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Abstract. We prove some multiplicity results concerning quasilinearelliptic
equations with natural growth conditions. Techniques of naasmooth critical point
theory are employed.

1. Introduction.  Inthis paper, we will be concerned with two problems related
to a quasilinear elliptic equation of the form

8
P .
2 . Dj (& (x;u)Dju) + %i.j . Dsajj (x;u)DjuDju = g(x;u)+ ! in
S i =
"u=0 on @

where ajj (x;s) = a; (x;s). As we pointed out in [7, 8, 9], the rst diculty is that
classical critical point theory fails in the case of quasilhear equations with natural

growth conditions. In fact, let us consider the associated dnctional f : H3() ! R
de ned by
1Z 0 Z
f(u)= > aj (x;u)DjuDjudx G(x;u)dx hlhui;

ihj =1
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R
whereG(x;s) =  g(x;t) dt. Under reasonable assumptions o and g, it is possible
to prove that f is continuous and that for everyu 2 H3() and v2 C} ()

Z
X
im f(u+tv) f(u) _
th 0 t

aj (x;u)DjuDj v dx+
ihj =1

0 1
4 X0 4

1 .
+§ @ Dsaj (x;u)DiuDjuA v dx gx;u)vdx hlvi:
ihj =1
However, we cannot expect to be of classC?! or even locally Lipschitz continuous.
On the other hand, for similar reasons

8 9
< z

X 1 X =
: u7! Dj (ajj (x;u)Dju)+ > Dsajj (x;u)DjuDju  g(x;u),
ij =1 ij =1 '

is not well de ned as an operator fromH4()to H () and the topological methods,
applied so far in the literature, cannot be directly adapted to this setting.

We will use a variational method based on the nonsmooth critcal point theory
of [10, 11]. Similar abstract techniques have been develodealso in [13, 14]. We will
prove an Ambrosetti-Rabinowitz type result for a symmetric superlinear problem and an
Ambrosetti-Prodi type result for a jumping problem. We will essentially follow [7, 8, 9],
but we will impose a weaker form of assumption &:4) below. For the convenience of
the reader we repeat the relevant material from [7, 8, 9] witlout proof, thus making
our exposition self-contained.

Finally, let us mention that di erent techniques of nonsmooth critical point
theory have been applied to quasilinear equations in [3, 20]

2. Functionals of the calculus of variations. Let be a bounded open
subset of R". For the sake of simplicity, let us supposen 3. Letf : H}() ! Rbe

a functional of the form
Z
(2.1) f(u)= L(x;u;Du)dx hlLui:

The associated Euler equation is formally given by the quasinear problem
8

Fh
2 Dy, (D ,L(x;u;Du))+ DsL(x;u;Du) =1 in
(2.2) S =l

“u=0 on@



On a variational approach to some quasilinear problems 401

Assume that! 2 H () and that
L : R R"I' R

is such that:

2.3) ( 8(s; )2 R R" L(x;s; )is measurable with respect tox,

fora.e. x 2 L(x;s; ) is of classC?! with respect to (s; ).
Assume also the following growth conditions:

there existag 2 L() ;w2 R;a; 2 Li () ; by 2 LE.() such that
fora.e.x2 andforall (s; )2R R" we have

(2.4) LOGs: )i ao(x) + bo(isi™ 7 +  j2);
(2.5) DsL(x;s; )i a(x) + buX)(jsi7 7 + ] j2);
(2.6) D L(Gs; )i @)+ bi()(isiT z + j2):

Under these conditions, it is readily seen thatf is continuous and for everyu 2 Ha():

DsL(x;u;Du) 2 Lite() 5 D, L(xu;Du) 2 Lir() :

De nition 2.1. We say thatu is a weak solution of (2.2), if u2 H3() and

X
Dx; (D ;L(x;u;Du)) + DsL(x;u;Du) = !

i=j
in DYQ).
In order to apply variational methods, let us introduce a natural adaptation of
the Palais-Smale condition.

De nition 2.2. Let c2 R. A sequence(uy) in H3() is said to bea concrete
Palais-Smale sequence at levea ((CP S)c-sequencefor short) for f, if limy f (uy) = c,

X
Dy, (D, L(X;un;Dup)) + DsL(X;up;Dup) 2 H ()
i=1

eventually ash!1 and
0 1

X0
@ Dy, (D ,L(X;up;Dup)) + DsL(x;up;Dup) !'Al 0
=1
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strongly in H () .

We say thatf satis es the concrete Palais-Smale condition at levek ((CP S)¢
for short), if every (CP S)c-sequence forf admits a strongly convergent subsequence in
Ha()

The next results are adaptations to the functional f of some classical theorems
of mountain pass type (see [2, 17, 21]).

