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Abstract.  The perturbation of critical values for continuous functio nals is stud-
ied. An application to eigenvalue problems for variationalinequalities is provided.

1. Introduction. Let X be a metric space andf : X ! R be a continuous
function. Recently, in [4, 7, 8, 9], a critical point theory has been elaborated for such
a setting, which extends the classical case concerning smihofunctionals on smooth
Finsler manifolds.

A possible development consists in the study of stability urer perturbation.
More precisely, we can assume that 2 R is a critical value of f and ask whether any
g: X ! R suciently close to f has a critical value nearc. For functionals of class
C?!, such a problem has been already treated in [12, 13]. In our #@g, the question
has been the object of [6, 10].
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In the rst two sections, we recall the main aspects of the abgract theory of
[6, 10]. Let us mention that we are able to deal also with nonsgolated critical values.
In addition, we study here in some detail the stability of a critical value originated by
a local minimum.

As it is shown in Theorem 3.1, the critical values, we are ableto treat, are
stable if the perturbed functional g is uniformly close to f . In section 4, we treat a
class of functionals in the Sobolev spacel (), for which -convergence is su cient
to get the same result.

In the last section, we brie y outline a particular case which generalizes some
results of [6, 10], concerning eigenvalue problems for vaaiional inequalities.

2. Trivial pairs and essential values. Throughout this section X will denote
a metric space endowed with the metricd and f : X ! R a continuous function. If
b2 R:= R[f1 ;+1g , letus set

fP=fu2X:f(u by:

We also denote by B (u) the open ball of centre u and radius r. More generally, if
Y X, By (Y) denotes the openr-neighbourhood ofY . For the topological notions
involved this section, the reader is referred to [14].

De nition 2.1. Leta;b2 Rwitha b. The pair f%f2 is said to betrivial ,
if for every neighbourhood[ ¢ % of aand[ ¢ %} of bin R there exists a continuous
mapH : f ° [0;1]! f * such that

0

H(x; 0) = x 8 2f

0 00

Hf fi1g f

0 00,

Hf° [0 f

Remark 2.2. If < Cin the above de nition, we can suppose, without
loss of generality, thatH(x;t) = x on f [0;1]. Actually, it is su cient to substitute
H(x;t) with H (x;t#(x)), where # : f ° [0; 1] is a continuous function with #(x) =0
for f (x) and #(x) =1 for f(x) °C.

Theorem 2.3. Let a;c;d;b2 R with a<c<d<b. Let us assume that the
pairs fPf¢ and f9;f2 are trivial.



Perturbations of critical values in nonsmooth critical point theory 429

Then the pair 2 f2 is trivial.

Proof. Let[ ¢ 9 be a neighbourhood ofaand [ ¢ 99 a neighbourhood ofb.
Without loss of generality, we can assume < ¢ and °>d . Moreover, letc< <d .
There exists a continuous mapH1 : f ° 01! f * such that Hi(x;0) = x 8x 2
f° H, f°f1g f ,Hy f * [01] f andsuchthatHy(x;t)= x on

f° [0; 1]. Moreover there exists a continuous mapH : f [0;1]! f ° such that
00

Hox;0)= x 8x2f ,Ho(f f1g f “ Ho f° [01] f . If we dene
H:f ° [0;1]! f “by
( 1
Hq(x; 2t O t 3
H(x;t) = 106 21) z .
Ho(Hi(x;1);2t 1) 3t 1

it turns out that H is a continuous map with the required properties. Thereforethe
assertion follows.

De nition 2.4. A real number c is said to bean essential valueof f , if for
every" > 0 there exista;b2]c ";c+ "[ with a < b such that the pair fP?f2 is not
trivial.

Remark 2.5. The set of the essential values of is closed inR.

Theorem 2.6. Let a;b2 R with a < b. Let us assume thatf has no essential
value in Ja; .
Then the pair 22 is trivial.
Proof. Let[ ¢ %} be a neighbourhood ofa, [ ¢ °} be a neighbourhood ofb
and let a%2]a; %9 and b°2] % with a®< b°. For every c 2 [a® ] there exists" > 0
such that for everya;b2]c ":c+ "[ with @< bthe pair fPfZ is trivial. Since [a®
is compact, there exista® ¢; < <cy Pand";>0fori=1; :k, suchthat
[k
5K " la tico il
i=1
and such that for every a;b 2] "i;¢ + "i[ with a < b the pair fPf& is trivial.
Arguing by induction on k and taking into account Theorem 2.3, we deduce that the
pair Y2 s trivial. Then there exists a continuous mapH : f ° [0;1]! f ©
such that
H(x; 0) = x 8x 2 f o;



430 M. Degiovanni, S. Lancelotti

0 00

Hf filg f

0 00,

Hf° [0 f

It follows that the pair ( f°;f 2) is trivial.

