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Abstract. In this paper we present some generalizations of results of M.
S. LivSic [4, 6], concerning regular colligations (A1; A2 H; @ E; 1; 2; ;)
( 1> 0) of a pair of commuting nonselfadjoint operators A1, A, with finite
dimensional imaginary parts, their complete characteristic functions and a
class Q( 1; 2) of operator-functions W (x1;X2;z) : E ! E in the case of
an inner function W (1; 0; z) of the class Q( 1). We consider regular colliga-

E ! E in the case when W (1;0;:::;0;2) is not inner function of the class
Q(1) (1>0,n 2). We essentially use the conditions for the operators
f «ol, f k105, f k103 that V. A. Zolotarev has considered in [9].

Introduction. Let us remind some basic definitions and theorems from
the theory of the operator colligations.
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Let H and E be Hilbert spaces.

Denition 1 [3]. Let Aj;Ap;:::; A, be bounded linear nonselfadjoint

is said to be a colligation if

D Ak ADki=oH o, k=12

In the following statements we assume that dimE < +1 , \k ker x =f0g
and the operator ; is an invertible operator.

De nition 2 [4]. The operator-function in E

(@) S(x1;::5xn;2) =1 i0(AL+  +xpAn z)TIONky 1+ +xn p)

function of the colligation X .

De nition 3 [1]. An operator-function W(l) : E! E is said to be a
function of the class Q( 1) if it has the following properties:

1) W (1) is a meromorphic function in the open upper half plane Im| > 0;

2) W (1) is holomorphic in a neighbourhood jlj >a of | =1 and W(1 ) =

HWHDH W(@)> 1 (Iml> 0);
4H Wt w@l)= 1 (Iml =0).
Theorem 1 [1]. Let 1 be a given selfadjoint invertible operator in

E. A given operator-function W (I) belongs to the class Q( 1) iC_W(l) is the
characteristic function of some single operator colligation (A;H; ®;E; 1).

A colligation X is said to be commutative if AkAs = AJAk, k;s =
1:2:::::n.

De nition 4  [2]. A commutative colligation
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is said to be regular if there exists a set of selfadjoint operators f ksg, k;s =
1;2;:::;n, which satisfy the conditions
3) KPAH oALE (0; kis=1;2;:::n
and sk = ks-

The operators “xs, K;s =1;2;:::;n, defined by the relations

Tks = ks HI( kPOTS SO0,
satisfy the relations
4) kPAs sPAK = Tks®:

Let 1 is a positive operator. We use the results of V. Zolotarev [9]
concerning the solutions of the corresponding open system of a regular colligation
X

. @1(x) O
i—= +Af(X) = d—uix); k=1:2;::::n;
x kf (x) ku(x)
fjr, = fol):
v(x) = ux) iof (x);
where X = (X1;:::;%Xn) 2 R}, M+ = @Y, f (x) is a vector-function in E. We can

assume that for the commutative regular colligation X in the case of n > 2 are
given only the selfadjoint operators in E

21, 31, y nl
that satisfy the conditions
(5) Tkitatr taits = etk its itk
(6) Ttk itsa = 1he 1t
@) KPATT 10AT = O
(k;s =2;3;:::;n) and the operators 1; »;:::; n satisfy the conditions

(8) Tk tts= Tt Ttk (ks=23n):
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If we define the operators s and “ys (K;s =1;2;3;:::;n) with the formulae
_ -1 -1 .
ks — s 1 Kkl k 1 sl
©) _ |
ks = ks Hi( k@O s@OHL);
then these operators satisfy the relations (3) and

~ — ~[]_ ~

ks = ks — sk
k‘DAs sq’Ak - ~ksq3,
1_ k 1_1~sl+ 1 k1 1_1 s = 1_l~sl 1 kT 1_1 s 1_1~k11
—1~ =1~ _ =1~ =1~
1 ki1 sl — 1 sl kb
~ _ —]~ —]~
ks — s 1 ki k 1 s1
for all k;s = 1;2;:::;n. We will include the operators f 105, f7k105 in the
notation of the regular colligation, i.e.
X =(A1 Az AncH OB 15 250t mof ka0l fTagl):
1. The output realisation of colligations. Let H and E are like above
stated, let
X =(A1 Az AnH OB 15 250t nof ka8l fTkagy)

be a commutative regular colligation, where 1, is an invertible operator, 1 > 0,
the operators f g, f k105, f k105 satisfy the conditions (8), (5), (6), (7) and

