "5 fi(x)  fi(x)] "X 2 @F(xi); ;oo k ko yx, xk %

provided f; satisfy the following general metric quali cation condition (equivalent to

the uniform lower semicontinuity property of [2, 11] -see [9]):
there is a nonnegative nondecreasing functioth (t) (generally, extended-real-

valued) which is continuous and equal to zero at zero and suckhat
- X X -
(u; );epi fi ! ((u; i);eplfi)
for all u su ciently close to x and all ; satlsfylng =

Fechet subdi erential on an Asplund space is the only known example of a
subdi erential with strong fuzzy calculus [5, 8.
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We further observe that both the weak and the strong fuzzy catulus rules we
have formulated are consequences of the following propertwhich we call the basic
fuzzy principle:

02 argmin(fq + + 1) )9 Xiix;:
kxi xk " fi(x)  fi(x)) M x; 2 @f(xi); 1=1;00k ko ko

shall say, slightly modifying the de nition given in [6], th at X is a @trustworthy space
if the basic fuzzy principle holds for @on X. All spaces mentioned above are@®
trustworthy for the corresponding subdi erentials, namely, spaces with Gateaux di er-
entiable Lipschitz bump functions for the Dini-Hadamard and limiting Dini-Hadamard
subdi erentials [6], Asplund spaces for Fechet and limiting Fechet subdi erential [5]
and all Banach spaces for the approximate subdi erential [9.

(C) Exact calculus. A subdi erential has exact calculusif for any nite collec-

tion ffq;:::;fkg of lower semicontinuous functions and anyx at which all of them are
nite
(2:7) @fi+  +f)(x) @ix)+ + @k(x);

provided the following linear-rate metric quali cation condition is satis ed:
there is aK > 0 such that the inequality

X X
(u; ),epi f; K ((u; i);epif;)

, ... P
for all u su ciently close to x and all , ; satisfying i = and ; close

to fi(x) for all i.
The approximate subdi erential on any Banach space and the imiting Fechet

subdi erential on an Asplund space are the two known example of subdi erentials
with exact calculus. (We note that Clarke's generalized gralient and the \moderate”
subdi erential of Michel-Penot and the \b-subdi erential " of Treiman do have the
property like (2.7) under certain subdi erential quali ca tion condition but it is not
known whether they have the exact calculus as stated here, wer the linear-rate metric
quali cation condition.)

The metric quali cation conditions stated above are actually very weak. To see
this, consider the (closed) positive and negative orthantsin 12 or, even simpler, the
conesf(x;y;z) 2 R®:z (x2+ y?)™2gand f(x;y;z) 2 R®: z (x2 + y?)1=2g the
linear-rate metric quali cation condition is obviously sa tis ed for the indicator functions
of each of these two pairs of sets at zero whereas even the stard quali cation
condition of convex analysis (e.g. relative interiors havea nonempty intersection {
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see [24]) fails to be valid. Traditionally, stronger quali cation conditions in terms of
subdi erentials themselves rather than distance estimates have been used in theorems
containing calculus rules for subdi erentials etc. We shal discuss this question in the
concluding section.

3. Subdi erentials of marginal functions. Consider a function f (x;y) on
the product of Banach spacesX and Y and set

"(x) = miyn f(x;y):

We shall be interested in connection between subdi erentids of the marginal function
' at a certain x with the corresponding subdi erentials of f at points (x;y) with y in
the solution set argminf (x; ) = fy: f(x;y) = ' (x)g. To get desired results for the
limiting and approximate subdi erentials we need certain amount of well posedness of
the approximation problems involved which can be naturally expressed in terms of lower
semicontinuity type properties of the solution maps. So we &rt with the de nitions
of the lower semicontinuity properties needed. Given a setalued mapping F from X
into Y andanS F(x), F is called (sequentially) lower semicontinuousat (x; S) (see
[20]) if for any sequencef X, g converging to x, there exists a subsequencéx,, g and a
sequencd yxg converging to a certainy 2 S such that yx 2 F(x,, ) for each k.

It is an easy matter to see that when S is a singleton fyg, this de nition
corresponds to usual lower semicontinuity ofF at (x;y). Another extreme case (in
which we call F, following [17], sequentially lower semicompactt x) is when S = Y
(which is equivalent to S = F(x) if GraphF is closed). This is actually a very weak
property. Intermediate cases may also be of an interest.

We shall also consider topological versions of the propemis. Namely, let us say
that F is topologically lower semicontinuousat (x;S) if for any net fx g converging
to x there is a subnetfx g and a netfy g converging to a certainy 2 S and such
that y 2 F(x ) forall . Itis clear that for S being a singleton the topological and
sequential properties are equivalent. But topological lover semicompactness may be a
stronger property if dim Y = 1 .

Proposition 3.1. Let @be either of the elementary subdi erentials (Dini-
Hadamard or Fechet). Assume thaty 2 argmin f (x; ), that is ' (x) = f (x;y), and
X 2 @'(x). Then (x ;0) 2 @fx;y).