3. Properties of essential values. Let X denote again a metric space and
f : X ! R a continuous function.

Theorem 3.1. Let c2 R be an essential value of .
Then for every " > 0 there exists > 0 such that every continuous function
g: X ! R with
supfig(x) f(x)j:x2 Xg<

admits an essential value injc  ";c + "[.

Proof. By contradiction, assume there exist* > 0 and a sequence of continuous
functions g« : X ! R such that

. . 1
supfj gk(x)  f(x)i:x2Xg< ¢

and such that gx has no essential value inq ";c+ "[.

Leta;b2]c ";c+"[with a<b. Letus show thatthe pair fb:fa jistrivial. Let
[ ¢ 99 be a neighbourhood ofa and [ ¢ 99 a neighbourhood ofb. Since the function
o has no essential value ing; f , the pair g;g¢ is trivial, by Theorem 2.6. Moreover,
if k is su ciently large, we have %+1=k<a< % 1=kand %+1=k<b< 00 1=k.

0, 1 00 1
Then there exists a continuous mapHy : g, Tk [0;1]! g * such that

1

oy 1
Hk(x; 0) = X 8x2g *;

00 1

He g % f 1 .
kO g Ok '

0y 1 00 1
He 90 ¢ [01] g “:
0y 1 00 1 04 1 00 1
Sincef ° gk+k g ¢ f “andf ’ gk+k g © f %, itfollows that the

pair (f °;f 2) is trivial. Therefore, cis not an essential value off : a contradiction.

Now, let us recall a notion from [4, 7, 9].
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De nition 3.2. For everyu 2 X let us denote byidf j(u) the supremum of the
'sin [0;+ 1 [ such that there exist > 0 and a continuous mapH : B (u) [0; ]! X
with
d(H(v;t);v)
f(H(v;t)) f(v) t:

The extended real numbeljdf j(u) is called the weak slopeof f at u.

It is readily seen that the function ja&fj: X ! [0;+1 ]is lower semicontinuous.

De nition 3.3. An elementu 2 X is said to bea critical point of f, if

jdj(u) =0. A real number c is said to bea critical value of f , if there exists a critical
point u 2 X of f such thatf (u) = c. Otherwise c is said to bea regular value of f .

De nition 3.4. Let ¢ be a real number. The functionf is said to satisfy the
Palais - Smale condition at levelc ((P S). for short), if every sequence(uy) in X with
joFj(up) ' Oandf(uy) ! cadmits a subsequencgun, ) converging in X to somev
(which is a critical point of f , by the lower semicontinuity of jd j).

For every c2 R let us set

Ke=fu2 X : f(u=c; jdj(uy=0g:

Theorem 3.5 (Deformation Theorem). Let c2 R. Let us assume thatX is
complete and thatf satis es the Palais-Smale condition at levelc.

Then, for every > 0, O neighbourhood ofK. (if K= , we allowO = )
and > O, there exist"> 0 and a continuous map :X [0;1]! X such that:

(@ d( (ut);u) t;

(o) f( (ut) f(u);

(© f(u)2]lc “c+"[=) (ut)=u;
(d (f<"no;1) fc".

Proof. See [4, Theorem (2.14)].

Theorem 3.6 (Noncritical Interval Theorem). Leta2 Randb2 R[f +1g
(a < b). Let us assume thatX is complete, thatf has no critical point u with a
f(u) bandthatf satises (PS). for everyc2 [a; 1.

Then there exists a continuous map : X [0;1]! X such that
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(@ (u;0)=u;

(b f( (ut) f(u);

(9 f(uy a=) (ut)=u;
(d) f(uy b=) f((w1) a.

Proof. See [4, Theorem (2.15)].

Theorem 3.7. Let c be an essential value of . Let us assume thatX is
complete and that(P S). holds.
Then c is a critical value of f .

Proof. By contradiction, let us assume thatcis not a critical value of f . Since
the function jdf j is lower semicontinuous and P S). holds, there exists" > 0 such that

inf fidj(x): x2X;¢c "<f (x)<c+"g> 0:

In particular, f has no critical value inJc  ";c+ "[ and (P S)q holds wheneverc "<
d<c+". Leta;b2]c ";c+ "[ with a<b. By the Noncritical Interval Theorem
there exists a continuous map : X [0;1]! X such that

(x,0) = x;
fCxt)  fx);
f(x) b= f(Xx1) a;
f(x) a=) (xt)= x:

In particular the pair fP;f2 is trivial. Therefore, c is not an essential value off : a
contradiction.