(10) = ok Fi( k00 e0); k=230
We denote
(11) Vh(X1) 100 Xp) = Ge'CaArt+HXnAn)p: g2 H:
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Let H be a set of solutions (11) of the equations

Qv k@+i~k1v=0; k=230,

'ex “@x
and let an operator U : H! H is defined by the equality

(12)

(13) Uh = @peaAt+xnAndpy = v (x1:::1:%,) (W2 H):

From the existence of the limit

(14) im (€¥h;e™h):h2 H
for the dissipative operator A; it follows that
- - Z +°° - -
(15) (h;h) = lim (e""h;e'™h) + ( 10e™h; e rh)dt:
— +oo 0

Then using the equality (15) it follows that the formula

(16) Z e
+ . ( 1Vh, (X1;05:::;0); Vhy (X1; 052225 0))dxg

defines a scalar product in H and the operator U is an isometric one.

In [5, 6] M. S. Liv3ic has considered a commutative regular colligation
(A1; A H; ©;E; 1; 2) in the case of a dissipative operator A; satisfying the
condition

Jim (eh;e'h) =0

for every h,h2 H.
The following proposition is a generalization of Theorem 2 in [5] in the
case of a commutative regular colligation

X =(AnA; 0 GAGH OE; 15 200 mf kg fadd)

for n > 2 and with an arbitrary dissipative operator A; (i.e. in the case of an
arbitrary limit (14)).

Theorem 2. Let

X =(AnA; G ALH O E; 15 250 mf kg T add)
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be a commutative regular colligation with a positive and invertible operator 1
and let H be the principal subspace of X . Then the colligation

where Ay = i@=@xk =1;2;:::;n, H is a set of solutions (11) of the equations
(12) such that

1) H is Hilbert space with respect to the scalar product (16);

2) if v(xl;:::' n) belongs to H then Akv(xl;:::' n) belongs to H for

The next equality holds

EI|4rr_1oohe"EA1vh(xl """ ‘Xn); e'EAlvh(xl; i Xp)i
@an ”
= "T € 1h; e¥Mh) (v 2 H):

Proof The scalar product (16) |n H and the equatlons (12) imply

between Ak and Ak
Ak=UAkU':'(k=1'2':::'n)

of the commutatlve regular colligation X it follows that

(Kk Kkl__)lzl = 5':'k5;
kaKF 1‘3~9A~kEI = u®;
KPAL 1A = Tu®
for all k =1;2;:::;n. Hence the set
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is a commutative regular colligation that is unitary equivalent to the colligation
X.
It is easy to see that the equality (17) follows from the relation

of an existence and an uniqueness of the solutions (see [8]).
Remarks.  Analogously we can prove Theorem 2 for an arbitrary com-
mutative regular colligation

AL AGH OE; 1 nof k@ ks0?) (1> 0)

using the conditions (3) and (4).

2. The consonance between operator-functions and linear ma n-
ifolds. Let E be a finite dimensional Hilbert space. Let 1; »2;:::; n be
bounded linear selfadjoint operators in E, 1 be a positive and invertible operator,
\k ker  =f0g, letf 105 be bounded linear selfadjoint operators in E, satisfying

the conditions (8), (5) and (6), Let us denote by M (l; ; ) (I = (I1;:::;1n) 2 CT,

tions
Ik 1 I k+ kU=0;k=2;3;:::;n:

Ifu2 M(l; ; ) then u satisfies the equations
(18) (lk s Is k+ kQU=0; K;s=1;2;::1;m;

where the selfadjoint operators f g are defined by (9).
Let us consider the algebraic curve

where I',(gy)(ll;lk)zdet(lk 1 1 k+ k), k=230,
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Let W(X1;:::;Xn;2) : E! E be an operator-function, holomorphic in a
region

Ka=f(x1;:5xn2) 2 C"™ 1z > a(xaj? +  +jxnjH)Y%g

De nition 5. The operator-function W (x1;:::;Xn;2) and the linear
manifold M (I; ; ) are said to be consonant with respect to the algebraic curve
(; ) if the restriction

will be called the trunk of W (Xy;:::;Xn;z) with respect to M (I; ; ).