Proof. If x 2 @'(x), then by de nition

Iirtqiraft e (x+th) ' (x) th;hi) O
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either for any h (in case of the Dini-Hadamard subdi erential) or uniformly for h of
the unit ball (in case of the Fechet subdi erential). Ther efore, as' (x) = f (x;y),

liminf inf t (f h; f(x; b ; hi ;
imin I(\l/rlz 1t (f (x + th;y + tv) (x;y) thx ;hi) O

either for any h or uniformly for h 2 B. In either case this means that & ;0) belongs
to the corresponding subdi erential of f at x.

It is possible to slightly generalize Proposition 3.1 as fdbws: for any " > 0, let
us denote by @f (x) the subdi erential at x of the function f-(u) = f (u) + "kx uk.
Then the same argument as in the proof of Proposition 3.1 give

(3:1) X 2@' (X)&yargminf(x;) ) (x;0)2 @f (x;y):

Proposition 3.2. Let @be a limiting or the approximate subdi erential, and
let f (x;y) =" (x). Assume thatf is l.s.c. and the solution mappingargmin f (x; ) is
lower semicontinuous at(x;y) Then

X 2@'(x)) (x;0)2 @fxy):

Proposition 3.3. Assume thatf is lower semicontinuous and
{ either @is a limiting subdi erential and the solution mapping
S(x) =argmin f (x; ) is sequentially lower semicompact ak;
{ or @is the approximate subdi erential and the solution mappingis topologi-
cally lower semicompact atx.
Then [
X 2@'(x)) (x;02 @1x;y):

y2argmin f(x;)

We shall give a joint proof of Propositions 3.2 and 3.3 payingmain attention
to the case of @being the approximate subdierential. (For an alternative proof of
this see [7].) The proof for limiting subdi erentials is much simpler and is actually a
by-product of the arguments of the rst part of the proof below. Consider rst the
case whenf satis es the Lipschitz condition with constant K. Then ' also satis es
the Lipschitz condition with the same constant. Let x 2 @'(x). This means that for
any nite dimensional L X there is a sequencd x,g converging to x such that

(3:2) X 2 Iinlllsup@‘ (Xn):
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If the solution mapping is l.s.c. at (X;y), we may be sure, taking if necessary a sub-
sequence, that there arey, 2 S(x,) converging to y. By Proposition 3.1, (x ;0) 2
Iirr}lsup@ v (Xn;yn). This immediately proves Proposition 3.2 in case of a Lipshitz

n

f .'(The same argument without restrictions to any nite dimen sional subspaces proves
the proposition for the limiting subdi erentials of an arbi trary lower semicintinuous f
as well as the part of Proposition 3.3 relating to limiting subdi erentials. In the latter
case we have to refer to sequential lower semicontinuity atx; S(x)) rather than at
(x;y) so that we shall have a certainy 2 S(x), not the given one.)

To prove the second part of Proposition 3.3 related to the appoximate subdi er-
ential, we choose for any nite dimensionalL anx(L) 2 X andanx (L) 2 @' (x(L))
such that kx(L) xk (dim L) Yandx (L)2 x +L? +(dim L) B which is possible
by (3.2). Then x(L)! xandx (L)! x (weak-star) asL runs along the net of nite
dimensional subspaces oX naturally ordered by inclusion. As the solution mapping is
topologically lower semicompact, it follows that there is anet L of nite dimensional
subspaces oX (such that every nite dimensional subspace belongs to somé& ) and
anety Y such thaty 2 S(x ) for any (here and below we setx = x(L )
and x = x (L )). By Proposition 3.1 this implies that (x ;0) 2 @' | (X ) and,
consequently,

(x;002@fL v(x;y)+ UL )

whereU(L) =(L? +(dim L) 'B) f Og.

We further observe that, asf satis es the Lipschitz condition,

@fm v(uv) @fL v(uv)
if L M and, obviously, U(M) U(L) in this case. Therefore
x;02@fL v(x ;y )+ U(L)

wheneverL L . It immediately follows that for any L there is a sequencé (x,;yn)g
converging to (x;y) such that (x ;0) 2 limsup @ fL v (Xn;Yn). (Just take (Xn;Yn) =
(X .3y ,) such that L L,,dmL _ !'1 andky vy .k 1=n) Therefore
(x ;0) 2 @fx;y).

This completes the proof of Proposition 3.3 for the case of aipschitz f . Passing
to the general case, we rst note that nothing would change ifwe had chosenx (L)
subject to a looser conditionx (L) 2 @ " | " )(X(L) with, say, "(L) = (dim L) 1, 0On
the other hand, it is an easy matter to see that

(3:3) ((x; );epi')=inyf ((x;y; );epif)

(if, say we take the sum norminX Y R)andif =" (x)= f(x;y), then 0 =
((x; );epi' )= ((x;y; );epif). Then x 2 @'(x) means that there isa > 0 such
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that(x ; 1)2 @ ((x;' (x));epi" ). By Proposition 2.4 of [7] for any nite dimensional
L X there are sequenceg" g converging to zero andf x,g converging tox with ' (Xp)
converging to"' (x) such that

x; 1)2 Iimlsup @L R ((xn;" (Xn));epi );

so that everything reduces to the above considered case of ddschitz function.