Example 3.8. Letf :R?! R be dened by
fooy)= € y?:

Then 0 is an essential value off , but not a critical value of f . On the other hand,
(P S)g is not satis ed for f .

Let us show that the values arising from usual min{max procedires are all
essential.
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Theorem 3.9. Let be a non-empty family of closed non-empty subsets &f
and letd2 R[flg . Letus assume that for everyC 2 and for every deformation
:X [0;1]! X with (x;t)= xonfd [0;1], we have (C f 1g) 2 . Let us set

c= inf supf (x
Cc2 xch()

and let us suppose thal<c< +1 .
Then c is an essential value off .

Proof. By contradiction, let us assume that c is not an essential value off .
Let d<a<c andb > c be such that the pair fPf?2 is trivial. Let

d< %a< %¢c< < <b:
Then there exists a continuous mapH : f [0;1]! X such that

H(x;0) = x 8x2f ;

00

Hf fi1g f ™
0 00

H f [0; 1] f
H(x;t)= x  8(xt)2f9 [0;1]:

Let # : X ! [0;1] be a continuous function such that#(x) = 1 for f (x) and
#(x) =0 for f(x) . Letusdene :X [0;1]! X by
( H(x;#(X)t) if f(x)
(x;t)=
X if f(x)

It turns out that is a deformation with (x;t) = x onfd [0;1]. Let C 2 be
suchthat C f . Then (C f 1g)2 and (C f 1g) f *: this is absurd, as
00¢ ¢ .

Corollary 3.10. Let (D;S) be a pair of compact sets, let : S! X be a
continuous map and let

= ' 2C(D;X):"js= g
Let us assume that 6 and let us set

c=inf max f(x):
"2 x2' (D)
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If c> rznaFS()f (x), then c is an essential value off .
X
Proof. Let us set
= f'(D):"' 2 g;

d= f :
e, 1

Then the assertion follows from the previous theorem.
Corollary 3.11. Assume that X is non-empty andf is bounded from below.
Then infyx f is an essential value off .
Proof. Let us set
= ffxg: x2Xg;
andd= 1 . Then the assertion follows from Theorem 3.9.

Now we want to study in more detail the case of a local minimum.
Example 3.12. Let X = Randletf :R! R be dened by

; (x+1)3% ifx< 1
f(x)=30 if 1 x 1°:
T(x 12 ifx>1
Then 0 is a local minimum of f , but 0 = f (0) is not an essential value off . In fact

f«(x) = f(x)+ "arctanx; "> 0

has no critical value, even iff - satises (PS). forany c2 R and (f+ f) is uniformly
small. From Theorems 3.1 and 3.7 it follows that O is not an esantial value of f .
Now we study the situation for a strict local minimum u.

De nition 3.13. We say thatu 2 X is a strict local minimum for f , if there

exists a neighbourhoodJ of u such that

8v2 Unfug: f(v)>f (u):

Example 3.14. Let X be the Hilbert spacel?. For any integerj 1, let
"j R! R be the continuous function de ned by

8 .
3 1 s fs< 1
Ij(S):gle(S‘}'l) if 1 s 0:

s if s>0
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It is readily seen that

[ 1.
i (s) El
I"i(9)i ] si:

Let j : R! R be the primitive of ' j such that ;(0) =0Oandlet f : X ! R be
de ned by

* _

f(u)= i u)

i=1
Then f is of classC! and has a strict local minimum at the origin. Dene fy, : X ! R
by

1
fa(u) = f(u) + Carctan u

Then f}, is of classC! and uniformly close to f . Moreover it is

u2 X :fouwe,="n uM + %Hii(h)z %:
It follows that fy satises (PS). for any ¢ 2 R and has no critical value. From Theo-
rems 3.1 and 3.7 we deduce again that O £ (0) is not an essential value off . Observe
that f does not satisfy P S)g.

In the next theorem, we give a positive result, when the mininum has a di erent
property. In particular, the cases whereu is a strict local minimum and X is nite
dimensional or (P S). holds for f are covered.

Theorem 3.15. Let u 2 X . Assume there exists a neighbourhoot) of u

such that
8v2U:f(v) f(u;
infff (v): v2 @ > f (u)

(the agree thatinf =+ 1).

Then f (u) is an essential value off .