The next theorem gives an important property of the characteristic ope-
rator-function of a commutative regular colligation X .

Theorem 3. Let (Ag;:: A HS O E; 1500 mf ke85 ka0h) be a
commutative regular colligation, where the operators f g7, f k105 and f 7105
satisfy the conditions (8), (5), (6), (7). Then the complete characteristic function

(2) of the colligation and the linear manifold M (I; ; ) are consonant with respect
to the algebraic curve I'(; ).

Proof. Letl =(l1;:::551n) 2 T(; ). ThendimM(l; ; ) & 0 (see [7]),
i.e. there exists ug 2 M (I; ; ) such that

(19) (k1 i k+ kU =0 k=2;3;:::;n
Using the conditions for the regular colligations (7) and (19) we obtain

(A1 11D o= (A L) ug; k=2:3;::::n:
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Then (Ax  Il) 20 e = (A1 111)®™ug and it is easy to see that
(x1A1+  +XpAn (xa+  +lxp) 0Nk 1+ +Xn on)
does not depend on X3;:::;Xxp onto M (l; ; ). Hence

S(X1; i Xnyhixy + +1pXp)
=1 i0(1A1+  +XpAn (X +  +lpxp))TI0Mk 1+ +xq p)
onto M (I; ; ) does not depend on Xj;:::;Xn and the proof is completed.

We shall consider some properties of an operator-function which is con-
sonant to M (I; ; ) with respect to I'(; ) if the operator 1, is positive.

Theorem 4. If an operator-function W(x1;:::;Xn;2z) : E! E and

It is easy to see that

\n
u= ker(lk 1 (z It Intn) kK + k1)
k=2

if and only if u 2 \k ker(Ix( 1+t o + +1th n) KA +B 1), where A =

zZl +tp 71+ +ty T, B=( 1+t p+iii+ty ) 71 Then the roots
ID:1@; 2 1I™ of the equations

det(Ix( 1 +ty 2+ +th pn) KA+B 1)=0;, k=1;2;:::;n;
are real and the corresponding subspaces

ker(I.(Jok)( 1+t 2+ +thn)  KA+B k1), pk=1,2000myg

are orthogonal with respect to the positive operator 1 +t, »+  +t,  for all

k =2;3;:::;n and the space E has the representation
_ X ! (<)
E = ker(l,’( 1+t 2+  +th n) KA+B 1)
pz,p)s( ----- Pn \k
= ker(PF 1 @z 1971 1Pt0) K+ a):
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where |(p2 ----- Pn) — z |5p2)t2 |§p3)t3 e |§]pn )t P(t2 ..... tn)(l (pz). e Ir(1pn); Z)

are the orthoprojectors with respect to the operator 1 +t, o+ +t, >0
onto \ ker(PO ;2 15D, 1Pt) « + «1). Consequently for the

operator -function W (1;t5;:::;tn) we obtain the following restoration formula

(20) — X W (| (p2,---pn) | (pz) ..... | (pn ))P (t2,...,tn )(l (Dz) ..... | (pn)- Z)

where 1(2P) =7z P, oo [Pt This completes the proof.

Theorem 4 shows that the next corollaries concerning the relations be-
tween an operator-function W (X1;:::;Xn; 2) and its trunk W(Il; 1 1n), the com-
plete characteristic function of a regular colligation and its trunk (|.e. the joint
characteristic function of a colligation), the complete characteristic function and
its values at an arbitrary point, are true.

Corollary 1 If the trunk W(Il;::" n) of the operator-function

X = (AL A AGH O 15 2 mf ko) f T kadd)

with ;1 > 0 is uniquely determined by the joint characteristic function of this
colligation

S0 1 X lXa + 2  + 1nXn)i gy
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Corollary 3. A complete characteristic function is determined uniquely

by 1;::: n, 1>0, 21:::1; n1and its values S(x9;:::;x%;z) at an arbitrary
fixed point (x9;:::;x9).