Theorem 2.3. Let (D;S) be a compact pair, let : S ! H() be a
continuous map and let

n (0]
= ' 2CDHI)): 'js=

Assume that there exists a closed subsét of H3() such that

inff  maxf;
A (S)

A\ (S)= andA\'(D)6 forall' 2

If f satis es the concrete Palais-Smale condition at level

c= inf maxf;
‘2 ' (D)

then there exists a weak solutioru of (2.2) with f (u) = c. Furthermore, if infaof
then there exists a weak solutioru of (2.2) with f (u)= candu 2 A.

Proof. The case! =0 can be found in [9, Theorem 2.1.5]. The extension to
the general case is straightforward.

Theorem 2.4.  Let vp;vs 2 H3() . Suppose that there exists > 0 such that
kvi vok>r and

infff (u): u2 H&() yku  vok = rg> maxff (vo);f (v1)g:

Let
= f :[0;1]! HJ() continuous with (0) = vo; (1) = v1g

and assume thatf satis es the concrete Palais-Smale condition at the two lesls

cp= inf _f; co=inf max(f ):
B (vo;r) 2 [0:1]

Then ¢; < ¢, and there exist a weak solutionu; of (2.2), with ku; vok <r
and f (uy) = c1, and a second weak solutioru, with f (up) = cp.
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Proof. See [8, Theorem 1.3].
Theorem 2.5.  Suppose thatt =0 and that
L(x; s; )= L(xs; )
fora.e. x2 andevery(s; )2 R R". Assume also that

(a) there exist > 0, >f (0) and a subspace/ HJ3() of nite codimension such
that

8u2V:kuk= ) f(u) ;
(b) for every nite dimensional subspaceW HJ() , there existsR > 0 such that

8u2W:kuk>R ) f(u) f(0);

(¢) f satises (CPS). for any ¢

Then there exists a sequencéuy) of weak solutions of(2.2) with

Iihmf(uh)=+1:

Proof. See [9, Theorem 2.1.6].

3. Homogeneous quadratic functionals of the gradient. In this section,
we restrict our attention to the case:

1
L(x;s; )= > aj (x;8) i j:
ihj =1

Let a; : R! R( i;j n)be such that
g 82 R ajj (;s) is measurable,
(a:1) 5 for a.e. x 2 aj (x; ) is of classC1?,

“forae.x2 ;852R;1 i;j n aj(xs)= ai(x;s);
there existsC > 0 such that fora.e.x2 ;8s2R;1 i;j n;

(a:2) jaj (x;s)j C; Dsaj(x;8)] C;
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there exists > 0 such that fora.e.x2 :8s2R; 8 2 R",

X .
(a:3) a (s) i 11i%
ijj =1

there existsR > 0 such that fora.e.x2 ;8s2R; 8 2 R",
- - X1
(a:4) isi R=) sDsa@jj (X;s) i j O
ijj =1

Because of &:1) and (a:2), conditions (2.3), (2.4), (2.5) and (2.6) are clearly sais ed.
Moreover, because of4:2) and (a:3), there existsM > 0 such that

X X
Dsaj (x;8) ij M ajj (X;8) i j
iij =1 =1

(3.1)

forae.x2 :8s2R;8 2R".
Let us begin with a consequence of the Brezis-Browder Theone.

Theorem 3.1. Let! 2 H 1() andletu2 H3() be a weak solution of

1 X
Dy, (@ (x;u)Dy,u) + > Dsajj (x;u)Dy uDy u =1
ij =1 =1

Let v2 H§() be such that
20 1 3
X 1
4@  Dsajj (X;u)Dy UDx UA VS 2 LY() :
ijj =1
Then we have
0 1

X
@  Dsaj (x;u)Dy,uDy, UA V2 LY()
i;j =1

2 39

1 X .
aj (X;u)Dy, uDy, v + 45 Dsajj (X;u)Dy, UDy, uP v, dx = H;vi:
T =1 iij =1 ’
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Proof. The assertion follows by the result of [6].
Now, we will state some regularity results.

Lemma 3.2. GivenAj 2L ()(1  i;j n) with
Aix) i T3
ihj =1
let! 2W 9() ; 2LE() andletu2 H3() be such that
VA 0 VA

AjDyuDyvdx = vdx +h;vi 8v2Cj () :
ijj =1

Assume that there exist 2 L"() ;c > 0 such that
(x)u(x) (X)(u(x))®> a.e.in whenjux)j c
Then the following facts hold:
() if 2 g<nandr 5, we haveu2 L%() ;
(b if g>nandr> 3, we haveu2 L* () .

Proof. Takevi=(u )* andva= (u+ ) with c. Then v 2 H3()
and we have

V() (Ui (x) 2 LY() :
By the Brezis-Browder Theorem [6], it follows that (v ) 2 L%() and
VA 0 VA VA
Ajj Dy, uDy; v dx = Vi dx+ h;vi uv dx + H;v i
i;j =1
Now, by well known techniques of regularity theory (see e.g.[15, 19]) the assertion
follows.