Proof. Letc=f(u),0< < infff(v): v2 @lg f(u)andlet” 2]0; [. Let
a2lc ";c 2[ and b2 ]c+ 2,c+ "[. We claim that (f °;f 2) is not trivial. By contradlc-
tion, let H : f 3 [0;1]! ¢ be a deformation such thatH fors f g f°¢ 2

We have H f¢*3 [0;1] \ @U= , hence H(fug [0;1]) U. Thisis absurd, as
f(H(ul) c 5.
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Corollary 3.16. Let X be locally compact and letu 2 X be a strict local
minimum of f .
Then f (u) is an essential value off .

Proof. It follows from the previous theorem.

Corollary 3.17. Let u be a strict local minimum of f . Assume that X is
complete and that the Palais-Smale condition is satis ed atevelf (u) .
Then f (u) is an essential value off .

Proof. Let r> 0O be such that
8v2 By (u)ynfug: f(v)>f (u):
By Theorem 3.15 it is su cient to show that
infff (v): v2 @, (ug>f (u):

Let us setc= f (u). By contradiction, let ( v,) be a sequence i@, (u) with f (v,)!
f (u). By the Deformation Theorem, there exist" > 0 and adeformation : X [0;1]!
X such that

d( (u;t);u) rt;

f " nB (Kg) f 1g f¢°

For h su ciently large, it follows  (vh;1) 2 By (u) and f ( (vh;1)) ¢ . a contra-

diction.

4. Perturbations with variable domain.

De nition 4.1. Let X be a topological space and, foranjp 2 N := N[f +1g ,
letf, : X ! R[f +1g be a function. According to[1, 5], we write that

fa = (X )limfn;
if the following facts hold:
(a) if (up) is a sequence inX convergent tou, we have

f1 (u) Iimhinf frn(un);
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(b) for every u 2 X there exists a sequencéuy) in X convergent tou such that

fa (u)=lim fn(un):

De nition 4.2. Let X be a normed space and, for anyh 2 N, let K
be a closed convex subset of . According to [11], we say that the sequencé¢Ky) is
convergent toK1 in the sense of Moscpif the following facts hold:

(@ if hj ! +1 ,u; 2 Ky, and the sequencdu;) is weakly convergent tau in X,
thenu 2 K4 ;

(b) for everyu 2 K; there exists a sequencéuy) strongly convergent tou in X
with un 2 Ky .

Now let be a bounded open subset ofR" with n 3. For every h 2 N let
fn:H3() ! RI[f +1g be a functional and let us denote by

D(fp)= fu2 H3(): fn(u) < +1g

the e ective domain of f,. In the following k kp will denote the norm in LP() and
k k the normin H3(). Let us assume that:

(i) for every h 2 N the functional fhip(f,,) IS continuous with respect to the strong
topology of H3();

(i) fgs = (w HE) )limpf,, wherew HE() denotes the space HE()
endowed with the weak topology;

(iii ) if (up) and (vn) are weakly convergent tou in H3() with up;vy 2 D(f1)
and

limsup (kvpk k unk) O;
h

then
IithUp(fl (va)  fa1(un)) O;

(iv) if (up) is weakly convergent tou in H3() and lim  fp(uy) = fq (U) < +1,
then up, is strongly convergent tou in H3();

(v) if (up) is strongly convergent tou in H3() with up 2 D (fp), then f(up) !
f1 (u);
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(vi) if we setKy, := D(fy,) for every h 2 N, Ky, is a closed convex subset dfl ()
with 0 2 Ky ;

(vii) we have

im f{(u)=+1
kuk!1l 1()

and for every R > 0 and b 2 R there exist i 2 N and R1;R, > 0 with
R <R 1 <R such that

20 1 3
4@[ f°A\ Bg, (0)5 Bg, (0):
h
First of all, let us investigate the stability of the assumptions (i);:::; (vii).
Proposition 4.3. Let us assume that(f,) satis es the hypothesegi);:::; (vii)

and let (g,) be a sequence of continuous functions fromi3() to R such thatg,! 0
uniformly on bounded subsets oH3() .

Let us prove that the hypothesis (vii ) holds for (f,+ gy). Let R> 0Oandb2 R.
Let h;R1;R> be related tof,, R and (b+ 1) as in the hypothesis (vii). Let i > h be
such that jgnj < 1 on Br, (0) for h  R. Then
20 1 3

[
4@ (fp+ gn)®A\ Bg, (0)5 Bg, (0)
h n

and (vii) follows.

For > 0, let us set
Z
S = u2Hg(): urdx= ?

In the following, the set K\ S will be endowed with the H&—metric.

For every h 2 N let us setf}, := fhik, s - Evidently f : Khn\ S ! Riis
continuous. Our aim is to obtain a result like Theorem 3.1 in this setting. Observe,
however, that f}, is not uniformly close to f3 . Actually, even the domain of f}, is
variable.