Theorem 5.  If the operator-function W (x1;:::;Xn;2) : E! E and the

linear manifold M (I; ; ) are consonant with respect to I'(; ) and 3 > 0 then
W (X1;:::;Xn; z) satisfies the following partial di Cerkntial equations:

@W @W _

@—x+@(xl 1+ +Xn n)NZ K X1k Xn kn) =0; kK=1;2;::00n;

when the operator x; 1 + + Xn n is an invertible one. (The operators f ysg
are defined by the formulae (9).)

Proof. Letl 2T (; ). Then
@W+| @N

(21) =+l =0; k=120,
@x @z m(,oy)

because the trunk W(Il; nln) = WX Xy lixg i+ Inxn)jM(I o) does

not depend on x1;:::;Xn onto M (I; ; ). Using the equations (18) we obtain

(ke 1+ +xnn) (Xa+:ii+inXn) k¥ Xsa+  +Xn kndjmaey) = 0

and

— -1
(22) IkIjM(I,o,y) - (Xl 1+ + Xn n) (Z k X1 k1 Xn kn)jM(Lo’y)
for all k = 1;2;:::;n, when the operator (X, 1+ +Xn n) * exists. From (21)

and (22) it follows that
!

29

@av _
+@Z(X1 1+ +Xn ) Z k X1k Xn kn) =0;
M(l,0,y)

where z = 11x; +::: +InXn. And now the restoration formula (20) and Theorem
4 show that

—+—Z(X1 1+ +Xn ) MZ k X1k Xn kn) =0
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onto the space E. The proof is completed.

3. Description of a class of characteristic functions. Let E,
1 2000 e fokagd, (n 2), M(l;; ), I'(; ) are like in Section 2. By
Ar( 1;:00; n) we will denote the set of all (n 1)-tuples =™ = (T21;:::; 1) of

selfadjoint operators in E such that
roMay; 1) =0, k=2;3;:::;n
forany 1 2T(; ) (@Ge IT'(; )= 7)),

-1 —1~ —1~ -1 — —1~ -1 -1 —1~ .
1k151+1k115—1511k+151k11

—1~ -1~ — -1~ -1~ . e — D .
1 KL 1 sl = 1 s11 ki kKis=23:n

We define the operators “xs (k;s = 1;2;:::;n) by the equalities

(23) = s 1_1~k1 k 1_1~513

De nition 6. An operator-function W (X1;:::;Xn;2) : E ! E issaid to
be a function of the class Qr( 1;:::; n) IfW(Xq;:::;Xnp;2) satisfies the following
conditions:

(24) W(x1;iiXn2) =1 IR(X13 1155 Xn;2)(Xe 1+ +Xn n);
where the function R(X1;:::;Xn;z) is holomorphic in a region
Ka=f(X1;::::Xn;2) 2 C™L 1 jzj > (xaj2 +  +jxnjd)Y%g

respect to the algebraic curve '(; ) and the trunk

is an isometric mapping of M (I; ; ) onto M (I; ; ™) with respect to 1;:::; n,
where =2 Ar( 1;::0; n), (Xa; i X liXg+ii+1gXn) 2 Kg, M (I;; 7) is linear

manifold of solutions u of equations (Ix 1 |1 k + k)u=0,k=2;3;:::;n;
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3) W(L;0;:::;0;2) belongs to the class Q( 1).
We need the next two propositions for the proof of the main result of this
section.

operator-function, defined by the equality (24), Then R satisfies the equations
@R @R @R

25 — — — = 0
(25) ax ! @x X @z
@R @R . @R
26 — — — = 0
(26) 12x  @x “or
(k =2;3;:::;n), where ™ 2 Ar( 1;:005 n)y X1 1+ + X, n IS an invertible
operator and Xi1;:::;Xn 2 R.