Remark. Itis not clear whether it is possible to get the result of Proposition
3.3 for the approximate subdierential under the sequentia lower semicompactness
assumption. What follows from the proof in this case is that for a Lipschitz function
the proposition holds if X is Dini-Hadamard trustworthy (for in this case no restricti ons
to nite dimensional subspaces is needed).

4. Operations with set-valued mappings. We consider here three oper-
ations with set-valued mappings: composition, addition ard intersection. Given two
set-valued mappings,F from X into Y and G from Y into Z, the compositionG F is
de ned as follows:

[
(G F)(Xx)= G(y):
y2F (x)

their values at every x we get the sum ofF;:
(Fi+  +FJ(X) = Fi(x)+  + Fi(X);

and intersection of values gives the intersection of;:

\ \
( F)(x)=  Fi(x):

The following proposition is elementary.

Proposition 4.1. (a) For the composition G F of set-valued mappings-
from X into Y and G from Y into Z we have

G F(x;2)=inyf( FXy)+ a(y;2);

(b) for the sum F = Fq + + Fy of set-valued mappings fromX into Y we
have
FOcy)=inff g (y)+  + R (GYK) I Y1+t + Y= Y0
(c) for the intersection F = T F; of set-valued mappings fromX into Y we
have
FOGY)= rGY)H + R (XY):
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We see that in each case the indicator function of the resultig operation appears
as a result of two subsequent operations: addition and minirization one of which can be
absent. Thus, knowing estimates for subdi erentials of suns of functions and marginal
functions, we can obtain estimates for coderivatives of comosed set-valued mappings.

5. Weak fuzzy calculus of elementary coderivatives. In this section either
@is the Dini-Hadamard subdi erential and X; Y; Z, as well as their product§, are
Dini-Hadamard trustworthy spaces, or @is the Fechet subdi erential and the spaces
are Asplund. (In fact, what we need is that @satis es the weak fuzzy calculus rule.)

Proposition 5.1. letF: X! YandG: Y ! Z be set-valued mappings
with closeld graphs. Letz2 (G F)(X) andx 2 D (G F)(X;2Z)(z ). Then for any
y2 F(X) G 2), any "> 0 and any weak neighborhoodsU , V and W of zeros
in X , Y and Z respectively there arex 2 X, y1; ¥22 Y,z2 Z,andx 2 X ,
Y1, ¥22Y ,z 2 Z such that

8
Ekx xk<" ky; yk<"; kz zk<";
(5:1) 5 X 2D F(x;y1)(y1); Y22 D G(y2;2)(z );
X 2X +U;y; Y,2V ;2 272 +W:

Proof. Consider the setsS; = GraphF Z and S; = X  GraphG. Then
(5:2) nf( e(xy)+ cy:2) =inf (s, (Xy:2)+ s,(XY:2)):
Therefore by Propositions 3.1 and 4.1(a)
(5:3) (X0 Z)2@ s+ )XV:2):

As the setsS; are closed, the functions s; are lower semicontinuous and we can apply
the weak fuzzy calculus rule to conclude that for given" > 0, U , V , W there are
Xi; Vi, ziand x;; yi; z, (i =1;2), such that
8
3 kxj xXk<"; ky; yk<"; kz zk<";
(5:4) s (X Y1 21) 2 @sy(X0y120); (X2Yai Z) 2 @s, (X2 Y23 22);
X1+X,2X +U 3y, Y,2V ;20+2,2Z +W

2|t is not known whether a product of two @trustworthy space is @trustworthy. This is certainly
the case for the Dini-Hadamard subdi erential if there are G ateaux dierentiable Lipschitz bump
functions on the spaces.



Subdi erentials of performance functions ... 371

It remains to notice that (by the axioms (f) and (c) of subdi e rential) @s, (X;y;z) =
@e(x;y) f Ogand @s,(x;y;z) = fOg @c(y;z) and setx = X1, X = Xy, 2= 22
andz = z,.