Let us recall a de nition from [3].
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De nition 4.4. Let C be a convex subset of a Banach spaeg, let M be a
hypersurface inX of classC?, letu2 C\ M and let (u) 2 X °be a unit normal vector
to M at u. The setsC and M are said to betangent at u, if we have either

h (u);v ui 0 8v2C

or
h (u);v ui 0 8v2C;
whereh; i is the pairing betweenX ®and X .
The setsC and M are said to betangent, if they are tangent at some point of
C\ M.

Now we can state the main result of this section.
Theorem 4.5. Let c 2 R be an essential value of7 . Let us assume that
Ky and S are not tangent at any point of fT .

Then for every " > 0 there existsh 2 N such that for everyh  h the functional
f has an essential value ifc  ";c + "[.

The proof of this theorem will be given at the end of this secton, after some
auxiliary lemmas.

Lemma 4.6. For every u 2 K1 there exists a sequencéuy) strongly conver-
genttou in H3() with up 2 Ky, .

Proof. From the de nition of -convergence, it follows that there exists a
sequence ) weakly convergent to u in H3() with f(u,) convergent to fq (u).
From assumption (iv) we deduce that (uy) is strongly convergent to u and the assertion
follows.

Let us set
n o 0
D= (hu2N S :u2K,andKyandS are nottangent at u

In the following, D will be endowed with the topology induced by N  L?2().

Theorem 4.7.  For every => 0 there exists a continuous map
D! H()
such that for every(h;u) 2 D we have

(hiu) 2 Ky ;
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Z
u( (h;u) u)dx > 0;

k (h;u) uk, ™
kD (h;u)k, k Duky + *;

k (h;u)k k uk + =:

Proof. Itis su cient to prove the assertion without the last inequality.
For every (h;u) 2 D let us denote by ( h;u) the set of 'sin]0;+1 [ such that

there existsu®™ 2 Ky, with
z

+

u(u®  u)dx > ; ku"  uky < ™ kDu'kz < kDukp + *:

Because of the de nition of D , for every (h;u) 2 D we can nd u* 2 K}, with R u(u*
u)dx > 0. By substituting u* with (1 t)u+tu* for somet 2]0; 1], we can also suppose
that ku* uk, < “and kDu*k, < kDuk, + *. Therefore ( h;u) is a non-empty
interval in R.

Moreover, let us consider 2 ( 1 ;u) and let us chooseu* 2 K; according
to the de nition of ( 1 ;u). Let (u;) be a sequence converging to* in Hg() with
(u;) 2 Ky. Then it is readily seen that 2 ( h;v) for every (h;v) su ciently close to
(1;winD.

Now it is easy to see that, for every f;u) 2 D and for every 2 ( h;u), we
have 2 ( k;v) whenever (k;Vv) is su ciently close to ( h;u) in D. Therefore there
exists a continuous function :D ! ]0;+1 [ such that (h;u) 2 ( h;u).

For every (h;u) 2 D let us denote by F (h;u) the set of u*'s in Ky, such that

Z
u(u® uydx  (hju); kut  uky = kDu'kz k Dukp + *:

Then F (h;u) is a non-empty closed convex subset ofl ().
Let (1 ;u) 2 D,u* 2F(1;u)and" > 0. Let 0* 2 K; be related to
(1 ;u), as in the de nition of ( 1 ;u). By substituting u* with (1  t)u* + to* for
somet 2]0; 1[, we can suppose thak0®™ u*k< z . Let (%) be a sequence converging
to 0% in H§() with ~uf 2 Kn. Then it is readily seen that ka; u*k <" and
0; 2 F (h;v) for every (h;v) su ciently closeto (1 ;u)in D.
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Now it is easy to see that the multifunction f(h;u) 7! F (h;u)g is lower semi-
continuous on D . By Michael Selection Theorem [2, Theorem 1.11.1] there egis a
continuous map : D ! HE() such that (h;u) 2 F (h;u) and the assertion fol-
lows.