27 Xlg—;+ +xngR+ 2%3+R 0:
we obtain
R R R
%(Xl 1+  +Xnn) X1%+ +X“§x k

@
@szl ki +X2 k2 *+Xn kn) =0
Using the conditions (5), (6) and (8) it is easy to see that
@R @R _; @R

@—X @ k 1 (X1 1+ +Xn n) @Zkl 1_1(X1 1+ +Xn n)=0
(k =2;3;:::;n). Hence R satisfies the equations (25) when the operator (x1 1 +

+ Xn n) iS an invertible one.

and M (I; ; 7) are consonant with respect to the algebraic curve '(; ) where ™ 2
Ar( 1;:::; ). Now Theorem 5 says that the operator-function W —1(x1;:::; Xp,
Z) satisfies the next equations:

ew! ew! _ ~ ~
(28) + (X1 1+  +Xp n)HZ k X1k Xn"kn) =0

@x @z
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(k = 1;2;:::;n) where the operators f “xsg7 are defined by the equalities from
the form (23)

(29) ks = s 1_1~k1 k 1_1~sl:

Hence
@R_

- - (@R
(B0) (X1 1+ +Xn ”)@x z k X" Xn kn)—=—+ kR =0

@z
because the equalities (28) are true. Then using (28) and (30) we obtain

R R
(it +xe gy KaTat X))
@)

(k = 1;2;:::;n). Analogously from the relations (31) using (8), (29) we obtain
the equations (26) and the lemma is proved.
Let W(X1;:::;Xn;2) : E'! E be an operator-function that satisfies the

Z
1
(32) V(X1;:i0Xn) = 5— e”R(x1;::1;Xn; 2)dz;
21 |z|=r
where r > a (jx1j2 +  +jxnj2)Y2. V(x1;:::;xn) is an entire function because
R(X1;:::;Xn; 2) is holomorphic in K. Let ™ = (To1;::: ") 2 Ar( 150005 n)

Then it is easy to see that from Lemma 1 immediately follows the next proposi-
tion:

Lemma 2. The operator-function V(x1;:::;Xn) : E ! E, defined by
(32), satisfies the next equations

@V @V .. _
(33) 1@—]g k@"‘l kY =0
(34) v @/k+iv ki =0; k=23;:::;n:

@x = @x
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In [4] M. S. LivSic has described a class Q( 1; 2) ( 1 > 0) of operator-
functions W (x1;X2;z) in the case of an inner function W (1;0;z) of the class
Q( 1). The following theorem is a generalization of Theorem 10 in [4] in the case
of a class Qr( 1;:::; n) ( 1 > 0) of operator-functions W (X1;:::;Xn;z) when
n> 2 and W(1;0;:::;0;2) is not inner function.

Theorem 6. If a given operator -function W(xl;:::;xn;z) "E! E

X =(AnAs L ARH O E; 1 250 mf k) fTadh):
Proof. Let W(Xy;:::;Xn;2) : E! E is an arbitrary operator-function
of the class Qr( 1;:::; n). Then W(1;0;:::;0;2) belongs to the class Q( 1)

( 1 > 0) because the condition 3) holds. From Theorem 1 it follows that there
exists a dissipative colligation (A1;H; ®;E; ;) with a characteristic operator-
function W (1;0;:::;0;2), i.e. W(1;0;:::;0;2) has the representation

(35) W(1;0;::::0;2) =1 id(A; zl) toH:

Then the operator-function R(X1;:::;Xnp;z) from the condition 1) of Definition 6
satisfies the condition

R(1;0;:::;0;2) = (A, zl) toH!

Hence
14 -
V(x1:0:0050) = o= €?R(x1;0;:::;0;2)dz = et
[z|=r
where the operator-function V (x1;:::;Xn) is defined by (32). Let ™ = (To1;:: 1,
“n1) 2 Ar( 150005 n) and the operators Tis, K;s = 1;2;:::;n, are defined by
equalities from the form (23)
~ —1~ —1~ .
ks — s 1 Kkl k 1 si1-
Now we consider a set H of solutions y(X1;:::;Xn) of the equations
(36) @y @y +iTlky =0, k=2;3;:::;n

'ox “ox
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satisfying the conditions

37) Yn(X1: 225 Xn)je 0.0y = Perhtp;

containing the set fx; 0;x, = = Xpn = 0g (see [8]) is a region of an existence
and an uniqueness of the solutions y, of the problem (36), (37) and

forany g2 E.
Using the existence of the limit E|im (€%A1h; e th) (h 2 H) for the

— +oo
dissipative colligation (A1;H; ®;E; 1) and the uniqueness of the solutions of the
problem (36), (37) in the region K we introduce a scalar product in H by the
formula