Proposition 5.2. Let Fi : X ! Y; (i =1;:::;k) be set-valued mappings
with closed graphs. Sef(x) = Fi(x) + + Fx(x) and assume thaty 2 F(X) and
X 2D F(X;y)(Y ). Assume further thaty; 2 F;(X), y1 + + Y = Y. Then for any
"> 0 and any weak neighborhoodsU , V of zeros in X and Y respectively there
are xi; vi; X;;y; (i =1;:::;k) such that

8
3 kxi xk<"; ky; yik<"
(5:5) s i 2D Filxiiy)(y);
oXqt + X 2X + Uy 2y +W (i=1;5::015K);

Proof. Consider the following sets and functions onX  Yk*1:

By Proposition 3.1
|
w
(5:6) X; v:6::502@ fi (XYY Y);
i=0
so applying the weak fuzzy calculus rule (as alff; are I.s.c.) we shall nd (for given
U V)X Vi Y X Vs Yij ; (i;j =1;:::;k), such that

8
% kxj xXk<"; kvi yk<™ kyij yk<";

(57) g;w;mw:yMZ@MMwmmmw
g Xj 2X +U Vi 2y +V =2 Vi 2V =2( =1;:::7k)
i=1 i=0 i=0

We have fori =1;:::;k (asf; does not depend ory andy;; forj & i): v; =0, y; =0
ifi 6. Sety; = v;,VYi =Vi. Then (X;; Y;) 2 @Fr (Xj;yi) which is the same as
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X; 2 D Fi(xi;yi)(y;) for i =1;:::;k. Furthermore (as Sp is a convex set),yg = Vg

y, 2y + V . This completes the proof.

T
Proposition 5.3. Let F; be as in Proposition 5.2 and F(x) = = Fi(x).
Assume thaty 2 F(X) and X 2 D F(X;y)(Y ). Then for any " > 0 and any weak
neighborhoodsU , V of zeros in X and Y respectively there arex;; vi; X;; VY,
(i=1;:::;k) such that
kxi xXk<"; ky; yk<™

Xi 2D Fi(xi;yi)y;);
X1+  +X,2X +U ;y;+ +y2y +W:

P
Proof. By Proposition 4.1(c), ¢ = r, and the direct application of the
weak fuzzy calculus rule gives the desired result.

6. Strong fuzzy calculus for Fechet coderivatives. In this section all
spaces are Asplund (Fechet trustworthy) and @is the Fechet subdi erential.

The strong fuzzy calculus rule requires the general metric gali cation condi-
tion. So we have to nd out rst what this condition means for i ndicator functions.

Proposition 6.1. Let S;;:::; Sk be closed subsets ok, and let x 2 T S.
Then the indicator functions g satisfy the general metric quali cation condition at
x 2 S if and only if there is a nondecreasing nonnegative functiorl (t) on R:+ which
is continuous and equal to zero at zero and such that

\ X
(6:1) (x; S) ! (%; Si)

for all x of a neighborhood ofx.
Proof. If we consider the sum normk(x; )k = kxk+ j jin X R, then for
any setS
((x; )iepis)= (XS)+
(where p = maxf0; g). Therefore if (6.1) is valid, then setting f = s, we have
for = i
. T
((x; )iepivs) = (XE Si) + o o
PO xS+ O xS+ i
P P .
1O (eS)+ ) =1°% (% i)epis));

where! t) = 1 (1) + t.
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Conversely, let
X
((x )epivs) '(C  ((x i)iepis):
Then taking = ; =0, we get (6.1).

functions of their graphs satisfy the general metric quali cation condition at (X;y) if
and only if for a certain function ! with the properties described above
!

((x;y);\ GraphF;) ! 5 ((x;y); GraphF;)

for all (x;y) of a neighborhood of ;).

Proposition 6.2. let F : X! YandG : Y ! Z be set-valued
mappings with closed graphs. SeH (x;z) = F(x) G %(2), let z 2 (G F)(X),
X 2D (G F)X;2)(z) andy 2 H(X;Z). Assume that there is a nonnegative nonde-
creasing function! on R, which is continuous and equal to zero at zero, such that

((x;y;2);GraphH) ! ( ((x;y);GraphF)+ ((x;y); GraphG))

for all (x;y;z) of a neighborhood of(X;y;z). Then for any " > 0 there arex 2 X,
Vi, ¥22Y,z2Z,andx 2X ,Yy;; ¥22Y ,z 2Z such that

8
3 kx  xk<"; ky; yk<"; kz zk<";
(6:2) 5 X 2D F(Xy1)(Y1); Y22 D G(y2;2)(z );
kx X k<", ky; y,k<"; kz zk<™

roof. The same as the proof of Proposition 5.1. We only needot observe
that S, Sp = GraphH;  ((x;y);GraphF) = ((x;y;2);S1); and ((y;z); GraphG)
= ((x;y;2);S2) and apply the strong fuzzy calculus rule to pass from (5.3) (ith @
being the Fechet subdi erential) to (6.2).

Proposition 6.3. Let Fi : X ! Y; (i =1;:::;k) be set-valued mappings
with closed graphs. Sef-(x) = Fi(x) + + Fx(x) and assume thaty 2 F(X) and
X 2D F(Xy)Y ). Lety; 2 Fi(X), V1 + + Y = ¥. Assume nally that there is a
nonnegative nondecreasing function on R, , which is continuous and equal to zero at
zero, such that

((x;y); GraphF) ! X ((x;yi); GraphF;) + ky X yik
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Then for any "> O there are x;; vyi; X;; y; (i =1;:::;Kk) such that
8
3 kxi xXk<"; kyi yik<";
(6:3) X; 2D Fi(xi;yi)y;) (i =1;::05k);

2
©okxq + + X X k<" ky; yk<™

Proof. The same as the proof of Proposition 5.2. We only needat observe
that ((x;yi); GraphF;) = ((X;y;y1;:::5;¥k);Si) for i =1;:::;k and ky yik is the

from (5.6).