Lemma 4.8. Let b2 R and > 0. Let us assume thatKk; and S are not
tangent at any point of f¥*"
Then there exists a function :D ! HJ() as in Theorem 4:7 such that

k (1;uk < kuk + ~;
f1(v) < f1(u+~
wheneveru 2 f7" , t 2 [0;1] and

@ tu+t (1;u)
k(I tu+t (1 ;uky’

Proof. By contradiction, let us assume that there existu; 2 f2", t; 2 [0;1]
and a sequence of continuous functionsj : D ! HJ() such that

1
kj(l;Uj) Ujkz j—;

kj(l;Uj)k k Ujk+ J}

and
1(v) f1(u)+~
with
@ty +t (1Y)

Vi = k(1 tj)Uj+tjj(1;Uj)k2:

Because of yii), up to a subsequence, ) is weakly convergent inH3() to some
u?2 Ky \''S. Hence we have that j(1 ;u;j) * u in H3(). It follows that
(1 t)uj+t j(1;u)] *u in HE(), hence vj *u in H§(). Moreover, from
KL tu +t (1 ;u)ke we deduce thatv; 2 Ky \ S . Since

limsup (kvik k ujk) 0;
i
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from assumption (i ) we deduce that

limsup 1 (vj) f1(y)) 0:
j

Therefore, forj su ciently large, f1 (vj) f1 (u;)+” implies a contradiction and the
assertion follows.

For every h 2 N let us denote by n : H3() ! Ky the orthogonal projection
in H3() on the closed convex set Ky, .

Lemma 49. Letb2 R,”> 0andR > 0with f? Bg(0). Assume that
Ky and S are not tangent at any point of f?*" . Let :D ! H3() be a map as in
the previous lemma. Moreover, ifu 2 2" and ,( (1 ;u)) 60, let

@)
P = (@ ke

Then there existsh 2 N such that the following facts hold:

(a) for every h  h the setsK;,, and S are not tangent at any point of f}?‘”” \
Br+~ (0) ;

(b) for every h;k 2 N with h;k  h and u2 f*"\ Bg~ (0) we have

K n( (kyu)ka >

~ h( (k;u))
"k (Ku)ke

(c) foreveryh h,u2f?P andt 2 [0;1] we have

< fi(u) + 75

kPh(uk < kuk + #;

K@ t) (L;Pr(u)+ t 1 ( (hPrh(u)ka > ;
~ (1 1) (1;P1(u)+ t 1 ( (hPy(u)
KL t) (1;Py(u)+ t 1 ( (hPn(u))ke

< 1 (u) + 27

Proof. Let us prove property (a). By contradiction, let us assume that there
existhy! +1 andug 2 f}?:” \ Br+~ (0) such that Ky, and S are tangent at uy.
Since 02 Ky, , we have

Z
ug(v ug)dx O 8v 2 Kp, :
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Up to a subsequence, W) is weakly convergent in H3() to some u 2 ", Let
v2 K; . Let (v) be weakly convergent tov in H3() with  fp(vy) ! f1 (v). It follows

that, eventually, vy 2 Ky, . Therefore, for k su ciently large, we have
Z

Uk (Vh, Ug) dx O;

which implies Z
ulv. u)dx O0:

a contradiction, becauseK; and S are not tangent at u.
Let us prove property (b). First of all, by contradiction, let us assume that
there existh; ! +1,k ! +1 anduj 2 f™"\ Bren (0) such that

h ((kjsup))

Up to a subsequence, ;) is weakly convergent in Hj() to some u 2 2. Con-
sequently, ( (kj;uj)) is strongly convergent in H3() to (1 ;u). Let (vi) be weakly
convergentto (1 ;u)in H3() with fn(vn)! f1 ( (1 ;u)). From assumption (iv) we
deduce that (v,) is strongly convergent to (1 ;u) in H3(). For j suciently large,
we have that
h; ( (kj;u)) (kj;up) k Vh (Kj ;s uj)k:

Therefore iy ( (kisu) ! (1;u)in H&(), which implies k (1 ;u)kz . This is
absurd,as u( (1 ;u) u)dx > O:

Now, by contradiction, let us assume that there existh; ! +1 ,k ! +1 and
uj 2 f]z*” \ Bgs~ (0) such that

|

. h ( (K5 u;))
"k (kU )ke

fi (uy) +

Up to a subsequence, ;) is weakly convergent inH3() to some u 2 2" . Asin the
previous argument, it follows , ( (kj;u;)) ! (1 ;u)in HE(). Since

h ( (Kjsu;))
K n, O (kj;up))ke
from assumption (v) we deduce that

g h ( (Kjsu;))
Nk C (KU )ke

2Kp \'S ;

|
((1;u)

KTk

=
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Combining this fact with f; (u) liminf; f\; (u;), by Lemma 4.8 we get a contradic-
tion.

Let us prove property (c). Sincek (1 ;u)k < kuk+® and 02 Ky, , itis clear that
kPh(u)k < kuk + ~. Now, by contradiction, let us assume that there existhy ! +1 ,
ug 2 fP and t, 2 [0; 1] such that

k(1 tx) (1 ;P2 (uk) + tx 1 ( (hi;Phy(uk))) ko

Up to a subsequence, @) is weakly convergent inHa() to some u 2 fP . Asin the
proof of property (b), we have that , ( (1 ;uk)) ! (1 ;u)in H(). It follows
Ph (ue) ! P1(u)and (hg;Ph (uk)) ! (1 ;P1 (u))in H3(). As in the proof of ( b),
we get a contradiction.