Theorem 3.3. Let 2L"(), ! 2W Y9() andletu2 H}() be a weak
solution of

1 X
Dy, (@ (x;u)Dyxu) + > Dsaj (x;u)Dy,uDx,u+ u ==
ij =1 i =1

Then the following facts hold:
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(@ if2 g<nandr %,wehaveuZL%();

(b if g>nandr> 5, we haveu2 L! () .

Proof. Set
Aj = aj (x;u);
1 X
= > Dsajj (x;u)Dy, uDxu  u:
iij =1
By (a:4), we have
1 . . .
u= 3 uDsaj (X;u)Dy,uDy u U 2 u? ae. in when jux)j R.

i;j =1
By the previous lemma the assertion follows.

We point out that, if a weak solution u belongs toHg() \ L (), one can
apply the regularity results contained in [15].
Now we come to some compactness properties.

Lemma 3.4. Let (up) be a bounded sequence iIH}() such that

1 X
Dy; (@j (X;un)Dx, up) + > Dsajj (X; Un)Dx; unDx; un
ij =1 i =1
belongs toH () and is strongly convergent inH () .
Then it is possible to extract a subsequend@ip, ) strongly convergent inH() .

Proof. Let

1 X
Ip = Dy; (@j (X;un)Dx, up) + > Dsajj (X; up)Dx, UnDx; Un:
ij =1 i =1
Up to a subsequenceyy, is convergent to someu weakly in H3(), strongly in  L?()
and a.e. in . Moreover, by [4, Theorem 2.1] we have, up to a futher subsequence,
Dup! Du a.e. in .

At rst, let us prove that

0 1
Z v z

1 X :
(3.2) ajj (X; u)Dyx, UDy; udx + > @  Dsaj (x;u)Dy,uDy uA udx = H;u i
i =1 ij =1
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where! 2 H 1()is the limit of !4.
We will use the same device of [5]. We consider the test funatins

vh = ' expf M (uh+ R)"g

where' 2 H3() \ L1 () ;' 0 u; is the positive part of up; and M > 0 is de ned
in (3.1). By Theorem 3.1 vy, is an admissible test function, so that
Z x
aj (x;un)expf M (up+ R)" gDy unDy, 'dx +
ihj =1
2 3
X +
+ 42 Dsajj (X;un)Dx;unDy;un - M ajj (X;up)Dx, UnDy; (Un + R)*
i =1 i =1
"expf M (uhy+ R)"gdx h!y;' expf M (up+ R)"gi = 0:

From (a:4) and (3.1), we deduce that
2 3
1 X X N
45 Dsaj (G un)DxunDyun M aj (X;up)Dy, upDy, (up + R)™5
ij =1 =1
"expf M (uh+R)'g O

and, by Fatou's lemma, we get

z
aj (x;u)expf M (u+ R)" gDy uDy, 'dx +
ihj =1
2 3
T X .
+ 45 Dsajj (X;u)Dy,uDyx,u M ajj (X;u)Dy, uDy, (u+ R)*S
ij =1 i =1
"expf M (u+ R)" gdx
(3.3) hi;' expf M(u+R)'gi 8 2Hi) \L*() ;' o

Now, we consider the test functions
1 +
"k = 'H (Eu) expfM (u+ R)" g
with* 2C3 () ;' Oand

H:R! RRH2CYR):; 0 H 1
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H=1on[ 12,12}, H=0on] 1 ; 1][ [L1 [

Putting them in (3.3), we obtain

Z
aj (X;u)Dx;uDy, (‘H (1=ku)) dx+
i;j =1
12 0 0 1
ts @ Dsaj (X;u)Dy, uDy UA'H (1=ku) dx
ijj =1
(3.4) hi;'H (1=ku)i 8' 2C} () ;' O
Passing to the limit ask!1 in (3.4), we obtain
0 1
Z X 12
aj (x;u)Dy, Dy, 'dx + = @ Dgaj (X;u)Dy, UDy UA 'dx
ij =1 2 i =1
hi;'i 8 2¢c() ;' o
In a similar way, by considering the test functionsv, = ' expf M (u, R) g, itis
possible to prove the opposite inequality. It follows:
- .2 0 y 1
aj (X;u)Dy, uDy, "dx + > @ Dsajj (X;u)Dy UDy UA "dx =
ij =1 =1
(3.5) =H;'i 8 2¢C}():

By (3.5), (a:4) and Theorem 3.1, we deduce (3.2).
Now, let us consider the function :R! R de ned in the following way