Proposition 6.4. Let F; be as in Proposition 6.3 and F (x) = T Fi(x). As-
sume thaty 2 F(X) andX 2 D F(X;y)(Y ). Assume nally that there is a nonnegative
nondecreasing function! on R, , which is continuous and equal to zero at zero, such
that (6.1) holds.

Then for any "> O there are x;; yi; X;; y; (i =1;:::;k) such that

kxi Xk<"; ky; yk<"

kx, + + X X k<" ky+ +y, Yk<™

7. Exact calculus for approximate subdi erentials. In this section X; Y; Z
are arbitrary Banach spaces and@is the approximate subdi erential. Results analogous
to those presented in the section are also valid for the liming Fechet subdi erential,
and no change in proofs is required. Exact calculus for appramate subdi erentials
requires the linear-rate metric quali cation condition which is a special case of the
general metric quali cation condition corresponding to ! (t) = Kt. Therefore for such
I' () Proposition 6.1 gives the characterization for the linearrate metric quali cation
condition for indicator functions as well.

Proposition 7.1. letF: X! Yand G:Y ! TZ be set-valued mappings
with closed graphs. Letz2 (G F)(X). SetH(x;z)= F(x) G (2).

(a) Assume that for a certain y 2 H(X; Z) the set-valued mappingH is lower
semicontinuous at (X; y;z) and the inequality

(7:1) ((x;y;z);GraphH) K ( ((x;y); GraphF) + ((y;z); GraphG))
is satis ed for all (x;y;z) in a neighborhood of(X; y;Z). Then

(7:2) D (G F)x2)(z) (D F(Xy) (D Gy:2)z)
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forall z .

(b) Assume that H is topologically lower semicompact at(X;Zz) and for any
y 2 H(X; Z) there is aK > 0 such that (7.1) holds for all (x;y; z) of a neighborhood of
(X;¥;2). Then

[
(7:3) D (G F)X2)(z) (O Fxy) (D G(Y:2)(z)
Y2H (X;2)

for all z .

Proof. Letx 2 D (G F)(X;Z)(z ). If (a) holds then, as in the proof of
Proposition 5.1, we get (5.3) (with @being the approximate subdi erential) applying
Propositions 3.2 and 4.1(a) to (5.2). Then, as in the proof ofProposition 6.2, we observe
that (7.1) implies the linear-rate metric quali cation con dition for s, and s,. This
means that the exact calculus rule can be applied to these fustions at (X; y;Z) which
implies the existence of ay such that (X ; ¥ ;0) 2 @s,(X;y;2Z) and (0;y; z) 2
@s,(X;Y;Z), from which we getthaty 2 D G(Y;Z)(z ) and x 2 D F(X;y)(y ) (by
specifying the expressions fo@s, and @s, with the help of the properties (f) and (c)
of subdi erential as it was done in the proof of Proposition 5.1).

This completes the proof of (a).

In case of (b) we have to apply Proposition 3.3 instead of Propsition 3.2 to
get, instead of (5.3), the inclusion

[
(x:0 z)2 @ st s)(XY;2):
y2H (X2)
The rest of the proof is exactly the same as in (a).

Proposition 7.2. let Fj : X I Y (i =1;:::;k) be set-valued mappings
with closed graphs. Sef (x) = F1(x) + + Fr(x). Let (X;y) 2 GraphF. De ne the
set-valued mappingH : X Y ! Yk

X
HGY) = flysiinyk) s yi 2 Fi(x); Y= yg

(7:5) DFXxy(y) DFXy)y)+ +DFX¥y)
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forall y .
(b) Assume that H is topologically lower semicompact at(X' y) and for any

[
(7:6) D FXy(y) (D Fi(xy)(ly )+ + D Fu(X ¥y )
(Va11:9K)2H (%:9)

forall y .

Proof. Assume that the condition of (a) holds. LetXx 2 D F(X;¥)(V ).
Then applying Propositions 3.2 and 4.1(b), we get (5.6) (wih @being the approximate
subdi erential and the same functions f; as in the proof of Proposition 5.2). Then,
as in the proof of Proposition 6.3, we observe that (7.4) is exctly the linear-rate
metric quali cation condition for functions f;. Now applying to (5.6) the exact calculus
rule, we nd X;; v, gu such that (Xp Vio Yiniih Vi) 2 @f(X ;Y4 i Vi) such
that I‘ox =x; Kov =y; IOyIJ 0 for every i = 1;:::;k. As eachf;
(i=12;::: 1K) depends only onx and y;, we havev; =0 and y; = 0 (| 6 j) for such
i (asin the proof of Proposition 5.2) and asfq is a convex function not depending on
X we havexy = 0 and vy = y; fori =1;:::;k. It follows that y; = vy = y and
KX =X.
Assuming (b), we have to use Proposition 3.3 instead of 3.2. &instead of (5.6)
we shall have

rest of the proof is as in (a).