(38) Z oo
* ( 1Yhy (X125 0;::150); Yy (X125 051115 0))dxy

(Yny;Yh, 2 H). It is clear that
Z “+o0o

B9 (1¥n(xa; 011500 yn(xa; 052155 0)dxa=(hi h) Elir+1noo(ei5’*1h1;e‘E’*lhz):

According to (38) and (39) we obtain
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where yh(X1;:::;Xn) is a solution of the problem (36), (37), is an isometric map-
ping of H onto H because

HT hy; Thai = hyn, (X); yn ()i = (h1;h2); (x 2 RY):

Now we consider the operators ® = ®T 1 and A; = TA1T~%. Then A1yn(x) =

Ya;n(x) (h 2 H,x2 R™) and A, = i@—@X inH. The colligation (A1; H; ®;E; 1)
is unitary equivalent to the colligation (A1;H; ®;E; 1). AsH =spanf A1 XE)qg,
tIR]

so H = spanf e E)g. But
LR

spanf e @E)g = spanfeToE)g
tIR] tIR]

. ~ . @ . @ .
We introduce the operators A, = i—;:::;Aqn = I1—— in the space
P ? @x " @x P

is a solution of the equations (34). Then H is an invariant space with respect
to the operators Ay, k = 2;3;:::;n. From the equations (36) it follows that the
operators Ay, k = 2;3;:::;n, satisfy the equalities

S -1 & —1~
Ac= 17 KA1 1Tk

and Ay are linear bounded operators in H.
We shall prove that the next equalities

= ki k00H jeoth); k=230
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are valid onto E.
According to Corollary 1 we have

(PR k+~k1)W(l;0;ZZZ;0;|1)jM(|'0'y) = 0

Ik 1l k+ k)WL(Q0;:: = 0

0 1jmaom)
Hence
(I 1 1 k+k)W(;0;:::50511)

=W L0 501)0k 1 1 k+ k)

(k=2;3;:::;n)onto M (I; ;) with fixed (I1;:::;1n) 2 T'(; )\ R". From (35)
and (40) it follows that the equalities (41) take the form

(k1 I k+7)( i9AL 1) TTeH))

=0 i 1®Ar L1D)TOHk 1 1 k+ k1)

(k=2;3;:::;n)ontoM (5 ), (Igy::31n)2T0(; )V R™
Ifl; 2 Rand I3 2 (A1) then all roots of the equations

(41)

(42)

(43) det(lx 1 |1 k+ k1) =0; k=2;3:::;nm;

roots of the equations (43). The corresponding subspaces ker(ll(f")(ll) 1l k+
k1), K=2;3;::1,n, 8¢ = 1;2;:::; my, are orthogonal with respect to the positive
operator . For any fixed = |I((sk)(|1) the equality (42) take the form

ko ok =i 1 1 k+ k)AL L) et

i 1 @A )TN 1 1k k)

(44)

follows that the equality
(45) (DeixlAl (Al(p I:Ik q)l:lkl) 1—1 — ;1( chAl ~kl¢)eiX1A1ch:l
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is true onto E.
Now we introduce the linear bounded commuting operators A : H! H,
k =2;3;:::;n, by the equalities Ax = T~1ALT and we obtain

Adtg=TIATOG =T 1Ays ¢(x) = TTTALV (X)g
46
‘o =TYAY « V) 1'g= (A0 o) g
forany g2 E, k =2;3;:::;n. Then from (45) and (46) we have
DAL TN kPAL Td)e™ Mot o
onto E for x; 2 R, hence

(47) DAL= TN kPAL Tl®)

onto H = spanf etA1 o E)g,
tIRY

(48) AOTE (A0 0 ) T
onto the space E. After transformations the relations (47) and (48) take the form

kPOH oA )AL 1) te,
(49)
=( 1 I k+"Tk)PAL )t

1905 oA 1)TIA 1)oM
(50)
= 1®A; L) 1 +Th)

onto E for all k =2;3;:::;n. From (49), (50) and (44) it follows that

(51) 1005 00 =i ) k=2:3::::n
ontoM(l;; ), = I,(fk)(ll), sk =1;2;:::; mg. Itis easy to see that the equality