Finally, by contradiction, let us assume that there exist hy ! +1 , ux 2 f”f
and tg 2 [0; 1] such that

(1 t) (1;P1 (u)) + te 1 ( (he;Ph, (Uk)))
K(1  te) (1 ;P2 (uk)) + te 1 ( (hi;Pry(uk))) ka

Up to a subsequence, ) is weakly convergent inH () to some u 2 P . Asinthe pre-
vious argument, we have (1 tx) (1 ;P1 (uk)) + te 1 ( (he;Pn (uk)) ! (1 5Py (u)
in H3(). Therefore by assumption ( v) and Lemma 4.8 we get a contradiction.

f1 f1 (ue) + 27

Lemma 4.10. LetR> 0, b2 Rand"> 0. Let us assume thatf?  Bg (0)
and that K; and S are not tangent at any point of f?*" .
Then there existsh 2 N and, for everyh  h, two continuous maps

Pp:fP 1 Kp\ S\ Bgrsn(0); Qn: "\ Bren (0)! Ky \'S

such that fR(Pn(u)) 1 (u)+ ™, f1 (Qn(v)) fr(v)+ ™ for everyu 2 fP , v 2
2"\ Bgrs~ (0) and such thatQy P, :fP ! P*2" is homotopic to the inclusion map
f2 1 P2" py a homotopyH : P [0;1]! fP*2" such that

8(u;t) 2 2 [0;1] : f1 (H(u;t)) 1 (u) + 2~

Proof. Let :D ! HE() be as in Lemma 4.8 and let h 2 N be as in
Lemma 4.9. According to Lemma 4.9, for everyh 2 N with h  h let us set

. _ n( (1;u)
8u2fP : Pn(u) = Kol (L ik
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1 ((h;v))
k1 ( (hv)ka
By Lemma 4.9 it is readily seen thatPy, and Qy are well de ned, continuous and satisfy
fa(Pa(u) 1 (U)+*, 1 (Qn(v)) fR(v)+~ foreveryu2 fP ,v2 {7\ Bran~ (0).
Now let us de ne Ho : P [0;1]! fP*" by
Q1 tHu+t (1;uw
k@ tu+t (1;u)ky’

8v 2 f'}?JrN \ BR+N (0) : Qh(v) =

Ho(u;t) =

Then Ho(u; 0) = u and, by Lemma 4.8, we havef (Ho(u;t)) 1 (u)+”. Essentially
in the same way, we can deneHy : f?  [0;1]! fP2" by

(1 t)Py (u) + t (1 ;P1 (u))
k(I t)Py (u) + t (1 ;P (u)ka

Hi(u;t) =

Thus, H1(u;0) = Ho(u; 1) and f1 (H1(u;t)) 1 (u)+2~.
Finally, let us dene H,:f? [0;1]! fP*" py

@ 1) (1P (u)+ ta((hPh(u))
k(@ 1) (1P (u)+ t 1 ( (hPp(u)ke

By Lemma 4.9, H, is well de ned, continuous, with f3 (H2(u;t)) 1 (u)+2#*. More-
over, Ho(u; 0) = H1(u; 1) and Hy(u; 1) = Qpr(Pr(u)). The proof is complete.
Proof of Theorem 4.5. Let"> 0 be such thatK; and S are not

tangent at any point of f¥*°. Infact, by contradiction, let us assume that there exists
1

Ho(u;t) =

uj 2 f~f+j such that K; and S are tangent at u; . Up to a subsequence, ) is weakly
convergent inH() to some u 2 f§¥ . We have that
Z
uj(v uj)dx 0 8v2K;

and, asj ! +1 , we obtain
z

ulv. u)dx O 8v2Kjy

a contradiction, becauseK; and S are not tangent at u.
Because of Yii), there exists R > 0 such that f¥** Bgr(0). Let A 2 N,

R1;R2> 0 with R<R 1 <R be such that
20 1 3

4@[ fE“A\ Bgr, (0)5 Bg, (0):

h n
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Now, by contradiction, let us assume there exist'> Oandhy, ! +1 such that fy, has
no essential value in¢ ";c + "[. Without loss of generality, let us assume that" < *.