Proposition 7.3. Let F and F; be as in Proposition 6.4. Assume that
y 2 F(X) and b
((x;y);GraphF) K (" ((x;yi); GraphF;))
for all (x;y) in a neighborhood of (X;y). Then, given x and y such thatx 2
D F(X;y)(y ), there arey,;:::;y, such thaty, + +Yy,=Yy and

x 2D Fixy)(y)+  + D Fu(Xy)(y):

Proof. Thisis an immediate consequence of the exact calcusurule and Propo-
sition 6.1.
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8. Subdi erential quali cation conditions. By that we mean su cient
criteria for metric quali cation conditions stated in term s of subdi erentials (or normal
cones, or coderivatives).

Proposition 8.1. Assume that X is a @trustworthy space as well as its
powers. LetS;; (i = 1;:::;k) be closed subsets oX, and letx 2 S = S. Assume
nally that there are 2 (0;1) and " > 0 such that

X
(8:1) Xi 2 §nS; kx; Xk " x; 2 N(Si;xi); ko xjk ") maxkx; k
|
Then there is aK > 0 such that
X
(8:2) (x8) K (x; Si)

for all x of a neighborhood ofx.
Moreover, if @has exact calculus onX ¥*1 | then the condition X; 2 N(Si;x)
in the left part of (8.1) can be strengthened and replaced by 2 (k +1) @ (Xi; S).

(To see how much weaker is the linear-rate metric condition 8.2) in comparison
with (8.1), consider again the positive and the negative orhants in R? or 12.)

Proof. A sketch of the proof for two sets can be found in [10]. e complete
argument follows (which is basically a slight modi cation of that given in the proof of
Theorem 5.1 of [7]).

Assluming the Bontrary, we shall nd a sequence u,g converging tox such that
n= (un; Sj)>2n (un;S;j). This means that there are u;, 2 S; such that

X
(8:3) ku, Upnk<"p=2n:

T
(Observe that (uin; Sj) (lP (1=2n))"n lg\ this case.) Applying Ekeland's varia-
tional principle to the function kx Xk + s; (Xi), we shall nd, taking (8.3) into
X
(84) kUn Vn k + kUm V|n k "n=2
and the function
X X
(X X150 x) 7! kx Xjk+ n l(kx vnk + kx;  vink)
attains minimum on X Sy ::: Sk at (Va;Vin;:::;Vkn)-

Observe that, as follows from (8.3), (8.4), neitherv, nor any of vj; can belong
to Sj. This means that at least for onei we havev, 6 vj,.
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Consider rstthe case when@has exact calculus. As the function above satis es
the Lipschitz condition with constant not exceeding k + 1, the function

X X X
f(XXq;iiXk) = kx xjk+n 1 kx wv,k+ kxi Vvink +(k+1) (Xi; Si)

functions, hence satisfying the linear metric quali cation condition, we can apply the
exact fuzzy calculus rule and nd u;, 2 @& Kk(vn Vin) and v, 2 (k+1)@ (Vin;Si)
such that

k vk nlk u,+vpk nti=1;:::k
As there is an indexi for which v, 6 vi,, we haveku;,k = 1 at least for one i. Thus,
we have sequence$vi,g SinS, i = 1;:::;k, converging to X and fv,, g such that
Vi, 2 (k+1)@(vin;Si) and kv, k! 0, and on the other hand maxkv;,k ! 1.
Setting x5 = v, we see that the result contradicts the assumptions.

In the general case wher@may not have exact calculus, we consider instead of
f the function

X X X
o(X;X1; 1005 XK) = kx  xik+n 1 kx wvok+ kxi vink + s (Xi)

We can considerg as the sum of a Lipschitz (actually convex continuous) func-
tion X
(X X100 Xk) = kx xjk+ n 1(kx Vpk+ KX VinK)

X
Q(X;X1;:015XK) = s (Xi):

Therefore g satis es the general metric quali cation condition and we can apply the

basic fuzzy principle and nd Xp;X1n;:::; Xkn; W1n; @1 ; Wkn Such that kx, wvok! 0,
kXin Vink! O, kwi, vihk! Oasn!1l with x, and wj, so close tov, and vij,
respectively that x, & wj, for at least onei and, on the other hand, (X,; Wy, 5 wW,,,) 2
@ Xn;Win; il Wikn) @nd (W Xqn; 0005 Xen) 2 @8(X1n;:: 15 Xkn) such that kx, wpk <
nl,ka Wi, k<n Li=1;00k

As all terms in g; are convex continuoulg, for somey;, 2 @& k(xn win) we
have by standard rules of convex analysiskx,, up,k n tandku, wg,k n

On the other hand, by the property (f) of subdi erentials, X;, 2 @s; (Xin) = N(Si; Xin)
and w;, = 0. As in the rst part of the proof, ku;, k =1 for at least one indexj and
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therefore the norm of the correspondingx;, goes to one am !'1 and we again see
that (8.1) is satis ed for x;, and therefore come to a contradiction proving the claim.