%Ms O0<s<R
MR s R
(s)=

E Ms R<s< 0

" MR s R

and let us prove that

Z
limsup aj (x;up)expf (un)gDx unDx, U
h i =1



On a variational approach to some quasilinear problems 409

4

X0
(3.6) g (x;u)expf (u)gDy uDy; u:
ihj =1

By (a:4) and Theorem 3.1, the test functionsu, expf (up)g are also admissible, so that

z

ajj (X;un)expf (un)gDy, UnDy; Un dx+
ihj =1

2 3

1 X
+ 45 Dsajj (X;Up)Dy, upDy; un + Yup) aj (X; up)Dy, UpDy; Up®
i =1 i =1

unexpf (up)gdx h!p;unexpf (up)gi = O:
By (a:4) and (3.1)
2 3
X N
4E Dsajj (X;Un)Dx, unDy, up + Yun) & (X Un)Dy, UnDy, Up5
b =1 ij =1
unexpf (un)g O

and, by Fatou's lemma, we get

Z
limsup aj (x;up)expf (un)gDx, UnDy; up dx =
h ij =1
2 3
, ‘ 1 X x
= ||m§Up 4 > Dsajj (X;un)DyunDy;up — Yun) ajj (X; Un)Dx; UpDy; up®
ij =1 i =1
up expf (un)gdx + R p;up expf (un)ai
2 3
Z X X
4 > Dsajj (X;u)Dy, uDy, u °(u)__ ajj (X; u)Dy, uD, uS
, [N

§=1
uexpf (u)gdx + R;u expf (u)gi =
Z

= aj (x;u)expf (u)gDx uDy; udx:

i;j =1

Thus, (3.6) is proved.
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Finally, let us show that uy converges tou in the strong topology of H3().
Let us observe that

Z
ajj (x;un)expf (un)gDx,(up  U)Dy (Up U)dx =
ihj =1
Z
= ajj (X;un)expf (un)gDy, UnDy; Un dx+
ihj =1
Z
2 aj (x;up)expf (un)gDyx, UDy; un dx+
ihj =1
ZY
3.7) + aj (x;up)expf (up)gDx uDy, udx:
i;j =1
For everyj =1;:::;n, we have:

hd X
IiLn aj (x;up)expf (un)gDy u = aj (x;u)expf (u)gDyu
i=1 i=1

in the strong topology of L?(). Then, by (3.6) we get:

Z
limsup aj (x;un)expf (un)gDx,(un  U)Dy;(up Uu)dx =
h i =1
Z
= limsup aj (x;up)expf (upn)gDyx; UnDy; up dx+
h i =1
Z
(3.8) aj (x;u)expf (u)gDy uDy udx O

ihj =1

Using (3.8) and hypothesis &:3), we conclude that:

limsupkDup Duk?,
h

Z
limsup expf (un)giD(un u)j?dx
h

Z
limsup aj (x;up)expf (un)gDx,(un  U)Dy;(up u)dx O
h i =1

Then the assertion is proved.
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In the last part of this section, we add the following assumpton:
there exists a uniformly Lipschitz continuous bounded fundion # : R! [0;+1 [ such
that

X

1 X
(a'5) 5 sDsaj(xis)ij s#Ys) &y (xs) i

i;j =1 ihj =1

fora.e. x 2 ,a.e. s2 Randall 2 R". Without loss of generality, we can assume
that

S!|I1m #(s) = SI!lrrl1 #(s)
and denote by# the common value. Let us also set
Aj (x) = sI!ign ajj (x;s)

(these limits exist by (a:4)).

Lemma 3.5. Let (vy) be a sequence weakly convergentwin H3() and( p)
a sequence weakly convergent to in L%() with j h(x)] ¢(x) for somec 2 L%() .
Then ( nvy) is strongly convergent to v in H () .

Proof. See [8, Lemma 3.1].

Lemma 3.6. Let (uy) be a sequence iMd() and( p) a sequence in0; +1 [

with ! +1 such that(v,) = i is weakly convergent tov in H3() . Let ( ) be
h

a sequence weakly convergent to in Lz() with j n(x)] c(x) for somec2 Lz() .

Let ( ) be a sequence strongly convergent toin L nzTnz() and ( 1) a sequence strongly
convergent inH () such that

0 1
Z 1Z e
ajj (X; Un)Dy; UnDy, 'dx + 5 @ Dsajj (X;Un)Dy; UpDy, upA "dx =
ij =1 i =1
z z
(3.9) = hup'dx +  p'dx +hpti 8 2CE():
Then, it holds:

(@) (vn) is strongly convergent tov in H3() ;

(b) ( nhvp) is strongly convergentto v in H () ;
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(c) there exist *; 2 LY () such that

*(x) = expf #g v(x)> 0
expfMRg v(x)<O0
andexpf #g *(x) expfMRgif v(x)=0,

expf #g v(x)<O0

(x)= expfMRg v(x) >0

and expf #g (x) expfMRgif v(x)=0,

and such that for every' 2 H}() ;' O
Z z z
Ajj " Dy, vDy, 'dx fvidx + Trdx;
ihj =1
Z z z
Ajj Dy vDy, "dx vidx + "dx;

ihj =1
(
_OAf(X) v(x)>0
where Aj (x) = Ai} (0 V(x)< 0"