Let a;b2]c ";c+ "[with a<b. Let us prove that the pair P ;ff is trivial.
Let[ ¢ %Y beaneighbourhoodofaand[ ¢ °}be a neighbourhood obwith %< c++.
Sincefy, has no essential value ing; i, the pair f”r*]’k;f}";‘k is trivial by Theorem 2.6.
Let a%a%B? b2 R be such that °<a®<a<a®< ®and %< bl<pb<bhP< 0O
For every k 2 N there exists a continuous mapKy : f}?i [0; 1]! f}?iosuch that

Kk(u;0) = u;

~0 0o,
Ke i f 19 2

Ke f [0:1]  f2:

k

Let » 2]0;] be such that %+~ a0 g%+~ 00 04m P %A 00gnd such
that R;+” Rj.

Now let h, P, and Qy, be related to Ry, (b°° ) and ™ as in Lemma 4.10 and
let k 2 N be such thath, maxfh;hg. Letus dene H : 5" [0:1]! 3" by

H(u;t) = Qn, (Kk(Pn,(u);1)) :

0

Of courseH f~10 f 1g 1 “and H f~10 [0; 1] f~10 . By Lemma 4.10H(;0) :
~1°;f~1o ! 1‘“‘100;1‘“‘100 is homotopic to the inclusion map. Therefore the pair
2.9 s trivial.

We conclude that ¢ is not an essential value off7 : a contradiction.

5. A more specic case. Throughout this section, will denote a bounded
open subset ofR" with n 3. Let (Ky), h2 N, be a family of closed convex subsets of
H3() with 0 2 Ky, . We assume that Kp) is convergent to K in the sense of Mosco.

Let Py, : R! R, h2 N, be Caratteodory functions such that

(H1) for every "> 0 there existsa- 2 L() such that
Pa(x;s)j  a(x) + "jsjn 2

forae.x2 andall s2Randh2 N;
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(H2) for a.e. x 2 we have

P1 (x;s) = ”T Ph(x;s)

uniformly on compact subsets ofR;
(H3) we haveP; (x;s) Ofora.e.x2 andall s2R.

Finally, let ( ) be a sequence strongly convergentto; =0in H 1().
Now dene fp :H3() ! R[f +1g ,h2 N, by

(,R._ R .
jDujcdx + Ph(x;u)dx h h;ui 8u2 Ky

fr(uy = 2 :
+1 elsewhere

Lemma 5.1.

previous section.
Proof. Let (un) be a sequence weakly convergent tai in H3(). Up to a

subsequence, ) is convergent tou a.e. in . For every "> 0, we have
.oo.2n
Ph(X;up) + "junj" 2 a(x):

From (H 2) and Fatou's Lemma it follows that

Z Z 2n Z Z N
Py (Gu)dx + " jujt Zdx liminf - Pa(x;up)dx + "limsup - jupjt Z dx;
h
hence z 5 2
P1 (x;u)dx Iimhinf Ph(x;up)dx + " Supkuhkﬁ :
h n 2

By the arbitrariness of ", we have

Z Z

P1 (X;u) dx Iimhinf Ph(x;up) dx:

In a similar way, we can prove that

4 4

P1 (x;u)dx limsup Pur(x;up)dx;
h

4

so that 7
P1 (X;u)dx = ”T Ph(X;up) dx:
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Therefore we have
Z

IiL‘n [Prn(x;u)  Pp(x;u)]dx h pyui =0
uniformly on bounded subsets ofH ().

Let us consider
R . 5 R
jDujcdx + P1 (x;u)dx 8u2 Ky

1
fh(u) = 2 :
+1 elsewhere
It is easy to see that (},) satis es (i);:::;(vii). From Proposition 4.3 we conclude that
(fr) satises (i);:::;(vii).

As in the previous section, let us set

R
for > 0: S = u2H): u?dx = 2 ;

for any h 2 N: fh=fhk, s °

Theorem 5.2, Let c 2 R be an essential value of7 . Let us assume that
K1 and S are not tangent at any point of fT .

Then for every " > 0 there existsh 2 N such that for everyh

fh has an essential value inflc  ";c + "|.
Proof. The assertion follows from Lemma 5.1 and Theorem 4.5.

h the functional

Finally, let us mention that, in more particular situations , it is possible to give
su cient conditions for nontangency and for the existence of essential values. Moreover,
it is possible to show that for any essential valuec of f}, there exists (;u ) 2 R HE()

such that

gu2Kh\S

R R
[DuD (v u) + pa(x;u)(v u)ldx h n;v ui u(v u)dx 8vz2Ky;

Cfn(u) = ¢
where pp(X;s) = %Fﬁs(x; s). For all these aspects, we refer the reader to [6, 10].
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