As an immediate corollary of the proposition, we get the folbwing result.

Corollary 8.2. Let @and X be as in Proposition 8.1, and let the spaces
Y and Z belong to the same class aX (as well as powers and products of the three
spaces). LetF, G and H be as in Proposition 6.2, and lety 2 H (X; z). Assume nally
that there are” > Oand 2 (0;1) such that

IW ©

kx Xk<" ky yk<"; kz zk<";
X 2D F(xy1)(y1); Y22 D G(y2;z)(z ); _ ) maxtky,k;ky,kg

2
kx k<" ky, y,k<"; kz k<" '
Then there is aK > 0 such that
(8:5) ((x;y;2);GraphH) K ( ((x;y);GraphF)+ ((y;z); GraphG))

for all (x;y;z) su ciently close to (X;V;2).
Proof. Apply Proposition 8.1to S; = GraphF Z andS; = X  GraphG.
Corollary 8.3. Let @ X; Y F,be as in Corollary 8.2 Let F and F; be as

in Proposition 6.3, and lety; 2 Fi(X), Y, =Y. Assume that there are"” > 0 and
2 (0;1) such that

P
kxi  Xk+  kyi yk<";yi2Fi(x); )

(8:6) p ) maxkx; k
kyi y k<" ky k<"x; 2D Fi(xi;yi)(y; ),k xk<" '
Then there is aK > 0 such that
X
(8:7) ((x;y);GraphF) K ((x;yi); GraphG)

impliesy =0,y; =0if j & ifori=1;::17k,andx =0,y =y = =y, for
i = 0. Therefore (8.2) holds which in our case is precisely (8¢

In the context of Asplund spaces, the condition (8.6) was reently introduced
in [18] under the name \fuzzy quali cation condition"and us ed to obtain the strong
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fuzzy calculus rule. We see that this condition is strictly gronger that the linear-rate
metric quali cation condition, and all the more than the \un iform lower semicontinuity
condition" of [2, 11] known to be su cient for the strong fuzz y calculus in Asplund
spaces.

The three concluding results are corollaries from Proposibn 8.1 for approximate
subdi erentials.

Corollary 8.4. Let X be a Banach space, and le@stand fqr approximate
subdi erential. Let Sj, i = 1;:::;k be closed subsets aK and x 2  S;. Suppose
further that all S; with a possible exception of one of them are compactly epifs$chitz
at X. Then the condition

X
(8:8) Xi 2 N(X;S); X;p =0 ) x4= =X.=0

is su cient for the existence of a K > 0 such that(8.2) holds for all x su ciently close
to X.

As stated, the result was proved in [15, 12]; earlier it was poved in [7] under a
stronger assumption that the sets are epi-Lipschitz atx.

For approximate coderivatives of set-valued mappings a caesponding calculus
rule can be obtained under a weaker (than the compactly epi-ipschitz property of the
graph) condition, as was rst observed in [19] for limiting Fiechet subdi erentials in
Asplund spaces.

We shall say following [9] that a set-valued mappingF is sequentially codi-
rectionally compact at (X;y) 2 GraphF if for any sequencef Xn; Yn;X,;Y,9 such that
Yn 2 F(Xn), Xp 2 D F(Xn;Yn)(Yn): (Xn;y¥n) ! (X;Y), kx,k ! O zero belongs to the
norm closure offy,g, provided it belongs to the weak closure of the sequence. This is
a sequential version of the property introdused in [23] (forarbitrary cone-valued map-
pings, not necessarily coderivatives). Both versions areadis ed when the graph of F
is compactly epi-Lipschitz at (X; V).

Corollary 8.5. Let X; Y; Z be Banach spaces, leF and G be set-valued
mappings from X into Y and from Y into Z respectivel¥, and let@stand for the
approximate subdi erential. Set as aboveH (x;z) = F(x) G %(z) and assume that
(X;¥;2) 2 GraphH. Suppose nally that the following two conditions are satised:

(a) either G is sequentially codirectionally compact at(y;z) or F 1 is sequen-
tially codirectionally compact at (Y;X);

% S is compactly epi-Lipschitz at x (see [3]) if there are" > 0 and a compact set P X such that
for any t 2 [0;"]
(x+"B)\ S+tB S+ tP:
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(b) 02D F(Xy)(y) & y 2D G(v;2)(0) ) y =0.
Then there is aK > 0 such that(8.5) holds for all (x;y; z) of a neighborhood ofX; y; Z).