(51) is true onto the space E because the subspaces
ker(l,(fk)(ll) 1 1 k+ k), K=2;3:005n; s =1,2;:00,my;

are orthogonal with respect to the positive operator 1.
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Now we shall show that
A ADE =M k=231,
onto H. According to (47), (48) and (51) it follows that

A A o0 ol h(E) =0,
hence
(52) Ak ADEi =00 k=231
onto ®E). But the equality
(53) (A AQE OSR@AT = (ADM (A AQE 0TL0)
is hold for all m 2 N. Then the relations (52) and (53) show that
(A AQE 0L ®ATONE)
= (AD™(Ax  AQEI oko)oKE) =0
Consequently we obtain
(A A= OTLOATOHE) =0; m 2 No;

ie. (Axk ADEi =0 dontoH forallk =2;3;:::;n: But (A; ADXi =00
because (A1;H; ®;E; 1) is a colligation. Hence the set

X = (A AnH O E; 15 nif gl fTadd)
is a commutative regular colligation. Then the operator-function

S(xp;:inxmz) =1 i0(AL+  +XxpAn  zI) TR0k, 1+ + X )

colligation X . But the operator-function
S(1;0;:::;0;2) =1 id(A;  zl)oH,

is the characteristic operator-function of the single operator colligation (A1, H,
®, E, 1) and from (35) we have

(54) S(1;0;:::;0;2) =W(;0;:::;0;2)
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onto E.

According to Theorem 3 and Theorem 4 the complete characteristic func-
tion of the commutative regular colligation and the linear manifold M (I; ; ) are
consonant with respect to the algebraic curve I'(; ) and the operator-function

with the joint characteristic function of the colligation. Now using Corollary 2,
Corollary 3 and the equality (54) it follows that

Consequently there exists a commutative regular colligation

X = (A5 GAnH O E i nif adl fTadd)
with a complete characteristic function that coincides with the given operator-
function W (x1;:::;Xn;2z) belonging to the class Qr( 1;:::; n). The proof is
completed.

It is important to note that the inverse assertion of Theorem 6 can be
easily obtained after simple checking of the conditions 1), 2), 3) of Definition 6.

REFERENCES

[1] M. S. Brodskij. Triangular and Jordan representations of operators.
Trans. Amer. Math. Soc. 32 (1971).

[2] N. Kravitsky. Regular colligations for several operators in Banach space.
Integral Equations Operator Theory 3, 1 (1983), 224-249.

[3] M. S. Livsic, A. A. Jancevich. Theory of Operator Colligations in
Hilbert Space, New York, J. Wiley, 1979.

[4] M. S. Livsic. Commuting nonselfadjoint operators and mappings of vector
bundles on algebraic curves. Oper. Theory: Adv. Appl. 19 (1986), 255-277,
(proceedings Workshop Amsterdam, June Y-7, 1985, Birkhauser).

[5] M. S. Livsic. On commuting nonselfadjoint operators. Integral Equations
Operator Theory 9 (1986), 121-133.



334 K. P. Kirchev, G. S. Borisova

[6] M. S. Livsic. Commuting nonselfadjoint operators and collective motions
of systems. Lect. Notes Math. vol. 1272, Springer-Verlag, 1987, 1-38.

[7] M. S. Livsic. Commuting operators and fields of systems, distributed in
Euclidean space. Oper. Theory: Adv. Appl. 4 (1982), 377-413, (Toeplitz
centennial, Toeplitz Mem. Conf. Tel Aviv, 1981).

[8] S. Mysohata. Theory of Partial Di Lerkntial Equations, Moscow, 1977, (in
Russian).

[9] V. A. Zolotarev. Time cones and a functional model on a Riemann
surface. Math. USSR-Sh. 181 (1990), 965-995, (English translation of Mat.
sb. 70 (1991), 399-429).

K. P. Kirchev

Bulgarian Academy of Sciences
Institute of Mathematics
Acad. G. Bonchev str., block 8
1113 Sofia, Bulgaria

G. S. Borisova

K. Preslavski University

Faculty of Mathematics and Informatics

9700 Shoumen

Bulgaria Received August 8, 1996