Proof. Up to a subsequencey, is convergent tov a.e. in . From the
previous lemma, it follows that vy, is strongly convergentto v in H 1(). Let (s)
be the function de ned in Lemma 3.4. By (a:4), the result in [6] allows us to put
" = vpexpf (up)gin (3.9), yielding

Z x
ajj (X;un)expf (un)gDx, UpDy; Vi dx+
ihj =1
2 3
X0 hd
4= Dsaj (X;Un)Dy, UnDy; un + Yup) ajj (X; Up)Dy, UpDy; up®
ij =1 i =1

vh expf (up)gdx =
Z
= hUnVh expf (up)gdx + hVh expf (un)gdx + hp;vhexpf (un)gi

By (a:4) and (3.1) we have

Z
h aj (X;up)expf (un)gDy; VhDy; Vh dx
ijj =1
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Z Z
h hVE expf (up)gdx + hVh expf (un)gdx + hp; vy expf (un)gi:

After division by  and using hypotheses ony; , and j, we obtain
z z
IiLn hvﬁ expf (up)gdx + hVh expf (up)gdx + h vy expf (up)gi =

z z
—expfMRg vZdx+  vdx

and 7
limsup aj (x;un)expf (un)gDx, VhDx; Vi dX
h i =1
VA Z
(3.10) expf MR g v2dx+  vdx

Now, let us de ne 8
< #(9) s 0
#1(s)= . Ms R s O
" MR s R
and consider as test functions Y* ~ k)expf #1(un)g (k 2 N): Putting them in (3.9),
we get:

Z
aj (x;up)expf #1(un)gDx, VhDy, (v© ~ k) dx+
i;j =1

2 3

14,10 o N i
+ — > Dsaj (X;un) Dy, unDy;un - #3(un) aj (X; up)Dx, unDy; Un
h i =1 i =1
(vt ~ K)expf #1(up)gdx =
Z Z

= hVh(VT A k) expf  #1(up)gdx + h(vF A K)expf #1(up)gdx+

(3.11) + ih hy (VD A K)expf  #1(up)gi:
h
By (a:4), (3.1) and (a:5), we have:

1 X 0 X

5 Dsajj (X;un)Dx;UunDx, un  #3(un) ajj (X;un)Dx;unDy, un O
ij =1 i =1

On the other hand, we have:

IiLn aj (x;un)expf #1(un)gDx; (v* ~ k) = A expf #gDy; (V' " k)
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strongly in L2(),

IiLn(v+ N Kyexpf  #1(up)g= (vt ~ K)expf #g
strongly in each LP() with p< 1,

|iL‘n vh(vT A K)expf  #1(up)g= v(v© ~ K)expf #g
strongly in Lnn_z() and
1,
Ilhm —(v" M Kk)expf #1(up)g=0
h

weakly in H3().
Letting h! +1 in (3.11), we get

VA
Aj expf  #gDy vDy; (v* * k) dx
i;j =1
Z Z
v (vF ~ k)expf #gdx + (v~ k)expf #gdx:

Letting now k! +1 , after division by expf #g, we have
Z z z

(3.12) Aj Dy, V" Dy V" dx (v)?dx+ v *'dx
ijj =1

Analogously, let us de ne the function

8

< #(s) s O
#s)=. Ms O s R

" MR s R

and consider as test functions ¢* * k) expf #,(un)g (k 2 N). We obtain
Z s z z

(3.13) A Dx,v Dy v dx (v )2dx v dx:

i;j =1
Thus, (3.12) and (3.13) give

Z s z z
(3.14) Ajj Dy, VD, v dx vZdx+  vdx

ihj =1
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It follows from (3.10) and (3.14):

4
lim sup aj (x;un)expf (un)gDx, VhDx; Vi dX
h ij =1
Z
(3.15) expfMR g Ajj Dy, vDy, vdx:
ijj =1
Now, let us show that v, converges tov in the strong topology of H3(). Let
us observe that

Z
hd
aj (x;un)expf (Un)gDx; (v V)Dy; (vn V) dx =
i;j =1
Z x
= aj (X;un)expf (un)gDyx, vnDy; v dx+
ihj =1
Z
2 a;j (x;up)expf (un)gDx, VDy, Vi dx+
ijj =1
Z x
(3.16) + aj (X;up)expf (up)gDy, VD, v dx
ihj =1
and
- X1 X1 -
Ilhm aj (x;up)expf (un)gDyx,v=expfMRg AjDyV 8 =1;:::;n
i=1 i=1

strongly in L2().
Then, passing to the limsup in (3.16), we have by (3.15)