Proof. Again we consider the setsS; = GraphF Z and S, = X  GraphG.
All we need to verify is that the conditions of Proposition 8.1 are satis ed for these sets
at (X;y;2). Assuming the contrary, we nd sequences of Xin;Vin;Zin) 2 Sj converging
to (X;¥;2) and (Xi,;Yin:  Zin) 2 3@ ((Xin;Yin;Zin);Si) , i =1;2; such that

(8:9) KX1n + XonK!  0; Kyin + Yonk! 0; kzy, + zo,k! O

and for any n the maximum of the norms of the six functionals is not smallerthan one.
We then observe (as in the proofs of Propositions 5.1, 6.2 and.1) that x,, = 0 and
Z1, = 0 which implies that max; ky;,k 1 and consequently by (8.9) that

(8:10) Iirminf kyi,k 1, i=1;2
Setting Xn = X1n, X, = X145 Zn = Z2n, Z, = Zy,, We have

(Xn:1¥Y1n) 2 3@ ((Xn;Y1n); GraphF); (Yo, Z,) 2 3@ ((Y2n; Zn); GraphG):

Let y belong to the weak closure offy,,g (note that this is a bounded sequence).
Then by (8.9) (and in view of the upper semicontinuity of approximate subdi erentials
of a Lipschitz function),

0, y)22@((x;y);GraphF); (y: z)22@((y,2), GraphG):

By (b) this implies that y = 0 and by (a) zero must belong to the norm closure of
either of fy;, g, in contradiction with (8.10).

Corollary 8.6. Let X; Y be Banach spaces, lefj; i = 1;:::;k, be set-
valued mappings fromX into Y with closed graphs, and let@stand for the approximate
Eubdi erential. Let F = F1 + + Fy, lety 2 F(X), and lety; 2 F;i(X) be such that

yi = Y. Suppose nally that the following two conditions are satised:

(a) the mappings F; 1 with possible exception of one of them are sequentially
codirectionally compact at (y;; Y)Prespectively;

(b) x; 2D Fi(x;y;)0); x;,=0) x;= =X, =0.

Then there is aK > 0 such tilgat (8.7) holds for any (x;y;y1;:::;Yk) of a neighborhood
of (X;V;Vq;:::;Y,) satisfying vy = .
Proof. The general scheme of the proof is exactly as in the pwgous case.

X YKoy 2 Fi(x)gfori=1;::kand Sp = f(Xy;ys;iiyk) 2 X YRk
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P . " "
Vi = yg. Assuming that the conditions of Proposition 8.1 are not sats ed for

X X X
(8:11) kxi, k! 0O kvi, k! 0 kyjm k! 0 j =155k
| | |
and for any n maximum of the norms of the functionals is not smaller than ore. As
in the proofs of Propositions 5.2, 6.3 and 7.2, we notice thatxy, = O; Yjin = 0 if
I L j6i, v, =0if i 1andyjg, = vg, fori =1;:::;k. So settingyin = yin and
Yin = Vin fori=1;:::5;K, Yon = Von, We conclude thatky;, k! Oforalli=0;:::;k,

(8:12) Xins Yin) 2 (k+1) @((Xin;Yin); GraphF;);
and max; kx;, kK 1, so that, taking if necessary a subsequence, we concludefn (8.11)
(8:13) Iiminf kxi, k 1

at least for two indicesi. As fx;,g are bounded sequences, we can nd pointg; in
their respective weak closures slgch that &4;:::;%,) belongs to the weak-star closure
of f(Xqnsi:i5 X)) in (X )k and X; =0 (by (8.11)). By (8.12), x; 2 D Fi(X;V;)(0)
which by (b) implies that all x; are zeros. By (a) this means that the sequences,
save at most one of them contain subsequences norm convergirio zero. But this
contradicts the established fact that (8.13) must be valid & least for two sequences.
This completes the proof of the corollary.

We leave to the reader the elementary task of combining Cordéries 8.2, 8.3, 8.5
and 8.6 with the corresponding propositions ofxx 5 { 7 to obtain calculus rules under
subdi erential quali cation conditions.

We also note that the last three corollaries are valid also fothe limiting Fechet
subdi erential in Asplund spaces [17]. Actually, the proofs of analogues of the last two
corollaries in this case are even simpler: one only needs tags to limits in Corollaries
8.2 and 8.3 applied to the Fechet subdi erential on corresponding spaces.

Remark (added in proof). In [17], [19] a property similar to sequental
coderivative compactness (SCC) was called \partial sequeial normal compactness”.
To eliminate the confusion we have to note that in the origind version of [19] another
property was de ned in which sequenced (xn; Yyn)g su ciently close to ( X;y), not only
those converging to &;y), were considered while the name \partial hormal compact-
ness" (PNS) wes used for a closely connected but di erentprperty, and no sequential
property was used in the original version of [17]. And it is inthe development of (PNS)
that the mentioned net predecessor of (SCC) was introducedni [23] and also in [14].
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