4
lim sup aj (x;un)expf (un)g@Dx (vh  V)Dy, (vh V) dx =
h i =1
Z x
= limsup ajj (X;up expf (un)g)Dyx; VhDy; v dx+
h i =1
Z x
(3.17) expfMR g Ajj Dy, vDy, vdx O

ijj =1
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By (3.17) and (a:3), we conclude that:
limsupkDv, Dvk?,
h

z
limsup aj (x;un)expf (un)gDx (va  V)Dy (v V)dx O
h i =1
Sovy converges strongly tov in H().
Up to a subsequence, exip #1(un)g is weakly convergent inL! () to some
*. Of course, we have:

*(x) = expf #g v(x)>0
expfMRg v(x)< 0

andexpf #g  *(x) expfMRgif v(x) =0. Then, let us consider as test functions
" expf #i(up)gwith ' 2 C3 () ;' 0. Let us observe that we have

Iihm ajj (X;un)expf #1(un)gDx, Va = Ajj "Dy, v strongly in L2() ;

+

lim vi' expt #1(un)g = v strongly in L7 2() ;

Iihm ho= strongly in L1() ;

Iihm L expf  #1(up)g=0 weakly in H () :
h

Therefore, putting the test functions in (3.9), we get like in the previous argument,

Z 0 Z Z
Ajj "Dy, vDy; 'dx Tvidx + Trdx:
ijj =1
Then, this inequality holds for any ' 2 H3() ;" 0:
In a similar way, by means of the test functions' expf #,(un)g, we get
Z o z z
Ajj Dy vDy, 'dx vidx + "dx;

i;j =1

where is the weak limit of some subsequence of exp #»(un)g.

4. Quadratic functionals of the gradient. This section contains the main
tools we need, in order to improve the results of [7, 8, 9]. Weansider the case

X0
L(x;s; )= = aj(x;8) ij  G(x;s);
ihj =1
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where a; : R! R 1ij n) satisfy the conditions (a:1), (a:2), (a:3) and

:4) of the previous section,g : R! R is a Caratteodory function and G(x;s) =
5 9(x;t) dt. We assume that there exista 2 L"() ;r nzT”Z and b2 R such that for
ae.x2 andall s2 R we have

(4.1) jax;s)j  a(x)+ bisjt 2

Because of &:1), (a:2) and (4.1), conditions (2.3), (2.4), (2.5) and (2.6) are sés ed.
Theorem 4.1. Let! 2 W %9() andletu2 H}() be a weak solution of
1 X
Dy, (aj (X;u)Dyx u) + > Dsajj (X;u)Dy, uDy u = g(x;u) + !
ij =1 i =1
Then the following facts hold:

(@) if 22 r< Dandq N, wehaveu2 L7 z() ;

(b if r> Jandg>n, we haveu 2 L! () .

Proof. It is su cient to follow the argument of [9, Theorem 2. 2.5], with [9,
Theorem 2.2.3] substituted by Theorem 3.3.

De nition 4.2. We sayzthatg is a nonlinearity with subcritical growth, if
for every " > 0 there existsar 2 Ln+2 () such that

4.2) ja(x;s)j  ar(x)+ "jsjn 2

fora.e. x2 andalls2 R:
Of course, (4.2) implies (4.1) withr = 2%

n+2 *
Now let ! 2 H %() and let us consider the functional f : H}() ! R dened
by z z
f(u)= % ajj (x;u)Dy; uDy, udx G(x;u)dx hlLiui:

i;j =1
Let us provide some results we will use dealing with CP S). condition.

Theorem 4.3.  Assume thatg has subcritical growth. Then for anyc 2 R the
following facts are equivalent:

(a) f satises (CPS)g;

(b) every (CP S)¢-sequence forf is bounded inHE() .
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Proof. It is su cient to follow the argument of [9, Theorem 2. 2.8], with [9,
Theorem 2.2.4] substituted by Lemma 3.4.

Theorem 4.4. Let c2 R and let (u,) be a(CP S)c-sequence forf . Then for
every > 0Oand"> O there existsK (;") > 0 such that for all h 2 N,

Z
o ajj (X;un)Dx, unDx; up dx
fiuni 9 =1
Z X
o ajj (X;up)Dy;UnDyx, updx + K(;"):
fiunj> 9ij=1

Proof. Let

X 1 X
h = Dyx; (@j (X;un)Dx, up) + > Dsajj (X;Uup)Dyx; UnDy; up dx  g(X;up);

ij =1 i =1
let > 0 and let 8 o
S if jsj <
_ % s+2 if s< 2
#1(s) = E s 2 if 2<s
0 if jsj 2
Then we have
Z x 14 »
- ajj (X; un)Dyx, unDy; (#1(up)) dx+ > - Dsajj (X; Un)Dx, UnDy; Un #1(up) dx
Z

g(x; up)#1(up) dx + k! hky 1k#1(uh)kHé:

Taking into account (4.1), it follows

Z X Z X
o aj (X; Un)Dx; UnDx; up dx . ajj (X; Un)Dyx; UnDx; Up dx+
fiunj g i =1 f<junj 2 9ij =1
12 0
s Dsajj (X; Up)Dx, upDy; up #1(up) dx+
fiuni  9jj=1
174 X
+ Dsajj (X; Up)Dx, UpDy; up #1(up) dx

2 f<ijuni 29452
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4

There existsKg > 0 such thatk! kg 1 Kg. Then, observing that

Z Z
k#1(Un)K2 1 jDupj?dx + jDuphj? dx
0 fiunj g f<iju 2g
14 X0
- ajj (X; Un)Dx; unDy; up dx+
fiuni  gjj=1
14 X
+— ajj (X;un)Dx, unDy; un dx;

f<junj 2945
from (3.1) we deduce that
1 “ X
1 M - ajj (X; Un)Dx, up Dy, up dx
4 fun gij=

z

1 X
1+ M + - ajj (x;uh)Dxiuthj up dx+

f<ijunj 29jj=
VA 2
N2 K
+  aX)+ b2 jnz dx + —9;

1 . . .
If we set = R we easily nd an inequality of the form

Z
o ajj (X;Un)Dx, up Dy, up dx
fj Unj 9ij=1
z X
K1 o ajj (X;Up)Dyx, up Dy up dx + Ko:
f<junj 295

If we reapply the same argument, taking#,(s) de ned in such a way

8
0 if jSj
%s if <s< 2
" S+ if 2 <s<
s) = :
2(s) s+3 if2 s<3
s 3 if 3<s 2
"0 ifjsi 3

a) + 2 77 dx T nkf 1+ Zk#l(uh)kaél

419
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we get
9 Z
o ajj (X;un)Dx, unDx; up dx
f<junj 2955
z X
0 ) a
K1 o ajj (X;Up)Dyx, UnDy; U dx + K275
f2< jupnj 3 9ij =1
hence

z X
o ajj (X;Up)Dx; UnDy; Uy dx
fiunj 2 9=
Z X
K100 ajj (X;Uh)Dinthj Up dx + Kzoc.)
f2< jupnj 3 9ij =1
Iterating this argument, we get for any k 1

4

o ajj (X;Up)Dx, UunDy; Up dx
fiunj k g =1

z

X
(4.3) K1(k) o aj (X; Un)Dx; UnDy; up dx + Ko(K):
fk<junj (k+1) g5 =1
Now, let k 1 be such thatk and k R. Take 2]0;1[ and let
%o ifisj K
s k if k <s< (k+1)
s+ k if (k+1) <s< Kk
#(s)= :
s+ + (k+1) if(k+1) s<(k+1) + -
s (k+1) if (k+1) -<s (k+1)
0 ifjsj (k+1) + -

As before, we get
Z s 1Z 0
3jj (X; un)Dx; unDy; (# (un)) dx+ 5 Dsajj (X;Un)Dx, UnDx; un # (up) dx
ij =1 =1
VA
906 Un)# (un) dx + Kl ke 1k# (Un)ky
£ 12 2 .
g(x;up)# (up) dx + 4—k. hk 1+ k# (uh)ng.
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Now, by (a:4) we deduce that

VA
Dsaj (X;un)Dx;UnDx;up # (up)dx O
ihj =1
Moreover
Z Z
k# (un)k3 1 jr upj?dx + jr upj?dx

0 fk< junj (k+1) g fiunj>(k+1) g
1% X
- ajj (X; Up)Dx; unDy; up dx+

fk<junj (k+1) gjj =1

14 x
+ - ajj (X;un)Dx, unDy, up dx:

fiunj>(k+1) g =1
Then, by (4.1) it follows
z

X
1 - ajj (X;un)Dx, unDx; up dx
fk< junj (k+1) gjj =1
Z X
+ - ajj (X;Up)Dx, un Dy, up dx+
fi un> (k+1) g5 =1
Z M! 2
no2 Kg.
+ ax)+ b(k+1) + — dx+4—,

hence 7

o ajj (X;un)Dy, up Dy, up dx
fk< junj (k+1) gjj =

L Z

o ajj (X; un)Dyx; UnDy; up dx + Ka(k; ):
fiuni>(k+1) gjj =1

Combining this inequality with (4.3), we get

z
_ ajj (X; Up)Dy, UnDy; Up dx
flunj 9 =1
z x

o ajj (X;Uup)Dx, UnDy; Up dx
fiunj k 9ij=1
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Z
X
K1(k) ajj (X;un)Dx, UnDy; Up dx + K (k)
fk< junj (k+1) g5
;4 X
Ki(k)—— ajj (X;un)Dx; UnDy; up dx + K1(K)K3(k; )+ Kz(k)
fiunj>(k+1) gjj =y
;4 X
K1(k)—— ajj (X;Un)Dx, UnDy; up dx + K1(K)K3(k; )+ Ka(K):

fiuni> 95 =1
If we take such that N
Kl(k)— n;

the assertion follows.

5. The superlinear case. Let be a bounded open subset of R" with n 3,
let a; : R! R(1 i;j n)satisfy the conditions (a:l1), (a:2), (a:3) and (a:4), let
g: R! R be a Caratleodory function with subcritical growth as in De nition 4.2
and let G(x;s) = 5 g(x;t)dt.

We shall consider the functionalf : H3() ! R de ned by

1 VA e VA
f(u)= > ajj (X;u)Dyx, uDy udx G(x;u) dx
ijj =1
and the associated Euler equation

8

P m .

(5.1) < - Dy, (@ij (x;u)Dyu) + % Dsaij (X;u)Dy; uDy u = g(x;u) in
. ) i=

u=0 on@
Let us make the following further assumptions:
there existq > 2; 2]0;q 2[andR®> Osuchthatfora.e.x2 andall s2R; 2R"
we have

(5.2) isi RY%=) 0<qG(x;s) sg(x;s);
o X0
(5.3) jsi R"=) sDsaij (X;8) i j aj (x;8) i j:
i=1 i=1

Assumption (5.2) means that g is superlinear at in nity in the sense of [2, 17, 21].
Because of &:2) and (a:3), condition (5.3) seems not to be particularly restrictive.

We can now formulate the main result of this section, which isan extension
to the quasilinear case of a well-known theorem of Ambrosettand Rabinowitz (see
[2, 17, 21)).
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Theorem 5.1.  Assume that
aij (X, s)= & (x;s); 9% s)= 9(x;s)
fora.e. x2 andalls2 R;i;j =1;:::;n.
Then there exists a sequencéuy,) of weak solutions of(5.1) with

IiLnf(uh)=+1:

Moreover, if g satis es (4.1) with r > 3, all these solutions are inH3() \ L () .

Proof. Itis su cient to follow the argument of [9], with [9, T heorems 2.2.5,
2.2.8 and 2.2.9] substituted by Theorems 4.1, 4.3 and 4.4, spectively.

6. A jumping problem. Let be a connected bounded open subset ofR"
with n 3, let a; : R! R(@ i;j n)satisfy the conditions (a:1), (a:2), (a:3),
(a:4) and (a:b), let g : R! R be a Caratreodory function and let ! 2 H ().

Let us ma2ke the following further assumptions:
there exista2 Ln+z ()and b2 L%() such that fora.e. x2 andall s2R

(6.1) ja(x;s)j  a(x) + b(x)jsj;

there exist ; 2 R such that for a.e. x 2 :

6.2) im A o gy SIS
sl'l S sl +1 S

Finally, setting
Aij (x) = sllign ajj (x;8);

let_ ¢ [resp. k] denote the eigenvalues of the linear operator P Dy (Ai‘j“ Dy, u) [resp.
Dy (Aij Dy, u)] with homogeneous Dirichlet condition. Let ' 1 [resp. '~] be a
nonnegative eigenfunction corresponding to ; [resp. T1].
We are interested in a jumping problem of Ambrosetti-Prodi type [1]. For
further results in the semilinear case, see [12, 16, 18] aneferences therein.

Theorem 6.1. Assume that > ~; and < ;. Then there existsf 2 R
such that for everyt > f'the equation

1 X
Dy; (aj (X;u)Dyx u) + > Dsajj (X;u)Dx, uDy u =
ij =1 i =1
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=gxu)+ t g+ !

has at least two weak solutions irH3() .
Moreover, if 1 2 W YP() for somep>n anda;b2 L"() with r> 3, such
solutions belong toH3() \ LY () .

Theorem 6.2. Let and be as in the previous theorem. Then there exists
t2 R such that for everyt < tthe equation

1 X
Dy; (@j (X;u)Dyx u) + > Dsajj (x;u)Dy, uDy u =
ij =1 i =1
= g(xu) + t~ + !

has no weak solutions inH3() .

Corollary 6.3. Let and be as in the previous theorem. Let us suppose
that Aj (x) = A (x) for a.e. x 2
Then there existt 2 R andt 2 R such that the equation

1 X
Dy, (@ (x;u)Dyxu) + > Dsajj (X;u)Dx, uDy u =
i =1 i =1

=g(xu)+ t g+ !
has at least two weak solutions iH3() for everyt> t and no weak solutions inHg()

for every t<t..

There results can be proved as in [8]. We have only to substitie [8, Proposition
1.4] with Theorem 4.3 and [8, Lemma 3.2] with Lemma 3.6. TheL® -regularity of u
follows from Theorem 4.1.
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